Charles University in Prague
Faculty of Mathematics and Physics

DOCTORAL THESIS
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problém, zda můžeme zı́skat rovinný graf ze vstupnı́ho grafu pomocı́ nejvýše
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Introduction
In this thesis we study different representations of graphs. For practical
applications it is crucial to visualize graphs on paper or computer screen.
Therefore, it is not surprising that this area is so broad that no single book
can contain it all. In this thesis we consider several topics which are of special
interest to the author.
Intersection Graphs. A large portion of the thesis is about intersection
graphs which turns out to be very important in several disciplines including
biology, VLSI design and many more. Intersection graph theory studies
classes of graphs where vertices are represented by sets and sets are adjacent if
they intersect. Several important problems, which are hard for general graphs
turn out to be efficiently solvable for some intersection classes of graphs which
makes it very practical. As an example we can mention interval graphs, which
is a very useful class of graphs (for example to model DNA maps [68]). There
are several problems, hard for many classes of graphs, but which turn out
to be simple for interval graphs, for example, the maximal clique problem or
the problem of recognition. There are several other interesting intersection
graph classes and we introduce some of them. Unfortunately, most of our
results are rather negative, meaning that corresponding problems are not
polynomially solvable.
Modifications of Graphs. Apart from intersection graphs, we study modifications of graphs. By modification of graphs we mean problems of transforming graphs by using deletion, addition or contraction of edges or vertices.
A typical question can be “What is the minimal number of edges to delete so
that the graph becomes planar?” It turns out that most of graph problems
can be described by the language of modifications of graphs. One possible
example is the graph connectivity problem which can be also seen as finding
the minimal number of vertices to be removed so that the graph becomes
disconnected. The maximum clique problem which can be seen as problem
8

of finding the minimal number of vertices so that the graph becomes a complete graph is yet another example. In this work we explore modifications
of graphs by contractions. We show algorithmic results, specifically a fixed
parameter algorithm and a hardness reduction which adjusts the importance
of the fixed parameter algorithm.
Structure of the Thesis. The first three chapters are devoted to intersection graphs and the last chapter introduces some problems of modifications
of graphs. In Chapter 1 we introduce our notation and basic definitions
from graph theory, computational complexity and intersection graph theory.
In Section 2 we consider intersection graphs of segments where we describe
related works and prove that the complements of partial 2-trees are contained in segment graphs. The other area of interest is so called VPG graphs
which we study in Section 3, which are intersection graphs of path in the
grid. We specifically study there Bk -VPG graphs which are graphs with at
most k bends. We show related results and prove that the recognition of
Bk -VPG graphs in Bk+1 -VPG graphs is NP-complete and we also show that
there is no inclusion between Bk -VPG (for any k > 1) and intersection graphs
of segments. Chapter 4 is devoted to island representations of graphs. We
show complexity of recognition of such graphs. In Chapter 5 we introduce
modifications of graphs and present the fixed parameter algorithm for contractibility problem and its generalizations.

9

Chapter 1
Notation and Basics
1.1

Introduction to Graph Theory

One of the first scientists interested in graph theory was probably Leonhard
Euler, and since then graph theory has grown into broad discipline with many
branches. In this section we describe several basic terms from graph theory
which will be of great use later.

An ordered pair G = (V, E) is called graph if E ⊆ V2 , where V is a set
of elements also commonly referred to as vertices and E is a set of elements
commonly known as edges. By V (G) we denote the set of vertices of graph
G and similarly, E(G) represents the set of edges. We often omit parameter
G if the graph is clear from context. Very commonly n refers to the number
of vertices and m to the number of edges, which are often used without
mentioning. Notation used to denote an edge is e = {u, v}, where u and v
are called the end-vertices of edge e. It is common to use uv to refer to edge
{u, v}, and we use it here too. Vertices u and v of G are adjacent if there is
edge uv in G. The set of neighbors of vertex v contains all vertices adjacent
to v, and we denote it N(v). Notation N + (v) := N(v) ∪ {v} is also very
common.
The graph H = (U, F ) is called subgraph of graph G = (V, E) if U ⊆ V
and F ⊆ E. If for every tuple of vertices u,v in U there is edge uv in E which
implies uv is in F , then we call H
 an induced subgraph. Let U be subset of
U
vertices of G, then G[U] = (U, 2 ∩ E) is called the graph induced by vertex
set U. You can notice G[U] is an induced subgraph.
A sequence of vertices v1 , e1 , v2 , e2 . . . , ek−1 vk is called a walk if for every i
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there is edge ei = vi vi+1 . If every vertex is present in the walk sequence just
once we call it a path. A cycle is a walk where no vertex is repeated except
for v1 = vk . The length of the path, walk and cycle is the number of edges in
the sequence defining them. A graph without cycles is called acyclic graph.
An acyclic connected graph is called a tree.
There are some well-known categories
of graphs. Graph G = (V, E) is

V
called a complete graph if E = 2 . A complete graph with n vertices is
denoted by Kn . A graph which is formed by path of length n is denoted by
Pn and analogically a graph formed by cycle of length n is denoted by Cn .
Graph G is called bipartite if the set of vertices V (G) can be partitioned into
two sets such that in E(G) there is no edge connecting two vertices from the
same set.
Graph G is connected if for every tuple of vertices u and v from V (G)
there is a path which starts in vertex u and ends in v. A degree of vertex is
the number of edges which has v as an end-vertex.

The complement of graph G = (V, E) is graph G = (V, V2 \ E).
The oriented graph is a graph where edges are not sets of vertices but
tuples of vertices, for example, an edge from u to v is denoted as (u, v) and
it is not the same edge as (v, u).

1.2

Basics of Computational Complexity

The center-point of computational complexity is algorithm. Although an
algorithm is an elementary structure, its definition is not simple and typically
is made using Turing Machines, even though it is not the only way. We
present here just a brief introduction, and this introduction will not be selfcontained. Its purpose is rather to remind a reader basic concepts. For more
information on the topic we recommend to look into [5].
Algorithm. In this work we use Turing Machine model for purpose of NPreductions. And for algorithms in Chapter 5 we use RAM (Random Access
Memory) model. All algorithms we present here are decision algorithms
which means that they always terminate and either return “accept” (or 1)
or “reject” (or 0).
A (decision) algorithm defines a particular language (or decision problem)
which is a set of words and words are a set of letters and letters are elements
of an alphabet and the alphabet is a set of symbols (we can always assume
11

the alphabet of 0 and 1). Algorithm A solves language L if for every word w
in L algorithm A “accepts” and otherwise “rejects”.
The running time of algorithm is a function which returns a maximal
number of steps of algorithm when it runs on inputs of size n. Typically its
running time is not presented as a particular function, but it is rather given
in so called big O notation, which is just an upper bound on running time
and ignores a constant factor.
Complexity classes. There are basic classes of languages depending how
hard it is to solve these languages. For purpose of this work the most essential
classes are P and NP. Class P is a class of all languages which can be solved
by algorithms whose running time is bounded by a polynomial function, such
algorithms are called polynomial algorithms. Class NP contains language L
if the following holds. Word w is in L if and only if there exists polynomial
certificate c and polynomial algorithm A such that A “accepts” c and w.
Parametrized Complexity. Finally, we introduce parametrized complexity. This field was developed in order to solve fast problems which are intractable (NP-hard problems), which at first might sound like a contradicting
claim. The idea is to introduce a new parameter and it is assumed to be a
constant, which means we do not solve a general problem but a subset of the
problem which depends on the parameter. Formally, the parametrized problem is language L ⊆ Σ∗ × N, where the first component represents language,
where Σ∗ is a set of all words in alphabet Σ, and the second component
represents a parameter. A parametrized problem is fixed-parameter tractable
if word (x, k) ∈ L can be decided in running time f (k) · |x|O(1) , where f is
an arbitrary function depending on k.

1.3

Basics of Intersection Graph Theory

In this chapter we define what intersection graphs are and introduce important intersection graph classes.
Concept. Let M be a collection of sets, where we assume that most of
the sets are subsets of the Euclidean plane. We call graph G = (V, E) to
be M-intersection graph if its vertices can be assigned to objects of M in
such a way that any two vertices are adjacent if and only if two corresponding
12

objects have a non-empty intersection. The class of all M-intersection graphs
is denoted by IG(M).
In the rest of the chapter we introduce intersection graph classes that we
use later. We also briefly mention their important properties.
Interval graphs. Probably the best studied class of graphs is interval
graphs. Interval graphs are graphs representable by intersection graphs of
intervals on a line. We can describe it as IG(intervals on line) using our
previous notation.
There are several linear time algorithms [15, 37] which recognize interval
graphs. Maximal clique, independent set and optimal coloring problems can
be efficiently1 solved for interval graphs.
Segment graphs. Natural extension of interval graphs are segment graphs.
Segment graphs are defined as IG(straight line segments in the plane) and
also commonly denoted as SEG.
The central point of segment graphs is so called Scheinerman’s conjecture [64]:
Conjecture 1.3.1 (Scheinerman 1984). Every planar graph is the intersection graph of straight line segments in the plane.
This conjecture brings lots of interest to SEG graphs. Scheinerman’s conjecture was recently confirmed to be true by Chalopin and Gonçalves [20].
Another interesting result is due to Kratochvı́l and Matoušek [45], who proved
that there are segment graphs such that the description of any segment representation, specifying the coordinates of endpoints, may require an exponential number of bits. They also proved that recognition of SEG is NP-hard
and is in PSPACE.
String graphs. One of the most general studied classes of intersection
graphs is string graphs, which refers to intersection graphs of curves in the
plane or IG(“curves in plane”).
It is an easy exercise to notice that all planar graphs are string graphs.
It was proved by Chalopin, Gonçalves and Ochem [19] that every planar
graph has a string representation in which each pair of strings has at most
one crossing point, which was partial step towards Scheinerman’s conjecture.
Surprisingly, for a long time it was not known if recognition of STRING
1

By efficiency we mean that there exists a polynomial time algorithm.
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(that is another common way how to refer to string graphs) is decidable2 .
Decidability of recognition of string graphs was independently proven by
Shaefer and Štefankovič [63] and by Pach and Tóth [56]. Kratochvı́l and
Matoušek [47] found graphs such that any string representation contains
at least an exponential number of intersecting points. Therefore, it was
very surprising when Shaefer, Sedgwick and Štefankovič [61] showed that
recognition of string graphs is in NP.
There are many more intersection classes to mention. An interesting
extension of interval graphs are graphs with bounded boxicity, and an extension of segment graphs are graphs of convex regions. We only mention here
geometric intersection graphs.

2

Problem is decidable if for its language there exists a finite time algorithm.
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Chapter 2
Optimization problems of
Segment Graphs
In this chapter we explore results devoted to the complexity of two classical
optimization problems proposed to study by Kratochvı́l and Nešetřil [48]
which are related to segment graphs.
Problem:
Input:
Output:

MaxClique
a graph G and integer k
Is in G a clique of size at least k?

and
Problem:
Input:
Output:

MaxIndSet
a graph G and integer k
Is in G an independent set of size at least k?

Even approximations of these problems are known to be NP-hard for
general graphs [5, 40]. On the other hand, the same problems are known
to be polynomially solvable for interval graphs, and segment graphs as natural generalization of interval graphs may still hold some of these efficient
properties.
Kratochvı́l and Nešetřil [55] proved that MaxIndSet in 2-DIR is NPhard, where 2-DIR are segment graphs which are representable by segments
of only two distinct directions. On a more positive side is their other result:
15

Theorem 2.0.1. The problem of MaxClique is polynomial time solvable
when restricted to 2-DIR.
The maximum clique problem for general segment graphs remained open.
In the survey paper “On six problems posed by Jarik Nešetřil” by BangJensen et al. [9] the general maximum clique problem was referred as being
“among the most tantalizing unsolved problems in the area”.
In 2005 Ambühl and Wagner [3] were studying MaxClique of ellipses
in the plane and they proved the following theorem.
Theorem 2.0.2. For every ρ > 1 the problem of MaxClique for intersection graphs of ellipses with aspect ratio ρ is NP-hard.
You might notice that in case when ρ is exactly one, any such ellipse is
a circle and in case ρ is infinity, then the ellipse is segment. Unfortunately,
Theorem 2.0.2 was proven only for bounded ratios. There is another approach to show hardness of the problem. Rather than finding a reduction
and showing that the problem is NP-hard one can find a class for which the
problem is hard and is contained in the desired class. In this particular case,
we want to show that every co-planar (complement of planar) graph is also
a segment graph. If it is true then MaxClique would be NP-hard for coplanar graphs because MaxIndSet is NP-hard for planar graphs. In 1998,
Kratochvı́l and Kuběna [46] proved the following.
Theorem 2.0.3. The co-planar graphs are intersection graphs of convex sets
in plane.
The next sections are devoted to our result, which is joint work with
Mathew C. Francis and Jan Kratochvı́l [27]. We show that the complements
of partial-2-trees (which are defined in the next section) are segment graphs.

2.1

Partial 2-trees

We first define partial 2-trees.
Definition 2.1.1. A 2-tree is K2 or graph G having vertex v of degree 2
such that the neighbors of v are adjacent and G − v is a 2-tree, see Fig. 2.1.
A partial 2-tree is any subgraph of 2-tree.

16

G
v
b
a

G−v

Figure 2.1: If G − v is 2-tree then G is 2-tree.
We also define spanning partial 2-tree which is a spanning subgraph of
a 2-tree. Notice, partial 2-trees form a subclass of planar graphs that includes series-parallel graphs and outerplanar graphs as proper subclasses.
For further information on k-trees see [14].

2.2

Segments, rays and compatible segment
representations

If a and b are two points in the plane, then:
• A segment with endpoints a and b is denoted as ab, is the set {a + ρ(b −
a) : ρ ∈ [0, 1]}. Any point on a segment that is not one of its endpoints
is said to be an interior point of the segment. For the purposes of this
section, we shall assume that every segment has a non-zero length—i.e.,
the endpoints of a segment may not coincide.
• A ray starting at a point a and passing through a point b is the set
{a + ρ(b − a) : ρ ∈ [0, ∞)}. A ray has a single endpoint, which is its
starting point.
Given l1 and l2 , where each could be a segment or a ray, they are said to
cross each other if l1 ∩ l2 consists of one point that is not an endpoint of l1
or l2 .
Given a segment graph G, there exists, by definition, a function f :
V (G) → R such that for distinct vertices u and v of G, u and v are adjacent
if and only if f (u) and f (v) intersect, where R is a collection of segments.
We say that R is a “segment representation” of G.
17

sv

su

su

sv

ruv

ruv

Figure 2.2: Segment representations for G that are compatible with GT when
|V (G)| = 2.
Definition 2.2.1. Let G be a spanning subgraph of a 2-tree GT . If G is a
segment graph, then a segment representation R of G consisting of {su : u ∈
V (G)} is compatible with GT if for each uv ∈ E(GT ), a ray ruv can be drawn
in R such that the collection of these rays satisfies the following properties:
1. ruv starts from an interior point on one of su or sv , passes through an
endpoint of the other, and meets no other points of either su or sv ,
2. ruv crosses every segment other than su and sv , and
3. ruv crosses every ray rxy where xy ∈ E(GT ) \ {uv}.
The rays ruv where uv ∈ E(GT ) shall be called “special rays”.

2.3

The construction

Theorem 2.3.1. If G is a spanning subgraph of a 2-tree GT , then G has a
segment representation that is compatible with GT .
Proof. We shall prove this by induction on |V (G)|. There is nothing to
prove for |V (G)| < 2. If |V (G)| = 2, then G has a segment representation
compatible with GT as shown in Figure 2.2. Now let G be a spanning partial
2-tree G with |V (G)| > 2. By definition of a 2-tree, there exists a vertex v of
degree 2 in GT with neighbors x and y such that xy ∈ E(GT ) and GT − v is
also a 2-tree. Let G′ = G − v; note that G′ is also a spanning partial 2-tree,
since it is a spanning subgraph of the 2-tree GT − v. For ease of notation, we
shall denote the 2-tree GT − v by G′T . By our induction hypothesis, there is
a segment representation for G′ that is compatible with G′T . We will extend
18

p1

p

p2

sx

sy

q1

q2
rxy

l1

l2

Figure 2.3: Starting point of construction
this to a segment representation for G that is compatible with GT , thereby
completing the proof.
Let R′ be a segment representation of G′ that is compatible with G′T , and
let su denote the segment corresponding to a vertex u ∈ V (G′ ). We shall
add a new segment sv to R′ to form the required segment representation R
for G.
Since R′ is compatible with G′T , there is a special ray rxy in R′ , which
we shall assume without loss of generality starts from an interior point of sx
and passes through an endpoint of sy . Let p be the starting point of the ray
rxy on sx (see Figure 2.3). Let l1 and l2 be rays starting from points p1 and
p2 on sx on either side of p and parallel to rxy that cross every segment and
special ray that rxy crosses. By our definition of crossing, the ray rxy meets
every segment and special ray that it crosses at a point that is an endpoint
of neither of them. Therefore, we can always choose rays l1 and l2 distinct
from rxy as long as sx is not a point or parallel to rxy . By our definition of
rxy , sx cannot lie along rxy , and also sx cannot be a point; this ensures that
the two rays l1 and l2 distinct from rxy can be obtained. Of all the crossing
points of segments and special rays on l1 , let q1 be the farthest from p1 . Let
q2 be the similarly defined point on l2 . Observe that any segment or special
ray that meets the segment p1 p2 and crosses q1 q2 crosses every segment and
special ray that rxy crosses.
The segment sv is placed in the following way in R′ to obtain R:

Case 1. yv ∈ E(G). We place sv as shown in Figure 2.4. As yv 6∈ E(G),
the segment sv is disjoint from the segment sy . Let us first consider the case
when xv 6∈ E(G). In G, v is adjacent to all the vertices in V (G)\{v, y}. This
19

rvy
p1
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p1 p3
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sx

sx

sy
sy
q1
q1

q2
sv
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sv
l1

l1

rxy

rxy

l2

l2
rxv
rxv

Figure 2.4: The case when yv ∈
E(G)

Figure 2.5: The case when yv 6∈
E(G)
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requirement is satisfied, since sv meeting p1 p2 and crossing q1 q2 implies that
sv crosses all the segments that cross rxy and meets sx too. Moreover, sv also
crosses all the special rays in R′ including rxy . We will show that we can now
draw two rays rvy and rxv , so that they, together with the special rays in R′ ,
form the collection of special rays in R that make it compatible with GT .
The rays rvy and rxv can be drawn as shown in the figure so that they cross
sx and sy respectively. In addition, both of them cross each other and rxy .
Since they also meet p1 p2 and cross q1 q2 , each of them crosses all the special
rays and segments that cross rxy . Thus R is a segment representation of G
that is compatible with GT . Note that we can draw the segment sv and the
rays rvy and rxv in this way as long as the segments sx and sy have nonzero
length and sy does not lie along the ray rxy . Our definitions of segments and
special rays ensure that these pathological situations do not occur. Now,
if xv ∈ E(G), then sv can be slightly shortened at the end p3 so that it
becomes disjoint from sx without affecting any of the other arguments, so we
still obtain the segment representation R for G.
Case 2. yv 6∈ E(G). We place sv , rxv and rvy as shown in Figure 2.5. The
rest of the argument is similar to that of Case 1.

We thus have a segment representation of G which is compatible with
GT . This completes the proof.
Corollary 2.3.2. If G is any partial 2-tree, then G is a segment graph.
Proof. Let G′ be the spanning partial 2-tree obtained by adding the required
number of isolated vertices to G. By Theorem 2.3.1, G′ has a segment representation, say R. As G is an induced subgraph of G′ , the segments corresponding to the vertices in V (G′ ) \ V (G) can be removed from R to obtain
a segment representation of G.
Because series-parallel graphs and outerplanar graphs are subclass of partial 2-trees the following holds.
Corollary 2.3.3. The complements of series-parallel graphs are segment
graphs.
Corollary 2.3.4. The complements of outerplanar graphs are segment graphs.
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Chapter 3
Intersection Graphs of Paths
In this chapter we study another class of intersection graphs: Vertex-intersection
graphs of Paths in Grids1 (VPG graphs) introduced by Asinowski et. al [7, 8].
Definition 3.0.1. A VPG-representation of a graph G is a collection of paths
of the rectangular grid where the paths represent the vertices of G in such a
way that two vertices of G are adjacent if and only if the corresponding paths
share at least one vertex.
VPG-representations arise naturally when studying circuit layout problems and layout optimization where layouts are modeled as paths (wires) on
grids. For more details see [65]. One approach to minimize the cost or difficulty of production involves minimizing the number of times the wires bend
[16, 54]. Therefore, we focus here on VPG-representations parameterized by
the number of times each path is allowed to bend (these representations are
also the focus of [7, 8]). In particular, a k-bend path is a path in the grid
which contains at most k bends where a bend is when two consecutive edges
on the path have different horizontal/vertical orientation. Analogically to
VPG-representation we define the following.
Definition 3.0.2. Bk -VPG representation of graph G is a VPG-representation
of G where each path is a k-bend path. A graph is a Bk -VPG graph if it has
a Bk -VPG representation.
Several relationships between VPG graphs and some well-known graph
classes (i.e., circle graphs, circular arc graphs, interval graphs, planar graphs,
1

The grids to which we refer are always rectangular.
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segment graphs, and string graphs) were observed by Asinowski et al. [7, 8].
In particular, they showed that every planar graph is a B3 -VPG graph. They
also conjectured that planar graphs are not contained in B2 -VPG, which
turned out to be false due to the result of Chaplick and Ueckerdt [21], who
proved the following.
Theorem 3.0.5. Every planar graph is a B2 -VPG graph.
This result was recently strengthen by Biedl and Derk [12], who proved
that every planar graph has B2 -VPG representation where representations of
every two vertices cross at most once2 .
In [7] one can find a proof of a folklore result.
Theorem 3.0.6. VPG = STRING
Consequently, we can apply several results for STRING to VPG. The recognition problem for the VPG (= STRING) is known to be NP-hard by Kratochvı́l [43] and is contained in NP by a beautiful and surprising result of
Schaefer, Sedgwick, and Štefankovič [62].
The base case B0 -VPG is a special case of SEG-graphs more well-known
as 2-DIR3. It is NP-complete to recognize 2-DIR (= B0 -VPG graphs) [44].
However, the recognition status of Bk -VPG for every k > 0 was cojectured in
[8] (all cases were conjectured to be NP-complete). In the next sections we
confirm this conjecture by proving a stronger result.
Furthermore, in [7, 8] it is shown that B0 -VPG ( B1 -VPG ( VPG and it
was conjectured that Bk -VPG ( Bk+1 -VPG for every k > 0. We confirm this
conjecture constructively, see Section 3.2.

3.1

Noodle-Forcing Lemma

In this section, we present the key lemma (see Lemma 3.1.1). Essentially,
we prove that, for “proper” representations R of a graph G, there is a graph
G′ where G is an induced subgraph of G′ and R is “sub-representation” of
every representation of G′ (i.e., all representations of G′ require the part
corresponding to G to have the “topological structure” of R). We begin this
section with several definitions.
2

This property is also called 1-STRING.
the intersection graphs of straight line segments in the plane with at most two distinct
directions (slopes)
3
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Let G = (V, E) be a graph. A representation of G is a collection R =
{R(v), v ∈ V } of piecewise linear curves in the plane, such that R(u) ∩ R(v)
is nonempty iff uv is an edge of G.
An intersection point of a representation R is a point in the plane that
belongs to (at least) two distinct curves of R. Let In(R) denote the set of
intersection points of R.
A representation is proper if
1. each R(v) is a simple curve, i.e., it does not intersect itself,
2. R has only finitely many intersection points (in particular no two curves
may overlap) and finitely many bends, and
3. each intersection point p belongs to exactly two curves of R, and the
two curves cross in p (in particular, the curves may not touch, and an
endpoint of a curve may not belong to another curve).
Let R be a proper representation of G = (V, E), let R′ be another (not
necessarily proper) representation of G, and let φ be a mapping from In(R)
to In(R′ ). We say that φ is order-preserving if it is injective and has the
property that for every v ∈ V , if p1 , p2 , . . . , pk are all the distinct intersection
points on R(v), then φ(p1 ), . . . , φ(pk ) all belong to R′ (v) and they appear on
R′ (v) in the same relative order as the points p1 , . . . , pk on R(v). (If R′ (v)
visits the point φ(pi ) more than once, we may select one visit of each φ(pi ),
such that the selected visits occur in the correct order φ(p1 ), . . . , φ(pk ).)
For a set P of points in the plane, the ε-neighborhood of P , denoted by
Nε (P ), is the set of points that have distance less than ε from P .
Lemma 3.1.1 (Noodle-Forcing Lemma). Let G = (V, E) be a graph with
a proper representation R = {R(v), v ∈ V }. Then there exists a graph
G′ = (V ′ , E ′ ) containing G as an induced subgraph, which has a proper representation R′ = {R′ (v), v ∈ V ′ } such that R(v) = R′ (v) for every v ∈ V ,
and R′ (w) is a horizontal or vertical segment for w ∈ V ′ \ V . Moreover, for
any ε > 0, any (not necessarily proper) representation of G′ can be transformed by a homeomorphism of the plane and by circular inversion into a
representation Rε = {Rε (v), v ∈ V ′ } with these properties:
1. for every vertex v ∈ V , the curve Rε (v) is contained in the ε-neighborhood
of R(v), and R(v) is contained in the ε-neighborhood of Rε (v).
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2. there is an order-preserving mapping φ : In(R) → In(Rε ), with the additional property that for every p ∈ In(R), the point φ(p) coincides with
the point p.
Proof. Suppose we are given a proper representation R of a graph G. We
say that a point in the plane is a special point of R, if it is an endpoint of a
curve in R, a bend of a curve in R, or an intersection point of R.
Before we describe the graph G′ , we first construct an auxiliary graph H
which is a subdivision of a 3-connected plane graph whose drawing overlays
the representation R and has the following properties.
P1 The edges of H are drawn as vertical and horizontal segments, and every internal face of H is a rectangle (possibly containing more than four
vertices of H on its boundary). The outer face of H is not intersected
by any curve of R.
P2 No curve of R passes through a vertex of H, and no edge of H passes
through a special point of R.
P3 Every face of H contains at most one special point of R, and no two
faces containing a special point are adjacent.
P4 Every edge of H is intersected at most once by the curves of R.
P5 Every face of H is intersected by at most two curves of R, and if a
face f is intersected by two curves of R, then the two curves intersect
inside f .
P6 Every curve of R intersects the boundary of a face of H at most twice.
We construct the plane graph H in several steps. In the first step, we
produce a square grid H0 such that the whole representation R is contained
in the interior of H0 , i.e., no part of R intersects the outer face of H0 . We may
further assume that the grid H0 is fine enough so that it has the properties
P1–P3 above. See Fig. 3.1.
If the graph H0 does not satisfy all the properties P1–P6, we will further
subdivide some of the faces of H0 . Suppose first that H0 has an edge e that
is intersected more than once by the curves of R (see Fig. 3.2). We then add
a new edge e′ into the drawing of H0 , which is parallel to e and embedded
very close to e, thus splitting a face adjacent to e into two new faces. We
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Figure 3.1: An embedding of a graph H0 over a representation R.
then split the face incident to e and e′ by new edges perpendicular to e and
e′ , in such a way that each intersection point of e or e′ with a curve of R
belongs to a different edge in the new graph. Performing this operation for
every edge of H0 , we obtain a new graph H1 , which satisfies the properties
P1–P4.

→
e

e
H0

e′
H1

Figure 3.2: An embedding of a graph H1 over a representation R.
If the graph H1 fails to satisfy P5 or P6, it means that H1 has a face f
whose intersection with R contains two disjoint curves p and q, each of which
is a subcurve of a curve from R (see Fig. 3.3). In this case, we draw in f a
piecewise linear curve c with horizontal and vertical segments which cuts f
into two pieces such that one contains p and the other q. We then extend the
segments of c to form a grid-like subdivision of the face f into subfaces, each
of which is only intersected by at most one of p and q. If necessary, we may
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further subdivide the newly created faces to make sure they do not violate
P4. In this way, we obtain the graph H satisfying all the properties P1–P6.

f

c

p

q

Figure 3.3: A description of the transformation of H1 to H2 .
We now transform H into an arrangement S of horizontal and vertical
segments. See Figure 3.4. For every vertex v ∈ V (H), the set S contains
two segments S1 (v) and S2 (v) which intersect close to the point v. We call
these two segments the vertex-segments of v. We assume that the vertex
segments do not intersect any of the curves of R, and they do not overlap
with any edge of H. For every edge e ∈ E(H), we further put into S a
segment S(e), called the edge-segment of e, which partially overlaps with e,
intersects exactly those curves of R that e intersects, and does not intersect
any vertex-segment or any other edge-segment of S. Finally, for any vertex
v that is incident to an edge e of H, we put into S a segment S(v, e) that
intersects both S(e) and the vertex segment of v that is parallel to S(e), and
does not intersect any other segment of S or curve of R. We call S(v, e) the
connector of v and e.
Define a representation R′ = R ∪ S, and let G′ be the graph determined
by this representation. Clearly, G is an induced subgraph of G′ , and the
representation R′ has the properties stated in the lemma. It remains to show
that every representation of G′ can be transformed into a representation Rε
that has the two properties stated in the lemma. We will first show that every
representation of G′ can be transformed into a representation that satisfies
the first property, and then we will show that the second property follows
from the first one.
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S(e)
e

S(v, e)

→
v

S1 (v)

Figure 3.4: Transforming the graph H into a segment arrangement S.
Consider an arbitrary representation R′′ of G′ . The curves in R′′ that
correspond to the vertex-segments, edge-segments and connectors will be
referred to as vertex-curves, edge-curves and connector curves. Let S ′′ (e)
be an edge-curve that represents an edge e ∈ E(H) in R′′ . Let c1 and c2
be its two adjacent connector curves. Let γ(e) be a minimal subcurve of
S ′′ (e) with the property that its two endpoints belong respectively to c1 and
c2 . In particular, γ(e) has no other intersections with the connector curves
apart from its endpoints. Call γ(e) the main part of S ′′ (e). Next, for each
connector curve, consider its minimal subcurve whose one endpoint belongs
to the main part of its adjacent edge-curve, and the other endpoint belongs to
its adjacent vertex-curve. Call this subcurve the main part of the connector
curve.
If, in the representation R′′ , we contract each intersecting pair of vertexcurves into a single point, and then replace each connector curve and edgecurve by their main parts, we obtain a drawing of the graph H, where a
vertex is represented by the contracted pair of vertex-curves, and an edge
corresponds to the main part of its edge-curve together with the adjacent
connectors. Since H is a subdivision of a 3-connected graph, each of its
drawings can be transformed into any other drawing by a circular inversion
and a homeomorphism. In particular, we may transform R′′ in such a way
that the main part of any edge-curve is contained inside the corresponding
edge-segment S(e), the main part of any connector curve is contained inside
the corresponding connector, and every vertex-curve representing a vertex
v ∈ V (H) is embedded in a small neighborhood of S1 (v) ∪ S2 (v). Suppose
therefore that R′′ has been transformed in this way.
Let f be an internal face of H, whose boundary is formed by k edges
e1 , . . . , ek and k vertices v1 , . . . , vk . Consider the union of the main parts
γ(e1 ), . . . , γ(ek ), together with the main parts of their adjacent connectors
and together with the vertex curves representing the vertices v1 , . . . , vk . In
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the union of these curves, there is a unique bounded region that is adjacent
to all of the curves γ(e1 ), . . . , γ(ek ). We call this region the pseudo-face
corresponding to f , denoted by f¯. Notice that an edge-curve R′′ (e) may only
intersect the two pseudo-faces that correspond to the two faces adjacent to
e in H.
Let v be a vertex of G. Let f0 , f1 , . . . , fk be the faces of H intersected by
the curve R(v) in the order from one endpoint to the other. Let e1 , . . . , ek be
the edges of H crossed by R(v), where ei is adjacent to fi−1 and fi . Notice
that we have k ≥ 2 due to the property P3.
Since the curve R′′ (v) must intersect the edge-curve S ′′ (ei ) for any i =
1, . . . , k, it must intersect at least one of the two pseudo-faces f¯i−1 and f¯i .
Also, since R′′ (v) does not intersect any edge-curve other than the k curves
S ′′ (ei ) for i = 1, . . . , k, it cannot enter into any pseudo-face other than f¯i for
i = 0, . . . , k.
Note, however, that R′′ (v) does not necessarily intersect the main part of
S ′′ (e1 ) and that it does not necessarily penetrate into f¯0 , and similarly for
S ′′ (ek ) and f¯k (see Fig. 3.5). Overall, we see that R′′ (v) enters a pseudo-face
f¯ if and only if R(v) enters the face f , except possibly for the two faces f0
and fk . We also see that R′′ (v) crosses the main part of an edge-curve S ′′ (e)
if and only if R(v) crosses e, except possibly for the two edges e1 and ek .
From this it is easy to see that for any ε > 0, we may deform R′′ (v) so that
it will belong to Nε (R(v)), without changing the boundary of any pseudoface. Moreover, by possibly creating a ‘bulge’ in γ(e0 ) and γ(ek ) as shown in
Fig. 3.5, we may ensure that every point of R(v) has a point of R′′ (v) in its
ε-neighborhood. This shows that R′′ is homeomorphic to a representation
Rε having the first property stated in the lemma.
We will now show that if ε is small enough, then every representation Rε
that satisfies the first property in the statement of the lemma must admit an
order-preserving mapping φ : In(R) → In(Rε ).
Let N(u) denote the set Nε (R(u)). We call N(u) the noodle of u. Suppose
that two curves R(u) and R(v) have k mutual crossing points p1 , . . . , pk . If ε
is small enough, the intersection N(u) ∩ N(v) has k connected components
P1 , . . . , Pk , each of them being an open parallelogram, and each Pi containing
a unique intersection point pi . We call Pi the zone of pi . By making ε small,
we may assume that the zones of the points in In(R) are disjoint, that every
noodle has a boundary that is a simple closed curve, and that the boundary
of a noodle does not intersect any of the zones.
Consider now the curve Rε (u) for some vertex u ∈ V . We may assume
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e1
R(v)
f0

f¯0

Rε (v)
R′′ (v)

Figure 3.5: A situation where R′′ (v) does not enter the pseudo-face f¯0 .
that the endpoints of Rε (u) coincide with the endpoints of R(u) (otherwise
we may shorten Rε (u) and deform it in a neighborhood of the endpoints).
Choose an orientation of R(u) (i.e., choose an initial endpoint), and suppose
that Rε (u) has the same orientation. Suppose that the curve R(u) has m
crossing points q1 , . . . , qm , encountered in this order. Let Q1 , . . . , Qm be
their zones. Fix a zone Qi and consider the intersection Rε (u) ∩ Qi . This
intersection is a union of subcurves of Rε (u). Choose such a subcurve whose
endpoints lie on the opposite sides of Qi ; if there are more such subcurves,
choose the first such subcurve visited when Rε (u) is traced in the direction
of its orientation. Call the chosen subcurve the representative of Rε (u) in
Qi , denoted by ri (u). Note that when Rε (u) is traced from beginning to end,
the representatives are visited in the order r1 (u), r2 (u), . . . , rm (u).
We now define the order-preserving mapping φ. See Fig. 3.6. Let p ∈
In(R) be an intersection of two curves R(u) and R(v), and let P be the zone
of p. Let r(u) and r(v) be the representatives of R(u) and R(v) inside P .
Define φ(p) to be an arbitrary intersection of r(u) and r(v). We may apply
a homeomorphism inside P to make sure that φ(p) coincides with p. By the
choice of representatives, φ is order-preserving. This proves the lemma.
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Rε (u)

Rε (v)

φ(p)
r(u)
r(v)

Figure 3.6: Finding a crossing φ(p) inside the zone of p. The fat parts of the
curves are the representatives.

→
α

Figure 3.7: The sausage representation for k = 3.

3.2

Relations between classes

With the Noodle-Forcing Lemma, we can prove our separation results.
Theorem 3.2.1. For any k ≥ 1, there is a graph G′ that has a proper
representation using k-bend axis-parallel curves, but has no representation
using (k − 1)-bend axis-parallel curves.
Proof. Consider the graph K2 consisting of a single edge uv, with a representation R in which both u and v are represented by weakly increasing
k-bend staircase curves that have k + 1 common intersections p1 , . . . , pk+1 ,
in left-to-right order, see Fig.3.7.
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Apply the Noodle-Forcing Lemma to K2 and R, to obtain a graph G′ with
a k-bend representation R′ . We claim that G′ has no (k − 1)-bend representation. Assume for contradiction that there is a (k − 1)-bend representation
R′′ of G′ . Lemma 3.1.1 then implies that there is an order-preserving mapping φ : In(R) → In(R′′ ). Let si (u) be the subcurve of R′′ (u) between the
points φ(pi ) and φ(pi+1 ), and similarly for si (v) and R′′ (v). Consider, for each
i = 1, . . . , k, the union ci = si (u) ∪ si (v). We know from Lemma 3.1.1 that
si (u) and si (v) cannot completely overlap, and therefore the closed curve ci
must surround at least one nonempty bounded region of the plane. Therefore
ci contains at least two bends different from φ(pi ) and φ(pi+1). We conclude
that R′′ (u) and R′′ (v) together have at least 2k bends, a contradiction.
Straight from this lemma we get as a consequence the following.
Corollary 3.2.2. Bk -VPG ( Bk+1 -VPG
Because two straight-line segments in the plane cross at most once, the
Noodle-Forcing Lemma also implies following.
Corollary 3.2.3. Bk -VPG 6⊂ SEG, for any k ≥ 1.
Is there some k such that every SEG graph is contained in Bk -VPG? The
following lemma answers this question.
Theorem 3.2.4. For every k, there is graph which belongs to 3-DIR but not
to Bk -VPG.
Proof. We fix an arbitrary k. Consider, for an integer n, a representation
R ≡ R(n) formed by 3n segments, where n of them are horizontal, n are
vertical and n have a slope of 45 degrees. Suppose that every two segments
of R with different slopes intersect, and their intersections form the regular
pattern depicted in Figure 3.8 (with a little bit of creative fantasy this pattern
resembles a waffle).
Note that the representation R forms Ω(n2 ) empty internal triangular
faces bounded by segments of R, and the boundaries of these faces intersect
in at most a single point. Suppose that n is large enough, so that there are
more than 3kn such triangular faces. Let G be the graph represented by R.
The representation R is proper, so we can apply the Noodle-Forcing
Lemma to R and G, obtaining a graph G′ together with its 3-DIR representation R′ . We claim that G′ has no Bk -VPG representation.
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Figure 3.8: The ‘waffle’ representation R from Lemma 3.2.4.
Suppose for contradiction that there is a Bk -VPG representation R′′ of G′ .
We will show that the 3n curves of R′′ that represent the vertices of G contain
together more than 3kn bends.
From the Noodle-Forcing Lemma, we deduce that there exists an orderpreserving mapping φ : In(Rn ) → In(Rn′′ ). Let T be a triangular face of the
representation R. The boundary of T consists of three intersection points
p, q, r ∈ In(R) and three subcurves a, b, c. The three intersection points φ(p),
φ(q) and φ(r) determine the corresponding subcurves a′′ , b′′ and c′′ in R′′ .
The Noodle-Forcing Lemma implies that there is a homeomorphism h
which sends a′′ , b′′ , and c′′ into small neighborhoods of a, b and c, respectively.
This shows that each of the three curves a′′ , b′′ and c′′ contains a point that
does not belong to any of the other two curves. This in turn shows that
at least one of the three curves is not a segment, i.e., it has a bend in its
interior.
Since the triangular faces of R have non-overlapping boundaries, and since
φ is order-preserving, we see that for each triangular face of R there is at least
one bend in R′′ belonging to a curve representing a vertex of G. Since G has
3n vertices and R determines more than 3kn triangular faces, we conclude
that at least one curve of R′′ has more than k bends, a contradiction.

3.3

Hardness Results

In this section we strengthen the separation result of Corollary 3.2.2 by showing that not only are the classes Bk -VPG and Bk+1 -VPG different, but providing a Bk+1 -VPG representation does not help in deciding Bk -VPG mem33

bership. This also settles the conjecture on NP-hardness of recognition of
these classes stated in [8], in a considerably stronger form than it was asked.
Theorem 3.3.1. For every k ≥ 0, deciding membership in Bk -VPG is NPcomplete even if the input graph is given with a Bk+1 -VPG representation.
Proof. We use the NP-hardness reduction developed in [44] for showing that
recognizing grid intersection graphs is NP-complete. Grid intersection graphs
are intersection graphs of vertical and horizontal segments in the plane with
additional restriction that no two segments of the same direction share a
common point. Thus these graphs are formally close but not equal to B0 VPG graphs4 . However, bipartite B0 -VPG graphs are exactly grid intersection
graphs. This follows from a result of Bellantoni et al. [10] who proved that
bipartite intersection graphs of axes parallel rectangles are exactly grid intersection graphs.
The reduction in [44] constructs, given a Boolean formula Φ, a graph GΦ
which is a grid intersection graph if and only if Φ is satisfiable. In arguing
about this, a representation by vertical and horizontal segments is described
for a general layout of GΦ for which it is also shown how to represent its parts
corresponding to the clauses of the formula, referred to as clause gadgets, if
at least one literal is true. The clause gadget is reprinted with a generous
approval of the author in Fig. 3.9, while Fig. 3.10 shows the grid intersection
representations of satisfied clauses, and Fig. 3.11a shows the problem when
all literals are false. In Fig. 3.11b, we show that in the case of all false literals,
4

where paths of the same direction are allowed to overlap

Figure 3.9: The clause gadget
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the clause gadget can be represented by grid paths with at most 1 bend each.
It follows that GΦ ∈ B1 -VPG and a 1-bend representation can be constructed
in polynomial time. Thus, recognition of B0 -VPG is NP-complete even if the
input graph is given with a B1 -VPG representation.
We use a similar approach for arbitrary k > 0 with a help of the NoodleForcing Lemma. We grill the same representation R of K2 as in the proof
of Theorem 3.2.1. We call the resulting graph P (u) where u is one of the
vertices of the K2 , the one whose curve in R is ending in a boundary cell
denoted by α in the schematic Fig. 3.7. We call this graph the pin since it
follows from Lemma 3.1.1 that it has a Bk -VPG representation such that the
bounding paths of the cell α wrap around the grill and the last segment of
R(u) extends arbitrarily far (see the schematic Fig. 3.12). We will refer to
this extending segment as the tip of the pin. It is crucial to observe that
in any Bk -VPG representation R′ of P (u) all bends of R′ (u) are consumed
between the crossing points with the curve representing the other vertex of
K2 and hence the part of R′ (u) that lies in the α cell of R′ is necessarily
straight.
Next we combine two pins together to form a clothespin. The construction
is illustrated in the schemtic Fig. 3.13. We start with a K4 whose edges are
subdivided by one vertex each. Every STRING representation of this graph
contains 4 basic regions which correspond to the faces of a drawing of the K4
(this is true for every 3-connected planar graph and it is seen by contracting
the curves corresponding to the degree 2 vertices, the argument going back
to Sinden [65]). We add two vertices x1 , x2 that are connected by paths of
length 2 to the boundary vertices of two triangles, say β1 and β2 . The curves
representing x1 and x2 must lie entirely inside the corresponding regions.
v1

u1

u1

v1

u1

w

w
u2

u2

v2

v2

v2

u2

w

v3

v1

u3

u3

v3
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u3

Figure 3.10: The representations of satisfied clauses.
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Figure 3.11: (a) The problem preventing the representation of an unsatisfied
clause. (b) The representation of an unsatisfied clause gadget via curves with
one bend.
Then we add two pins, say P (u1 ) and P (u2), connect the vertices of the
boundary of αi to xi by paths of length 2 and make ui adjacent to a vertex
on the boundary of (for i = 1, 2). Finally, we add a third pin P (u3) and
make u3 adjacent to u1 and u2 . We denote the resulting graph by CP (u).
It is easy to check that the clothespin has a Bk -VPG representation Ř
such that the tips of Ř(u1 ) and Ř(u2 ) are parallel and extend arbitrarily far
from the rest of the representation, as indicated in Fig. 3.13.
On the other hand, in any Bk -VPG representation R′ of CP (u), if a curve
crosses R′ (u1 ) and R′ (u2 ) and no other path of R′ (CP (u)), then it must cross
the tips of R′ (u1 ) and R′ (u2 ). This follows from the fact that for i = 1, 2,
R′ (xi ) must lie in αi (to be able to reach all its bounding curves), and hence,

→

Figure 3.12: Construction of a pin
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by circle inversion, all bends of R′ (ui ) are trapped inside βi . If a curve crosses
both R′ (u1 ) and R′ (u2 ), it must cross them outside β1 ∪ β2 , and hence it only
may cross their tips.
Now we are ready to describe the construction of G′Φ . We take GΦ as
constructed in [44] replace every vertex u by a clothespin CP (u), and whenever uv ∈ E(GΦ ), we add edges ui vj , i, j = 1, 2. Now we claim that G′Φ ∈
Bk -VPG if and only if Φ is satisfiable, while G′Φ ∈ Bk+1 -VPG is always true.
On one hand, if G′Φ ∈ Bk -VPG and R′ is a Bk -VPG representation of G′Φ ,
then the tips of R′ (u1 ), u ∈ V (GΦ ) form a 2-DIR representation of GΦ (R′ (u1 )
and R′ (v1 ) may only intersect in their tips) and Φ is satisfiable.
On the other hand, if Φ is satisfiable, we represent GΦ as a grid intersection graph and replace every segment of the representation by a clothespin
with slim parallel tips and the body of the pin tiny enough so that does
not intersect anything else in the representation. Similarly, if Φ is not satisfiable, we modify a 1-bend representation of GΦ by replacing the paths of
the representation by clothespins with 1-bend on the tips, thus obtaining a
Bk+1 -VPG representation of GΦ . The representation consists of a large part
inherited from the representation of GΦ and tiny parts representing the heads
of the pins, but these can be made all of the same constant size and thus
providing only a constant ratio refinement of the representation of GΦ . The
representation is thus still of linear size and can be constructed in polynomial
time.

β1

β1
x1

→

x2
β2

x1
x2
β2

Figure 3.13: Construction of a clothespin
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Chapter 4
Intersection Graphs of Islands
In this chapter we introduce the class of islands in extended grid which is
closely related to VPG class of graphs and string graphs. We start here with
necessary definitions.
Extended Grid. Informally speaking, the extended grid is the square grid
with added diagonal edges, see Fig. 4.1. Formally speaking, the vertices of
extended grid are the points of plane with integral coordinates.
Two vertices u and v defined by coordinates (Xu , Yu ) and (Xv , Yv ) are
adjacent if and only if |Xu − Xv | ≤ 1 and |Yu − Yv | ≤ 1. Let u and v be
adjacent then we call edge uv horizontal if Yu = Yv (respectively, vertical if
Xu = Xy ) and diagonal if |Xu − Xv | = 1 and |Yu − Yv | = 1. Notice, it differs
from the square grid only by diagonal edges. In the rest of the chapter we
refer to the extended grid just as the grid.
diagonal

vertical

horizontal

Figure 4.1: On the right we show horizontal, vertical and diagonal edges. On
the left we show how a part of extended grid looks like.
38

Figure 4.2: Two islands, one with black vertices and one with white vertices,
are adjacent (dotted).
Island. An island is a non-empty set of grid vertices which induces a connected subgraph. We say that two islands U and V are adjacent if U ∪ V
induces a connected subgraph, or equivalently, if there exist vertices u ∈ U
and v ∈ V such that u and v are adjacent. We refer to a graph induced by
island I as Ig . Island I is called k-island if |I| ≤ k, that is, the number of
vertices (of the grid) of I is less than or equal to k.
Faithful Representation. A faithful representation of graph G by islands
is set I of vertex disjoint islands in the extended grid, such that the graph of
I is isomorphic to G. The class of graphs which has faithful representation
by islands will be denoted by ISLAND.
Graph classes. For a given set of k-islands I, the relation of being adjacent
(on islands) defines a graph. All graphs with such a property are called kisland graphs and define a graph class k-ISLAND. If we drop the condition
which bounds the size of islands, we get ISLAND graph class.

4.1

Motivation from adiabatic quantum computing

Our problems are motivated by the proposed adiabatic quantum computer
AQC [24]. AQC allows a physical system to evolve from an initial state to
a final state following the principles of adiabatic evolution; by contrast the
standard model of quantum computing involves the application of a sequence
of gates to achieve this evolution. (It was shown in [1] that the two models
are computationally equivalent.) The qubits and couplers of an adiabatic
39

quantum computer can be naturally seen to form a graph. This abstraction
away from the underlying physics allows us to translate computational problems into a graph theoretic language. An AQC depends upon its hardware
to find a binary vector that optimizes some objective function. In one model,
to goal is to maximize an unconstrained quadratic objective function
f (x) =

n
X

hi xi + λ

i=1

n X
n
X

Jij xi xj ,

i=1 j=i+1

where λ is a (Lagrange) multiplier, h is a vector, and J is an upper-triangular
matrix, describing respectively the linear and quadratic objective functions.
For instance, by taking for h the all-one vector and for J the (upper half of
the) adjacency matrix of G, and setting λ to be smaller than −2, we can
formulate the maximum independent set problem in G.
One specific AQC is layed out like a finite portion of the extended grid.
Each qubit in the hardware is a vertex in the extended grid and each coupler
an edge [4]. It may seem that only a limited set of problems can be posed in
this specific graph (the extended grid). However, it is possible to constrain
certain qubits to take on the same spin, and in this way to create islands, i.e.,
connected subgraphs (or equivalently subtrees) of the extended grid, which
can be treated as ‘supervertices’. To represent an arbitrary graph G then
amounts to assigning to each vertex of G an island of the extended grid, and
to each edge of G an edge connecting the corresponding islands. Note that
adjacent vertices of G must be assigned to islands that are sufficiently near to
be connected by a bridge. If we additionally want to ensure that no noise or
information in the quantum system transfer between islands through inactive
couplers, we further require that nonadjacent vertices of G be assigned islands
that are not sufficiently near to be connected by an edge of the extended grid.
In such a case, we seek a faithful representation of G as defined earlier.

4.2

Unbounded islands

It is well known that every string graph has a representation by curves in
which no three curves intersect in the same point, and in every intersection
point the two curves sharing this point cross each other in this point (i.e.,
they do not touch). It can be easily seen that such a representation is homeomorphic to a system of curves that are piece-wise linear and their segments
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follow the vertical and horizontal lines of a planar grid. Given such a representation of a graph G, one can rotate it by 45 degrees, and blow it up
so that the segments of the representation follow the diagonal lines of the
(now) extended grid in such a way that the segments intersect inside the
grid squares but not in the grid points. Then one may represent each vertex
of G by the island consisting of the grid points lying on the corresponding
curve. If we further blow up so that the segments of the curves use only
every second diagonal in each direction, any two islands are adjacent if and
only if their corresponding curves cross. (See an illustration in Fig. 4.3.)

Figure 4.3: A string representation and an ISLAND representation of K3 .
On the other, it is also well known (cf. e.g. [43]) that string graphs
are exactly the intersection graphs of arc-connected sets in the plane. Since
for every island i the expanded set i+ is arc-connected, it follows that every
ISLAND graph is a string graph. Therefore we have the following claim.
Proposition 4.2.1. The ISLAND graphs are exactly the string graphs. Hence
the problem ISLAND is NP-complete.
There is an even more straightforward way to transform a faithful representation of a graph in the extended grid into a string representation. For
every island i (which represents a vertex ui ∈ V (G)), consider a spanning
tree Ti of the subgraph of the extended grid induced by the points of i. If
two islands i, j are adjacent via a grid edge e = pq (vertical, horizontal, or
diagonal), with vertices p ∈ Ti and q ∈ Tj , one can create a new vertex Pe
in the middle (of the drawing of) e and add the edge pPe to Ti and the edge
qPe to Tj . The newly added point Pe may belong to more than just these
two trees (if e was a diagonal edge), but in such a case all the (at most) four
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islands involved in the corners of the square whose diagonal is e are adjacent
in the extended grid and so are the corresponding vertices in G. Hence G is
the intersection graph of a family of trees in the plane. Replacing every tree
by a curve running around the drawing of the tree at a very small distance
we get a representation of G by intersecting curves, where every common
point Pe will give rise to 2 crossing points of the curves, and every crossing
of diagonal edges of two different trees gives rise to 4 crossing points. A
k-island would thus result in a tree with a linear number of nodes (linear in
k), and hence the total number of crossing points in the string representation obtained in this way would be O(nk). It is known that there are string
graphs on n vertices requiring at least Ω(2cn ) crossing points in any string
representation [47]. Hence one obtains the following result.
Proposition 4.2.2. There are ISLAND graphs which require exponentially
many grid points in any faithful representation.
We conclude that the natural guess-and-verify approach to obtain a faithful representation of a graph, by guessing the representing islands point by
point, fails. This observation highlights the fact that the membership of
ISLAND in NP is due to deeper reasons [62].
For the rest of the section we are interested in the bounded case, so to
say about graphs representable by k-ISLAND for arbitrary but fixed k.

4.3

Orientability

In the following two sections we introduce problems which we use later as
they are needed for our reduction from SAT.
Assume an instance φ of SAT. It contains set of clauses C and set of
variables V . We create for such formula φ graph Gφ which has the following
properties.
V (Gφ ) = {c : c ∈ C} ∪ {u+ : u ∈ V } ∪ {u− : u ∈ V },
E(Gφ ) = {cu+ : c ∈ C, u ∈ c} ∪ {cu− : c ∈ C, ū ∈ c}.

The vertices of the graph represent clauses and literals. An edge represents that the literal is a part of the clause. We say that Gφ is orientable if
there is an orientation of every edge such that outdegree of clause vertices is
at least 1 and for each pair of literals u+ and u− indegree of u+ or u− is 0.
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Breu and Kirkpatrick in [17] proved the following lemma, which is a simple
property of orientability.
Lemma 4.3.1. A formula φ is satisfiable if and only if Gφ is orientable.

4.4

Graph Embedding on the Grid

Let Gφ be a graph from the previous section. We use the construction of Breu
and Kirkpatrick [17], and here we describe properties of such embedding.
We embed Gφ into a grid of size (6|V | + 1) × (3|C| + 2). Every vertex
of the grid is either unused or associated with component of the embedding
and bounded by centered (in the vertex) unit square. There are 3 groups
of components, literals, clauses and communication components. There are
3 groups of communication literals: wires, corners, cross-overs. The wire is
a component containing a unit length line segment which overlaps the grid
vertex. The corner is two half unit segments which meet in right angle at
a grid vertex and the cross-over is two unit length segments which cross in
the right angle in the grid vertex. There are 2 kinds of wire components
(vertical/horizontal) and 4 kinds of corner components but just one crossover component.
Each component contains one to four terminals. Terminals terminate
line segments. Terminal T is on the top side of component’s unit square.
Terminals B, L and R on the bottom, left and right sides of the component’s
unit square, correspondingly. Component a is adjacent to component b if one
of their terminals overlap. Terminals are represented by small black circles
in Fig. 4.4. We have one exception, which is a complementary pair of literal
components, which is supposed to have a terminal in between but we do not
show a terminal between them as they form a single truth setting component.
The orientation of a terminal is direction. We call terminal T (resp. B,
L, R) directed away if it is oriented N (resp. S, E, W), directed towards
otherwise. We call the graph orientable if every terminal satisfies following
rules:
1. Only terminals adjacent to a vertical line are directed N or S.
2. Only terminals adjacent to a horizontal line are directed E or W.
3. Every wire and corner and clause have at least one terminal directed
away.
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c3

c2

c1
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u+
1 u1
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3 u3

Figure 4.4:
A grid embedding of the incidence graph.
The
graph corresponding to SAT instance U = {u1, u2 , u3 } and C =
{{u2, u4 }, {u1, u2 , u3 }, {u1, u3 }, {u1, u2 }}
4. Every cross-over line segment contains at least one terminal directed
away.
5. Every truth setting component has one literal such that all terminals
are directed away.
With this components one can produce a drawing GφD of graph Gφ which
is shown in Fig. 4.4. Breu and Kirkpatrick [17] proved the following using
the described model.
Lemma 4.4.1. A grid drawing is orientable if and only if the underlying
graph is orientable.
If we put together lemmas 4.4.1 and 4.3.1 we get the following.
Corollary 4.4.2. A grid drawing is orientable if and only if the underlying
instance of SAT is satisfiable.
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A1
A3

A2

Figure 4.5: On the right side, the set of black vertices is a configuration S
and black edges represent its induced subgraph. On the right side there is
cutting of the ∆-graph defined by S, where A1 , A2 and A3 are regions of the
cutting.

4.5

The Basic Building Block

We often use together graph and its representation, therefore we introduce
the following notation. ∆-graph is a tuple (G, D) where G is a graph and
D is its embedding. For example, in this chapter we always assume that the
underlying grid is ∆-graph, where the vertices have integral coordinates and
edges are straight lines. By a configuration of vertices we mean a subset S
of vertices of the grid.
Definition 4.5.1. Let (G, D) be ∆-graph. We define the cutting as the set
of regions created by the partition of plane alongside the drawing (of edges
of ) D of G. Let S be a configuration and G be a ∆-graph induced by S in
the grid, then A is a region of S if A is in the cutting of G, see Fig. 4.5.
Definition 4.5.2. The capacity of region A is the number of the inner vertices (points with integral coordinates) of A (we do not count vertices on the
boundary of A), which is denoted by c(A). A maximal region is a finite region
with the maximal capacity (we exlude the outer region). The capacity of S is
the capacity of a maximal region, which is denoted by c(S). Configuration S
is maximal if
c(S) = max{c(Z) : Z is a configuration and |Z| = |S|}.
We are now going to explore properties of configurations.
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horizontal
vertical

Figure 4.6: The straight sub-configuration
Lemma 4.5.1. Every maximal region of maximal configuration S is convex.
(Set C is convex if x, y ∈ C then every point xk + y(1 −k) ∈ C for k ∈ [0, 1]).
We just sketch a proof. Assume that there is a maximal region A which
is non-convex, then we show how to define a region with a bigger capacity.
If A is non-convex, then there exist 3 consecutive vertices on the boundary
of A which already witness non-convexity. There are only two possible cases.
We increase capacity either by removing one vertex from these 3 or we flip
these vertices “out”. At least in one of these cases we get a bigger capacity
of a new region. We leave the details to a careful reader.
Essentially the same proof can be applied to the following lemma.
Lemma 4.5.2. Let S be a maximal configuration and A be a maximal region,
then A does not contain a consecutive triple of vertices on the boundary from
Fig. 4.6.
The following simple lemma shows a monotonic property of capacities.
Lemma 4.5.3. Let S and Z be maximal configurations, where |S| > |Z| then
c(S) ≥ c(Z).
Proof. Let maximal region of Z be A then create configuration S ′ such that
S ′ contains all vertices of Z and we add an extra set V with |S| − |Z| vertices
into S ′ in such a way that V ∩ A is empty and S ′ induce a connected graph,
that is clearly always possible. That already concludes the claim.
Lemma 4.5.4. Let A be a maximal region of maximal configuration S, then
boundary of A induces a connected graph.
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k
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l
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Figure 4.7: A diamond ∆-graph and a rectangular ∆-graph.
Proof. Assume for contradiction the boundary does not induce connected
graph. Then the boundary of A is formed by k connected components
C1 , C2 , . . . , Ck . Since A is a finite region, there is i such that Ci divides
plane into inner part and outer part and all other components are in the inner part. Assume l ≤ k and k 6= i, then if we remove vertices of Cl from S, we
get a bigger capacity of the maximal region and together with Lemma 4.5.3
it gets us to contradiction.
Definition 4.5.3. A rectangular ∆-graph with the side-lengths k and l vertices is graph G and its drawing D where G is a cycle on 2k + 2l vertices and
for D see Fig. 4.7. If k and l are same we call it a diamond ∆-graph.
Later we will use the following observation, which is not stated formally.

Figure 4.8: The diamond tiling ∆-graph.
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Observation 4.5.5. It is possible to cover the whole plane with copies of the
diamond graph forming pattern depicted in Fig.4.8.
Here comes the most complicated and also the most important lemma.
Lemma 4.5.6. Let S be a maximal configuration on 4n vertices, where n ≥
1. Then S induces a diamond ∆-graph.
Proof. Let A be a maximal region of S. From Lemma 4.5.4 we know the
boundary of A induces a connected graph. We explore the boundary of R
assuming an ordering o = (e1 , e2 , . . . ek ) of edges on boundary of A, where
the ordering is going clock-wise around A. Let ei be an edge on the boundary
of A. We want to know which kind of an edge can be consecutive ei+1 edge.
For this purpose the case analysis follows.
To simplify notation we use small pictures with an oriented edge and a
dot, the orientation in picture defines the direction of o, and the slope of edge
defines the type of edge and a dot defines where the inner part of A is. For
example, defines a diagonal edge and the direction of ordering o and region
A is on its right side. Assume first edge ei to be . Our question now is
which kind of edge ei+1 can follow edge ei in o? We analyze all possible cases
and exclude some, see Fig. 4.9. Cases (a)-(c) do not form a maximal region
of a maximal configuration. Since the cases are not convex, that contradicts
Lemma 4.5.1. Case (g) forms the region of zero capacity (the dashed edge
is induced) and we can notice that there is a configuration of size 4 with
capacity 1. It means that the region of case (g) is not a maximal region of
any maximal configuration.
Now assume edge ei to be
. We again explore what possible embeddings of edge ei+1 are, see Fig. 4.10. Cases (a)-(c) contradict Lemma 4.5.1,
case (d) contradicts Lemma 4.5.2, and cases (f) and (g) contradict a maximality of R and S, therefore the only possible case is (e).
All other cases of edges ei are just rotations (by 90◦ , 180◦ and 270◦) of
two previous types. By case analysis it can be shown (we avoid it here), that
the boundary of R induces a rectangular ∆-graph or a rectangular ∆-graph
with some corners cut off, see Fig. 4.11.
Assume that a maximal region has 4k vertices on the boundary. Then
we can easily count that the capacity is strictly maximized if the boundary
induces a diamond ∆-graph. Alternatively we can say that if A is a maximal
region of S and the number of vertices on the boundary is a multiple of 4
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(a)

(b)

(e)

(c)

(f)

(d)

(g)

Figure 4.9: All cases, where ei is the following thick edge.
and the boundary does not induce a diamond ∆-graph then configuration S
is not maximal.
Assume now for a contradiction that S is a maximal configuration with 4n
vertices which does not induce a diamond ∆-graph. Then consider a maximal
region A of S. If A induces a diamond ∆-graph then either S is equal to
vertices on the boundary of A or the size of the boundary of A is smaller
than |S| and then S is not maximal because there exists the configuration
which induces a diamond ∆-graph which has a bigger capacity. Therefore, if
the boundary of A does not induce the diamond ∆-graph then it contradicts
what we proved above.
A straightforward consequence of the previous proof, the monotonic property of capacities, and a little bit of counting (which we omit here) yield the

(a)

(b)

(e)

(c)

(f)

(d)

(g)

Figure 4.10: All cases, where ei is the following thick edge.
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Figure 4.11: Examples of a maximal region.
following corollary.
Corollary 4.5.7. Let R be a maximal region of a maximal configuration S,
where S = n. Then c(R) ≥ 2⌊ n4 ⌋2 − 2⌊ n4 ⌋ + 1.

4.6

Basics of Island Representations

Let R be an island representation of G and B be a subgraph of G then R|B is
the island representation of B within R. Because any island representation
Q defines a configuration S (union of all islands of Q), we use notion of
capacity, cutting, etc. also for island representations. In the previous section
we showed that a configuration of n points cannot “wrap” more than some
certain amount of points. We also find out how maximal configurations
look like. In this section we explore island representations based on our
understanding of configurations.
For the rest of the chapter we assume k to be arbitrary but fixed and we
refer to a k-island simply as an island.
Cage. Let D be the diamond ∆-graph of side length k · c, where c is an appropriate constant, whose choice will be clear later. Let S be a configuration
inducing D. We partition vertices of S into islands of size k, such that k
consecutive vertices start from an arbitrary corner, for details see Fig. 4.12.
We refer to this set of islands as cage of side length c.
Flipper. Let D and S be the same as before. Assume cutting C of S and R
be the inner region of the cutting C. All integral vertices of R (in this case
we assume also boundary vertices) define islands and we refer to this set of
islands as flipper of side length c. And again for details see Fig. 4.12.
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k·c

Figure 4.12: An island representation of the diamond graph and flipper
graph, when c = 3
The idea behind these gadgets is simple, we need to “wrap” a flipper into
the cage in such a way that we can “wrap” one but not more.
Lemma 4.6.1. Let H be a graph and G1 and G2 be subgraphs of H, where
G2 is connected and G1 is disjoint and non-adjacent to G2 . Let R be an
arbitrary island representation of H then R|G2 is contained in a single region
of cutting by R|G1 .
Proof. Assume there are two regions A1 and A2 from cutting of R|G1 which
contain some vertices of R|G2 . Assume that v1 and v2 are vertices of R|B and
v1 ∈ A1 and v2 ∈ A2 . Define Q as ∆-graph induced by R|G2 . Then there is a
path p in Q from v1 to v2 which crosses the boundary of A1 , which already
leads to contradiction because G2 is disjoint and non-adjacent to G1 .
Definition 4.6.1. Let Cn be a cycle, R be an island representation of Cn
and H be ∆-graph induced by R (we use R also as a configuration). A simple
closed curve is called a cycle curve if it is a subset of a drawing of H and
contains at least one vertex from each island.
Lemma 4.6.2. For each island representation R of Cn (cycle with n vertices), where n ≥ 3, there is a cycle curve C.
Proof. Assume ordering of vertices of Cn as they appear on the cycle. The
i-th vertex is denoted by vi and the island corresponding to vi in R is Vi .
We use here an iterative definition for vertices ai . We start by choosing an arbitrary vertex a1 from the representation of V1 adjacent to V2 , as
there always exists one. Assume that we already defined vertices a1 , . . . ai .
Let Hi be a ∆-graph induced by Vi . Using graph distance metric, we find
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flipper F
cycle C

subgraph
Bl

subgraph
Br

path P

cage Cl

cage Cr

Figure 4.13: the switch graph W
vertex ai+1 ∈ Vi+1 closest to vertex ai within the graph induced on vertices
Vi ∪ {ai+1 }. Let path pi be the shortest path between ai and ai+1 found as
described above. Repeating this procedure until we define vertex an yields
shortest path pn within Hn that connects an and a1 . Assume that u ∈ pn
is the first vertex adjacent to p1 , in that case we redefine path p1 as a subpath of p1 from u to a2 and path pn as subpath of pn from an to u. Paths
p1 , p2 , . . . pn already define a cycle curve C.
We choose in each step of the algorithm the shortest path, therefore the
path created as p1 , . . . , pn−1 defines a simple curve. Path pn cannot intersect
pn−1 , otherwise we would choose vertex an differently. And pn does not
intersect p1 because we redefined it that way.
That suggests us the following definition.
Definition 4.6.2. Let RG be an island representation of graph G and let φ
be a cycle curve of cycle C. If RG is completely contained in the inner region
defined by φ, then we say that RG is contained in φ. If it is clear which
representation of G and C we refer to, we can even say that G is contained
in C.
If two graphs A and B are connected by path P2 (of length 2) we say that
A and B are connected by a hinge and hinge refers to path P2 .
Next, we are interested in so called switch graph W . W is schematically
shown in Fig.4.13. It contains two cages Cl and Cr which share path P and
the outer cycle defines cycle C. Flipper F is hinged to P and there are two
”big” enough connected graphs Bl and Br connected by hinges to cycle C.
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By big enough (for graphs Bl and Br ) we mean the graphs which in any
representation cannot be contained in any representations of Cl or Cr .
Lemma 4.6.3. Let φ be a cycle curve of C in an island representation R
of the switch graph W . Let I be the inner region and O be the outer region
defined by φ. Then the large enough connected subgraphs Bl and Br are
represented by islands within the outer region O.
Proof. Assume it is not the case. Let H be the ∆-graph induced by configuration R. Then φ defines a subgraph of H. From Corollary 4.5.7 and
from Lemma 4.6.1 we get that the connected subgraphs Bl and Br cannot
be embedded in the region I.
The next lemma shows even more properties of an island representation
of switch graph W .
Lemma 4.6.4. Let’s W, R, C, I, O, φ and P be defined as in Lemma 4.6.3
and the definition of the switch graph W . Then R|F is contained in the
bounded plane region I.
Proof. Assume that it is not the case, that is, R|F is not contained in I. As
F is connected and φ defines a cycle curve then Lemma 4.6.1 forces R|F to be
either inside or outside of φ. Therefore, R|F is inside of region O defined by φ.
Thus, path P (except for vertices adjacent to C) has to be represented inside
of region O. There are several analogical cases depending on representation
of path P and location of flipper F . We provide here just one, see Fig 4.14,
as the other are very similar. Let H be the subgraph defined by C ∪ P of
W . Let’s assume that cycles Cl and Cr are defined as in the definition of
the switch graph. Lemma 4.6.1 implies that either Bl or Br is contained in
either Cl or Cr , which contradicts Corollary 4.5.7 and that already leads to
contradiction.

4.7

Gadgets

We already introduced all necessary tools, so now it is the time to show a
reduction from the orientability. The first step is to define gadgets which
represent an orientable graph. Luckily, all our gadgets are based on the
switch graphs and that makes it simpler. We do not define gadgets through
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Figure 4.14: a possible representation of W
the graphs but through their island representation. The advantage is that
one can immediately see that these graphs have feasible representations.
As we observed in Observation 4.5.5 we can tile the whole plane with
diamond graphs, see Fig. 4.8. This particular tiling defines our coordinate
system which we use when constructing our gadgets. We construct gadgets in
such a way that they fit (with an exception for flippers which have “freedom”
of representation within the coordinate system) into 5 × 5 block of the plane.
Link gadget. The simplest gadget is called the link gadget. It is composed
out of 5 cages and 5 flippers, as we promised. We omit a formal definition
and rather refer to Fig. 4.15. The dashed square defines 5 × 5 region.
An important property of the link gadget is that in any island representation R, exactly one flipper is represented inside and one is represented
outside.
One can notice that we assign a number to every flipper in the representation, that represents an approximate volume of the flipper according
to a cage. It is approximate because exact calculation would not be very
illustrative. We use this convention for all other gadgets as well.

Literal gadget. Next we introduce the literal gadget, see Fig. 4.16. Let I be
an arbitrary island representation. Then if the right-most flipper (right-most
in Fig.4.16) is represented inside then the left-most, up-most, down-most
flippers are outside. And similarly, if any of up-most, left-most or downmost are represented inside then right-most is represented outside.
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Figure 4.15: The link gadget.
Variable gadget. Now we define the variable gadget which is made out
of two literal gadgets, see Fig. 4.17. The properties of this gadget are a
straightforward consequence of properties of the literal gadget.
Clause gadget. The clause gadget is shown in Fig. 4.18. Its properties are
what one would expect: at least one flipper has to be out in any representation.
Cross-over gadget. By far the most complicated gadget is the cross-over
gadget, see Fig. 4.19. This gadget emulates two link gadgets which cross but
stay independent. More precisely, if the left-most flipper is inside, then the
right-most flipper has to be outside, but the up-most flipper can be inside or
outside and according to its position, the position of the down-most flipper
can be determined.
There is the last gadget which we are going to use, but this one is very
simple, we call it the corner gadget and has same properties as the link
gadget except it changes direction.

4.8

Construction

In Section 4.4 we defined graph GφD . Graph GφD is composed of vertices
associated with 3 groups of components: literal, clause and communication
components. We now transform graph G into new graph H, which has kisland representation if and only if GφD (and also Gφ ) is orientable.
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Figure 4.16: The literal gadget.
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Figure 4.17: The variable gadget.
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Figure 4.18: The clause gadget.
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Figure 4.19: The cross-over gadget.
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Every gadget has size 5 × 5 (if we do not have flippers and do not count
a variable gadget as two gadgets). To construct graph H, for every vertex
associated with c component in GφD we put into H gadget c, where c can be
variable, clause or communication (link, corner, cross-over). We add gadgets
to H in such a way that adjacent gadgets share one side of a cage and a
flipper.
Lemma 4.8.1. Let graphs H and G be defined as above. Then G is orientable
if and only if H has an island representation.
Proof. The first implication is simple: if G is orientable then H has an island
representation. According to the orientation, we set flippers in the gadgets of
H and from the definition of H we can use representations from definitions
of our gadgets. That already concludes the first implication.
Assume that we have an island representation of H. We have to define
how to encode orientations of edges of G from gadgets of H.
Orientations of graph G are based on the drawing of flippers on the boundary of the gadgets. Each gadget has up to 4 cages whose one side is shared
with another gadget. The side of cages is connected to a flipper and we call
this flipper the boundary flipper. We define the orientation according to the
position of boundary flippers. If flipper f is a boundary flipper for gadgets
representing vertices u and v and is contained in a cage associated with the
gadget representing vertex v then we set the orientation from u to v and
opposite otherwise. From properties of gadgets proven above this already
defines orientation.
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Chapter 5
Modifications of Graphs
There are always disproportions between theory and applications. In theory
one can assume nice properties about your object and with that assumption one can solve the problem. In applications it often happens that some
assumptions are not met. so we cannot use directly the theoretical results
obtained under those assumptions.
This is already very close to what graph modifications are good for. We
assume that our object is a graph and we would like to find the smallest
possible modification to the graph so that it has given properties. A graph
property is a set Π of graphs. Any graph G in Π is a Π-graph, or we also
say that G has property Π. We would like to find how many edge deletions,
vertex deletions or edge contractions we need to modify an input graph to
become Π-graph.
In particular, our strongest interest lies in properties related to planarity.

5.1

Vertex and Edge Deletion

Already in the classic book of Garey and Johnson [28] on NP-completeness,
the authors formulate 18 graph modification problems. And the number of
interesting graph modification problems is growing. Notice that many wellknown problems can be reformulated in such a way that hey become graph
modification problems. For example graph, connectivity can be seen as removing the minimal number of vertices so that the graph becomes disconnected. Similarly, the maximum clique problem can be seen as the problem of
finding the minimal number of vertices so that the graph becomes a complete
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graph.
In the rest of the section, we are exploring the following two problems:
Problem:
Input:
Output:

Π-Vertex Deletion
An undirected graph G = (V, E) and integer k
Is there a set of vertices V ′ ⊂ V of size at most k such
that the graph induced on vertices V \ V ′ is Π-graph?

Problem:
Input:
Output:

Π-Deletion
An undirected graph G = (V, E) and integer k
Is there a set of edges E ′ ⊂ E of size at most k such
that the graph G′ = (V, E \ E ′ ) is Π-graph?

There was a significant effort in proving general complexity theorem covering many different properties of graphs rather than proving them just for
one property at a time. Therefore, there were introduced certain types of
properties which have to be satisfied. A graph property is non-trivial if there
is at least one graph which has this property but not all graphs have it. A
graph property is interesting if there is an infinite number of graphs with
the property and there is an infinite number of graphs without the property.
The property Π is hereditary if it is preserved under vertex deletion.
In 70’s Lewis and Yannakakis [50] proved the following general theorem:
Theorem 5.1.1. For every non-trivial interesting hereditary property Π, the
Π-Vertex Deletion problem is NP-hard.
Due to this theorem, the complexity of Π-Vertex Deletion for all
hereditary properties was set. Unfortunately, many simple properties are
not hereditary. For example, an induced subgraph of tree is not necessarily
a tree but a forest. Later the extension of Theorem 5.1.1 was proved by
Yannakakis [71] to solve the noted issues as follows.
Theorem 5.1.2. For every non-trivial interesting property Π that holds on
every connected induced subgraph, Π-Vertex Deletion problem is NPhard.
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You might notice that if the property Π is effectively recognizable then
Theorems 5.1.1 and 5.1.2 imply NP-completeness of given problems.
There are no general results known for Π-Deletion problem. The reason might be because many problems of Π-Deletion are computationally
simpler than Π-Vertex Deletion problem. This can be illustrated by
property Π being a forest, where Π-Vertex Deletion is NP-hard from
Theorem 5.1.1 but on other hand, the edge deletion version is trivially polynomial. Even though there are difficulties which we just noted, there were
established some general results:
Theorem 5.1.3. If a graph property Π is hereditary on subgraphs and is
determined by 3-connected components then Π-Deletion problem is NPhard.
We define that property Π is determined by 3-connected components as
follows. If a graph has property Π then also all its 3-connected components
have this property. Another paper that provides a very general result about
the minimum Π-Deletion is due to Alon et al. [2]:
Theorem 5.1.4. Let Π be a graph property such that it holds for every
bipartite graph then Π-Deletion problem is NP-hard.
For our particular interest in planarity, notice that if property Π is defined
as being planar then if we assume Π-Deletion problem then it is NP-hard
from Theorem 5.1.1 and if we assume Π-Vertex Deletion then it is also
NP-hard. This was independently shown by [70, 67, 31].

5.2

Edge Contractions

Another graph modification involves edge contractions and this section is
devoted to those.
Comparing to other graph modification problems, it does not receive that
much attention. In the very first papers Asano and Hirata [6] and Watanabe,
Ae and Nakamura [67] showed a general result which implies NP-hardness for
several classes of graphs. Of special interest for us is that Π-Contraction
is NP-hard for P i being a class of planar graphs, which was proved in [6].
Another direction of deals with the problem of contracting an input graph
to fixed target graph H, which is called H-Contractibility. A reader
can notice that if G is a part of the input then the problem is even harder
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than the graph isomorphism problem. Brouwer and Veldman [18] proved the
following:
Theorem 5.2.1. H-Contractibility is NP-complete if H is a connected
triangle-free graph other than a star.
In [18] it is also proved that for any connected graph with at most 4
vertices H-Contractibility is polynomial with exception for P4 and C4 for
which H-Contractibility is also NP-complete. There came an extension
of [18] for small graphs by Levin et al. [49]:
Theorem 5.2.2. Let H be a undirected graph on at most 5 vertices. If
H contains a dominating vertex then H-Contractibility is solvable in
polynomial time, otherwise H-Contractibility is NP-complete.
There are also several results when H is assumed to be a graph from a
well-known graph class. Belmonte et al. [11] showed that there is a polynomial time algorithm for H-Contractibilityfor H being a chordal graph.
Golovach et al. [32] provided the same result for the class of split graphs. Finally, Kamińsky et al. [41] extended the results for the class of planar graphs,
which is of our strongest interest.
For the last several years, the research on Π-Contraction from perspective of parametrized complexity has brought more attention. We keep
the same notation for problems, but in parametrized complexity setting we
mean the following:
Problem:
Input:
Output:
Parameter:

Π-Contraction
An undirected graph G = (V, E) and integer k
Is there a set of k edges such that contracting them
makes a graph a Π-graph?
k

One of the first FPT algorithms was due to Hegges et al. [38], who provided
an FPT algorithm where Π is the class of bipartite graphs. This algorithm
O(k2 ) O(1)
runs in time 22
n
. Their approach uses the theory of graph minors
which was developed by Robertson and Seymour in a series of papers. In
particular, it uses the irrelevant vertex method introduced in [60]. Later, the
result for bipartite graphs was improved by Guillemot and Marx [36], who
developed conceptually simpler algorithms.
62

Theorem 5.2.3. Π-Contraction for Π being the class of bipartite graphs
2
has a randomized FPT algorithm with running time 2O(k ) nm and a deter2
ministic algorithm with running time 2O(k ) nO(1) .
Hegges et al. [39] showed an FPT algorithm running in 4.98k nO(1) time
if Π is the class of all trees. If Π is the class of paths then they showed an
FPT running in 2k+o(k) + nO(1) . Golovach et al. [33] were studying the case
when Π are graphs of minimum degree d. They proved that this problem is
fixed-parameter tractable when both k and d are parameters. In particular,
their algorithm has running time 2O(k log d) nO(1) . When either d or k is a part
of the input then the problem becomes hard in the following sense: If we
parameterize only by d or only by k, then the problem becomes hard. They
proved that the problem is NP-complete even if d = 14 and W[1]-hard when
only k is the parameter. The most recent Π-Contraction problems for Π
being planar graphs were shown to have a polynomial time FPT algorithm.
It was provided independently by Golovach et al. [34] and by our group. We
present our result in the next section.

5.3

Our Result

We study in this section Π-Contraction, where Π is a planar graph. Notice
if the number of contracted edges is not limited, every connected graph can
be trivially contracted into a single vertex, and thus becomes planar. A graph
is k-contractible if the number of contracted edges is limited by a number
k. If k is a part of the input, testing k-contractibility is NP-complete due to
Asano and Hirata [6]. We present here a fixed-parameter tractable algorithm
for contractability to planar graphs.
Definitions and Notation. We denote by G ◦ e the graph obtained by

S

G′

G

Figure 5.1: An example of a 2-contractible graph.
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contracting an edge e in G. For a set of edges S, we denote a graph created
from G by contracting all edges of S by G ◦ S. We call S ⊆ E a planarizing
set of G if G ◦ S is a planar graph. We say that G is k-contractible if there
exists a planarizing set S of size at most k.
MSOL formulas for graphs are logic formulas which contain predicates
of equality, incidence and containment, logic operators and quantifiers for
vertices, edges, sets of vertices and edges. For instance, 3-colorability can be
expressed by MSOL as existence of three sets V1 , V2 and V3 of vertices, such
that each vertex belongs to exactly one Vi , and there are no edges with both
endpoints in one Vi .
Restricted Contractibility. We address the following more general problem. A subset of edges S is called a planarizing set if by contracting S in
G the graph becomes planar; see Fig. 5.1. We want to find a planarizing
set S of size at most k that satisfies an additional restriction: a monadic
second-order logic (MSOL) formula P (S, G) fixed for the problem.1
Problem:
Input:
Output:

P -RestrictedContract
An undirected graph G and an integer k.
Is there a planarizing set S ⊆ E(G) of size at most
k satisfying P (S, G) that when contracted produces a
planar graph?

We want to construct an FPT algorithm for this problem with respect to
the parameter k. This is not possible for every MSOL formula P (S, G). For
some formulas, the problem is already NP-hard even for k = 0. For instance,
let P (S, G) be the formula: Is there the empty set S such that after contracting S the graph G is 3-colorable? Then the problem P -RestrictedContract
is equivalent to testing 3-colorability of planar graphs which is known to be
NP-complete [29].
In this section, we describe an FPT algorithm which works as follows.
Either the graph is simple (of small tree-width) and the problem can be
solved in a brute-force way. Or we find a small part of the graph which we
can prove to be far from any inclusion-minimal planarizing set. We modify
the graph by contracting this small part, and repeat the process. Therefore,
1

More precisely, we have different formulas Pk (e1 , . . . , ek ) for each k where S =
{e1 , . . . , ek }. So the length of the formula may depend on k.
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V3

V2

V5

v4
v6

V1
V6
(a)

(b)

v3

v2

V4

v1
v5

G

Figure 5.2: (a) Every inclusion-minimal planarizing set S contains one edge
in each K5 . Therefore, inert sets are subsets of the highlighted edges. (b) The
connected components of a planarizing sets S act as clusers. After contracting
S, each cluster corresponds to one vertex in G′ . Two vertices in G′ are
adjacent if and only if there exists an edge in G between the corresponding
clusters.
we need to restrict ourselves to MSOL formulas for which satisfiablity is not
changed by this modification.
An MSOL formula P is inclusion-closed if for every S satisfying P also
every S ′ ⊆ S satisfies P . This property is necessary since the algorithm looks
for inclusion-minimal planarizing sets. A set of edges B of G is called inert
if it is not incident with any edge of any inclusion-minimal planarizing set S;
see Fig. 5.2a for an example. A formula P is called inert contraction-closed if
following holds for every inclusion-minimal planarizing set S and every inert
set B
P (S, G) ⇐⇒ P (S, G ◦ B)
Therefore the modification by contraction is not changing solvability of the
problem.
Theorem 5.3.1. For every inclusion-closed and inert contraction-closed MSOL
formula P , the problem P -RestrictedContract is solvable in time O(n2 f (k))
where n is the number of vertices of G.
Our algorithm uses an approach developed by Grohe [35] which shows
that there is quadratic-time FPT algorithm for finding the crossing number.
The most significant difference is the proof of Lemma 5.6.1. We cannot use
the same approach as that of [35] because k-contractible graphs do not have
bounded genus, which you can find proved in [34], which is essential in [35].
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G′

S

G′

G

Figure 5.3: For ℓ = 2, when we require that a planarizing set S is a matching,
a smallest planarizing set contains three edges.
Further, our approach from the proof of Lemma 5.6.1 can be modified for the
crossing number which simplifies the argument of Grohe [35]; see Section 5.8.
For a trivial formula P that is true for every set of edges, we get the
k-contractibility problem considered above. We note that k-contractibility
was independently proved to be solvable in time O(n2+ε f¯(k)) for every ε > 0
in a recent paper of Golovach et al. [34]. The algorithm described here uses
similar techniques but improves the time complexity and in fact solves a more
general problem.
ℓ-subgraph Contractibility. For different formulas P , we get problems different from k-contractibility having new specific properties. As one particular
example, we work with a problem which we call ℓ-subgraph contractibility. A
graph is called ℓ-subgraph contractible if there exists a planarizing set S such
that its edges form disjoint connected subgraphs with at most ℓ vertices. For
instance, for ℓ = 2 the planarizing set S is required to be a matching, see
Fig. 5.3.
Problem:
Input:
Output:

ℓ-SubContract
An undirected graph G and an integer k.
Is G ℓ-subgraph contractible by a set S having at most
k edges?

Contraction of a set S can be interpreted as graph clustering, see Fig. 5.2b.
We want to find clusters such that the resulting cluster graph is planar.
For ℓ-subgraph contractability, every cluster has to be of size at most ℓ. In
comparison to k-contractibility, the contracted edges have to be more equally
distributed in G, and thus the contractions do not change the graph too much.
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From a graph drawing perspective this approach offers a drawing such
that all crossings happen in disjoint areas nearby the clusters and the rest
of the meta-drawing is crossing-free. Such a meta-drawing resembles well
the original graph and can be well grasped by a glance from the distance.
The local crossings get inspected by taking a magnifying glass for particular
clusters.
If ℓ = 1, the problem is solvable in linear time as it becomes just planarity
testing. For ℓ ≥ 2, we prove:

Structure. In Section 5.4, we describe our FPT algorithm for the P RestrictedContract problem. In Section 5.7, we deal with the ℓ-SubContract
problem. Last, in Section 5.8, we show how to simplify the proof of Grohe [35].

5.4

Restricted Contractibility is Fixed-Parameter
Tractable

Let P be a fixed inclusion-closed and inert contraction-closed MSOL formula. In this section, we show that the problem P -RestrictedContract
is fixed-parameter tractable with respect to the parameter k. Namely, we describe an algorithm which solves P -RestrictedContract in time O(n2 ·
f (k)).
The basic structure of our algorithm is based on the following idea invented by Grohe [35]. If the graph has small tree-width, we can solve the
problem by Courcelle Theorem [22]. If the tree-width is large, we find an
embedded large hexagonal grid and produce a smaller graph to which we can
apply the procedure recursively.

5.5

Definitions

We first introduce notation similar to that of Grohe’s in [35].
Topological Embeddings. A topological embedding h : G ֒→ H of G into
H consists of two mappings: hV : V (G) → V (H) and hE : E(G) → P (H),
where P (H) denotes paths in H. These mappings must satisfy the following
properties:
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• The mapping hV is injective, distinct vertices of G are mapped to
distinct vertices of H.
• For distinct edges e and f of G, the paths hE (e) and hE (f ) are distinct,
do not share internal vertices and share possibly at most one endpoint.
• If e = uv is an edge of G then hV (u) and hV (v) are the endpoints of
the path hE (e). If w is vertex of G different from u and v then path
hE (e) does not contain the vertex hV (w).
For an example, see Fig. 5.4.
It is useful to notice that there exists a topological embedding h : G ֒→ H,
if there exists a subdivision of G which is a subgraph of H. For a subgraph
G′ ⊆ G, denote by h ↾ G′ the restriction of h to G′ . For simplicity, we use
the term embeddings instead of topological embeddings.
Hexagonal grid. We define recursively the hexagonal grid Hr of radius r
(see Fig. 5.5). The graph H1 is a hexagon (the cycle of length six). The
graph Hr+1 is obtained from Hr by adding 6r hexagonal faces around Hr as
indicated in Fig. 5.5.
The nested principal cycles C 1 , . . . , C r are called the boundary cycles of
H1 , . . . , Hr . From the inductive construction of Hr , Hk is obtained from
Hk−1 by adding C k and connecting it to C k−1 . A principal subgrid Hrs where
s ≤ r denotes the subgraph of Hr isomorphic to Hs and bounded by the
principal cycle C s of Hr .
Flat Topological Embeddings. Let H be a subgraph of a graph G. An
H-component C of G is
• either a connected component of G \ H together with the edges connecting C to H and its incident vertices, or
• an edge e = uv and the incident vertices u and v such that u, v ∈ V (H)
and e ∈
/ E(H).

֒→
G

H

Figure 5.4: An example of a topological embedding G ֒→ H.
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C2
C1
H1

H32
H2
H3

Figure 5.5: Hexagonal grids H1 , H2 and H3 . Inside H2 , the principal cycles
C 1 and C 2 are depicted in bold. Inside H3 , the principal subgrid H32 is shown.
The endpoints of edges of C contained in H are called the vertices of attachment of C. Figure 5.6a illustrates the notion of H-components.
Let G be a graph and let h : Hr ֒→ G be an embedding of a hexagonal
grid in G. An h(Hr )-component C is called proper if C has at least one
vertex of attachment in h(Hr ) \ h(C r ), namely, the component is attached to
an inner vertex of the grid. Let h+ (Hr ) denote the union of h(Hr ) with all
proper h(Hr )-components. Notice that the proper h(Hr )-components may
be obstructions to the planarity of h+ (Hr ). The embedding h is called a flat
embedding if h+ (Hr ) is a planar graph. For an example, see Fig. 5.6b.
Tree-width. For a graph G, its tree-width is an integer k which describes
how “similar” is G to a tree [23]. For our purposes, we use tree-width as a
black box in our algorithm. The following two properties of tree-width are
crucial.
Theorem 5.5.1 (Robertson and Seymour [59], Boadlaender [13], and Perkovic̀
and Reed [57]). For every s ≥ 1, there is t ≥ 1 and a linear-time algorithm
C1

C1

C3

H
(a)

C3

(b)

C2

C2

h+ (H3 )

Figure 5.6: (a) H-components C1 , C2 and C3 of G. (b) A subgraph h+ (H3 )
consisting of h(H3 ) and three proper components C1 , C2 and C3 having
attachments to inner vertices of h(H3 ) (highlighted in bold). The embedding
h is not flat since C3 obstructs planarity.
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that, given a graph G, either (correctly) recognizes that the tree-width of G is
at most t or returns an embedding h : Hs ֒→ G.
Theorem 5.5.2 (Courcelle [22]). For every graph G of tree-width at most
t and every MSOL formula ϕ, there exists an algorithm that decides the
formula ϕ on G in time O(n · g(t)), where n is the number of vertices of G.

5.6

The algorithm

Overview. The general outline of the algorithm is as follows. It proceeds
in two phases. The first phase deals with graphs of large tree-width and
repeatedly modifies G to produce a graph of small tree-width. In addition,
we keep a set F ⊆ E of forbidden edges for contractions. Initially, F is
empty and during the modification some edges are added. The second phase
reduces P -RestrictedContract to solving an MSOL formula which is
done by Courcelle’s Theorem 5.5.2.
Phase I. We first prove the following lemma, which states that in an embedded large hexagonal grid Hs into G, we either find a flat hexagonal grid
Hr (smaller than Hs ), or else G is not k-contractible. This lemma represents
the most significant difference from the paper of Grohe [35], as illustrated in
Section 5.8.
Lemma 5.6.1. Let G be a k-contractible graph. For every r ≥ 1, there
exists s ≥ 1 such that for every embedding h : Hs ֒→ G there is some subgrid
Hr ⊆ Hs such that h ↾ Hr is a flat embedding.
Proof. For given r and k, we fix s and t large enough as follows: We choose
s ≈ 2kt so that Hs contains 2k + 1 disjoint subgrids Ht1 , . . . , Ht2k+1 of radius
t and let Ht′i , formerly denoted by Htt−2
, be a subgrid of Hti without two
i
outermost layers. We choose t ≈ 7rk so that each Ht′i contains 7k + 1 disjoint
subgrids Hti ,r1 , . . . , Hti ,r7k+1 of radius r.2 In this way, we get the hierarchy of
nested subgrids as in Fig. 5.7:
Hs ) Hti ) Ht′i ) Hti ,rj ,

where 1 ≤ i ≤ 2k + 1,

1 ≤ j ≤ 7k + 1.

We next argue using the pigeon-hole principle that for some Hti ,rj is the
embedding h ↾ Hti ,rj a flat embedding.
2

Actually just s ≈

√
√
2kt and t ≈ 7kr would be sufficient.
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Hs
Ht′2k+1

Ht′1

Ht1 ,r1

· · · Ht1 ,r7k+1

···

Ht2k+1 ,r1 · · · Ht2k+1 ,

r7k+1

Ht2k+1

Ht 1

Figure 5.7: The hierarchy of the hexagonal grids nested in Hs .
Since we are assuming that G is k-contractible, we can fix a matching
planarizing set S and consider one subgrid Hti . Let a cell be an h-image of
a hexagon of Ht′i . We call an h(Ht′i )-component bad if it contains an edge
from S. A cell is considered bad if it contains an edge of S or if there is at
least one bad h(Ht′i )-component attached to the cell. Since bad cells have
some obstructions to planarity attached to them, we will exhibit some grid
Hti ,rj such that its embedding h(Hti ,rj ) avoids all bad cells.
To proceed, call an h(Ht′i )-component C large if the vertices of attachment
of C are not contained in one cell. As an example, in Fig. 5.6b, the component
C3 is large, but C1 and C2 are not. Large h(Ht′i )-components posses the
following useful properties which we prove afterwards in a series of claims.
1. If an h(Ht′i )-component is large, then we can embed K3,3 into h+ (Hti ).
This means that there must be some Hti having no large h(Ht′i )-component,
otherwise the graph would not be k-contractible.
2. On the other hand, if a bad h(Ht′i )-component is not large, it can
produce at most seven bad cells. This implies that h(Ht′i ) must have
a number of bad cells bounded by 7k and therefore for some j, the
embedding h(Hti ,rj ) is a flat embedding.
Claim 5.6.2. Let C be a large h(Ht′i )-component. Then we can embed K3,3
−
:= K3,3 − e is embedded into the grid h(Hti ).
into h+ (Hti ) such that K3,3
Proof. Instead of a tedious formal proof, we illustrate the main idea in
Fig. 5.8. If C is large, it has two vertices u and v not contained in one
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Ht i
C
֒→

u

P
Ht′i
v

K3,3

Figure 5.8: The component C acts as a bridge allowing two non-crossing
paths across the grid. Thus we can embed K3,3 into h(Hti ).
cell. Thus there exists a path P going across the grid “between” u and v.
Using C as a “bridge” from u to v, we can cross P by another path across
the grid. These two paths together with two outer layers of h(Hti ) allow to
−
embed K3,3 into h+ (Hti ) such that K3,3
is embedded into h(Hti ).
⋄
Claim 5.6.3. There is some Hti such that there is no large h(Ht′i )-component.
Proof. According to the above claim, if Htℓ contains a large h(Ht′ℓ )-component,
we can embed K3,3 into h+ (Htℓ ). Since G ◦ S is a planar graph, this embedding of K3,3 has to be contracted by S. To contract it, there has to be an
−
edge e ∈ S incident with h(K3,3
), otherwise G ◦ S still contains an embedding of K3,3 . Therefore e is incident with h(Htℓ ). We know that |S| ≤ k and
each edge in S is incident with at most two grids Htℓ . Since we have 2k + 1
disjoint grids, there is some Hti not having any edge S incident with h(Hti ).3
Therefore, there is no large h(Ht′i )-component.
⋄
Claim 5.6.4. For this Hti , the embedding h(Ht′i ) contains at most 7k bad
cells.
Proof. Let e ∈ S. Each h(Ht′i )-component C is not large, so it is attached
to at most seven cells. Therefore, if e ∈ C, we get at most seven bad cells.
If e belongs to a cell directly, we get two bad cells. Since |S| ≤ k, we get at
most 7k bad cells.
⋄
3

By a more refined analysis, one can show that only k + 1 disjoint grids suffice. The
reason is that if an edge is incident to two grids, it contracts neither of the embeddings
h(K3,3 ).

72

R+

I′
K

Ri

O′

Ri+

(a)

(b)

Figure 5.9: (a) An example of a ring Ri and an extended ring Ri+ . (b) The
extended ring R+ (in bold) splits G′ \ R into an outer part O ′ and an inner
part I ′ . The inner part is connected and contains Hr2i−1 and especially K.
We have established these claims and we conclude the proof of Lemma 5.6.1.
By the pigeon-hole principle, there exists one of h(Hti ,r1 ), . . . , h(Hti ,r7k+1 ) containing no bad cells, and we denote it by Hti ,rj . We know that h+ (Hti ,rj ) has
no edges of S and it is planar; in other words h(Hti ,rj ) is a flat embedding.
The next lemma shows that a small part of h+ (Hr ) is never contracted
by a minimal set S. Let the kernel K of h+ (Hr ) denote the h-image of the
central principal cycle h(C 1 ) together with the h(Hr )-components attached
only to h(C 1 ).
Lemma 5.6.5. Let G be a k-contractible graph and let S be a minimal planarizing set of G. Let h : Hr ֒→ G, where r ≥ 2k + 3, be a flat embedding
and let K be the kernel of h+ (Hr ). Then the edges of G incident with the
vertices of K do not belong to S.
Proof. We define a ring Ri as h(Hr2i+1 \ Hr2i−1 ), i.e., it is the h-image of
the two consecutive principal cycles of Hr together with the edges between
them. An extended ring Ri+ is the union of Ri with all the h(Hr )-components
having all the vertices of attachment in Ri . See Fig. 5.9a. Consider 2k + 1
+
disjoint extended rings R1+ , . . . , R2k+1
and notice that for some i, no edge
+
of S is incident with a vertex of Ri . Denote R := Ri , R+ := Ri+ and the
principal cycles of this ring as Couter := h(C 2i+1 ) and Cinner := h(C 2i ).
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The graph G′ := G ◦ S is planar with a specific embedding ∆′ as follows;
see Fig. 5.9b. The ring R itself is a subdivision of a 3-connected graph, and
therefore it has a unique embedding up to the choice of an outer-face. We
choose a drawing having Couter as the outer-face of ∆′ ↾ R. For the extended
ring R+ , the embedding of the attached components is not unique, but they
are attached somehow to R.
Now, G′ \ R is split by R to two parts: the inner part I ′ lying inside the
face bounded by Cinner and the outer part O ′ inside the outer-face bounded
by Couter . Moreover, we can assume for ∆′ that I ′ is connected, containing
h(Hr2i−1 ) ◦ S. The reason is that if some part is disjoint from the grid, it
either belongs to R+ , or it is a separate component of G′ , so we choose ∆′
such that it is drawn into the outer-face.
Since contraction does not change connectivity in G and all contractions
avoid R+ , the subgraph G\R+ is separated into parts I (containing h(Hr2i−1 )
and especially K) and O (containing the rest) such that I ◦ S = I ′ and
O◦S = O ′ with no edges between I and O. We show next that the minimality
of S forces that I ∩ S = ∅.
We take the embedding ∆′ , remove ∆′ ↾ I ′ and replace it with some
embedding of I. Since h(Hr ) is a flat embedding, the graph h+ (Hr ) is planar,
so in particular the subgraph induced by R+ ∪ I is planar. We consider one
of its planar embeddings ∆ having I embedded into the inner face of R+ .
Since ∆ ↾ I has the same orientation of edges to R as ∆′ ↾ I ′ , it is possible
to replace the embedding of I ′ in ∆′ by ∆ ↾ I. This means that it is not
necessary to contract the edges of I and therefore I ∩ S = ∅. The statement
follows since K and its incident edges belong to I.
We note that the algorithm just contracts K and not the whole I since
we do not know which extended ring Ri+ avoids edges of S.
Recall that F is the set of forbidden edges to contract. If the graph G

EK

K

G′

G

Figure 5.10: The graph is modified by contraction of the kernel K and adding
its incident edges Ek to F .
74

is k-contractible by a planarizing set S such that S ∩ F = ∅, we say that G
is (k, F )-contractible. As we process our algorithm, we use Lemma 5.6.5 to
modify the input G and F to a smaller graph G′ and an extended set F ′ as
follows. The kernel K is contracted into a single vertex, so G′ := G◦K, d the
edges EK between V (K) and V (G) \ V (K) are added to F , so F ′ := F ∪ EK .
Figure 5.10 depicts this modification.
Lemma 5.6.6. The graph G is (k, F )-contractible if and only if the graph
G′ is (k, F ′)-contractible.
Proof. According to Lemma 5.6.5, a minimal planarizing set S for G avoiding
F does not contain any edges of K and F ′ . Therefore, it is also a planarizing
set of G′ avoiding F ′ .
On the other hand, assume that G′ has a planarizing set S disjoint from
F ′ of size at most k. We want to show that S is also a planarizing set for
G. We consider an embedding of G′ ◦ S and we replace the vertex created
by contracting the kernel K by an embedding of K in a manner completely
analog to the one described in the proof of Lemma 5.6.5. We get a planar
embedding of G ◦ S.
Phase II. We show next that when the tree-width of G is small, we can
solve (k, F )-contractibility with respect to P using Courcelle’s theorem [22].
To this effect all we need to show is that it is possible to express (k, F )contractibility in the monadic second-order logic (MSOL).
Lemma 5.6.7. For a fixed graph H, there exists an MSOL formula µH (S, G)
which is satisfied if and only if G′ := G ◦ S contains H as a minor.
Proof. We modify a well-known formula µ
eH (G) for testing whether H is
a minor of G. For |H| = ℓ, the formula µ
eH (G) tests whether there exist
disjoint sets of vertices V1 , . . . , Vℓ (representing the sets of vertices contracted
to vertices of H) such that
• for every vi vj ∈ E(H) there exists an edge between Vi and Vj in G, and
• each set Vi is connected in G.
Let S = {e1 , . . . , ek } and ej = xj yj . To test whether H is minor in G′ , we
require that each Vi either contains both endpoints of ej , or none of them.
Formally,
^
(xj ∈ Vi ⇐⇒ yj ∈ Vi ).
µH (S, G) = µ
eH (G) ∧
1≤i≤ℓ
1≤j≤k
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Lemma 5.6.8. There exists a formula ϕk (F, G) which is satisfiable if and
only if G is (k, F )-contractible with respect to the MSOL formula P .
Proof. This formula is defined as follows:
ϕk (F, G) := ∃S ⊆ E(G) : |S| ≤ k∧(S∩F = ∅)∧P (S, G) ∧¬µK5 (S, G)∧¬µK3,3 (S, G).

Putting all the Pieces Together. We finish this section with a proof of
the announced Theorem 5.3.1, stating that P -RestrictedContract for
an inclusion-closed and inert contraction-closed MSOL formula P (S, G) is
solvable in time O(n2 · f (k)).

Theorem 5.3.1. See Algorithm 1 for a pseudocode; Phase I corresponds to
the steps 3 to 7, Phase II to the step 8. Depending on k, we choose a suitable
value for s so we can apply Lemmas 5.6.1 and 5.6.5. By Theorem 5.5.1, there
is a corresponding value of t.
We repeat Phase I till tree-width of G becomes at most t. We find an embedding h of a large hexagonal grid Hs , by Theorem 5.5.1 in linear time. Using Lemma 5.6.1, we can find a subgrid Hr such that h(Hr ) is flat. Moreover,
we can find such Hr in time O(k 2 n) by testing planarity for all h+ (Hti ,rj ).
We contract the kernel K and we modify the graph G and the set of forbidden edges F . Lemmas 5.6.5 and 5.6.6 show that this modification does not
Algorithm 1 P -RestrictedContract
Require: A graph G and an inclusion-closed and inert contraction-closed
formula P (S, G).
Ensure: A planarizing set S of size at most k satisfying P (S, G) if it exists.
1:
2:

Initialize the set of forbidden edges F := ∅.
Depending on k, choose suitable s ≥ 1 and t ≥ 1 for Theorem 5.5.1.

while the tree-width of G is bigger than t do
Find an embedding h : Hs ֒→ G using Theorem 5.5.1.
Find a subgrid Hr such that h ↾ Hr is a flat embedding as described
in Lemma 5.6.1.
6:
Modify the graph as G := G ◦ K and F := F ∪ EK .
7: end while

3:
4:
5:

8:

return a planarizing set S satisfying ϕk (F, G) using Theorem 5.5.2 if it
exists.
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change solvability of the problem. After each modification, we get a smaller
graph G. Therefore we need to repeat this at most O(n) times, so the total
running time of Phase I is O(n2 · p(k)) for some function p.
Let G denote the original graph and let G′ denote the modified graph
created by Phase I. Phase II uses Theorem 5.5.2 to solve the MSOL formula ϕk (F ′ , G′ ) in time O(n · q(k)). By Lemmas 5.6.1, 5.6.5 and 5.6.6, the
modified graph G′ is (k, F ′ ) contractible if and only if the original graph
is k-contractible. It remains to show that the modification is not changing
solvability of P (S, G). Since P (S, G) is inclusion closed, we can concentrate
on inclusion minimal planarizing sets in G and G′ . Further by Lemma 5.6.5,
each modification contracts some inert edges which are not incident with
any inclusion minimal planarizing set S. Since P (S, G) is inert contractionclosed, each modification does not change solvability of P (G, S). So testing
ϕk (F ′ , G′ ) correctly tests whether G is k-contractible with respect to P (S, G).
The overall complexity of the algorithm is O(n2 · f (k)) for some function
f.

5.7

ℓ-subgraph Contractibility

We first show that for a fixed ℓ, testing ℓ-subgraph contractibility can be done
in time O(n2 ·f ′ (k)) for some function f ′ . It would follows from Theorem 5.3.1
and the fact that ℓ-subgraph contractibility is expressible using MSOL the
following corollary.
Corollary 5.7.1. For every fixed ℓ, the problem ℓ-SubContract can be
solved in time O(n2 f ′ (k)) where n is the number of vertices.
Proof. We just describe in words how to construct the MSOL formula P and
we check that P is inclusion-closed and inert contraction-closed. The length
of the formula may depend on k and ℓ. The formula P tests whether there
exists a decomposition of the edges in S into pairwise disjoint sets E1 , . . . , Ek
satisfying the following properties. Let V1 , . . . , Vk denote the corresponding
sets of vertices incident with E1 , . . . , Ek , respectively. The formula P is
satisfied if and only if |Vi | ≤ ℓ for each i and the sets V1 , . . . , Vk are pairwise
disjoint. This solves ℓ-subgraph contractibility and clearly is an inclusionclosed MSOL formula.
It remains to show that P is inert contraction-closed. Assume that
P (S, G) is solvable and let S be any inclusion minimal solution. For ev77

ery inert set B, no edge of B is by the definition incident with an edge of
S. Therefore S is a planarizing set of G ◦ B consisting of ℓ-subgraphs and
P (S, G ◦ B) is satisfiable. For the other implication, if S is an inclusion minimal solution of P (S, G ◦ B), then it also solves P (S, G). The reason is that
B is inert, so no edge of S is incident with an edge of B. Therefore, S is a
planarizing set of G consisting of ℓ-subgraphs.
Since ℓ-subgraph contractibility can be expressed using MSOL formulas
which is an inclusion-closed and P inert contraction closed we can apply
Theorem 5.3.1.
Matching Contractibility. In the rest of this section, we establish NPcompleteness of ℓ-SubContract. To do so, we first introduce a new problem called matching contractibility. The graph G is F -matching contractible
with respect to a set of edges F if there exists a planarizing set S which forms
a matching in G and S ∩ F = ∅.
Problem:
Input:
Output:

MatchingContract
An undirected graph G and a set of forbidden edges
F ⊆ E.
Is G an F -matching contractible graph?

First, we show that ℓ-subgraph contractibility can solve matching contractibility.
Lemma 5.7.2. Matching contractibility is reducible from ℓ-subgraph contractibility.
Proof. For an input G and F , we produce a graph G′ which is ℓ-subgraph
contractible if and only if G is F -matching contractible. We replace the edges
of G by paths:
• if e ∈ F , then we replace it by a path of length ℓ, and
• if e ∈
/ F , the we replace it by a path of length ℓ − 1.
Also, we put k = |E(G′ )| so only ℓ-subgraphs restrict S.
If a planarizing set S is a matching in G avoiding F , then we can contract
the corresponding paths in G′ by ℓ-subgraphs. On the other hand, let S ′
be a planarizing set of G′ consisting of ℓ-subgraphs. First, we ignore ℓsubgraphs not contracting entire paths, since their contraction preserves the
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topological structure of the graph. If a path in G′ corresponding to e ∈ E(G)
is contracted, it has to be contracted by a single ℓ-subgraph. In such a case,
e∈
/ F , otherwise the path is too long. Also, the contracted paths have to form
a matching since the ℓ-subgraphs cannot share the end-vertices belonging to
G. So the planarizing set S ′ of G′ gives a planarizing set S of G which is a
matching and which avoids F .
Overview of the Reduction. To show NP-hardness of MatchingContract, we present a reduction from Clause-Linked Planar 3-SAT. An
instance I of Clause-Linked Planar 3-SAT is a Boolean formula in CNF
such that each variable occurs in exactly three clauses, once negated and twice
positive, each clause contains two or three literals and the incidence graph
of I is planar. Fellows et al. [25] show that this problem is NP-complete.
Given a formula I, we construct a graph GI with a set FI of forbidden
edges such that GI is FI -matching contractible if and only if I is satisfiable.
The construction is performed by replacing each variable x by a variable
gadget Gx , and replacing each clause c by a clause gadget Hc . All variable
gadgets Gx are isomorphic and we have two types of clause gadgets Hc ,
depending on the size of c. These gadgets consist of several copies of the
graph K5 with most of the edges in FI . In Fig. 5.11, the edges not contained
in FI are represented by bold lines. Each variable gadget contains three
pendant edges that are identified with certain edges of the clause gadgets,
thus connecting the variable and clause gadgets.
Variable Gadget. Let x be a variable which occurs positive in clauses c1
and c2 , and negative in a clause c3 . The corresponding variable gadget Gx is
depicted in Fig. 5.11a. It consists of four copies of K5 , each having all but
two edges in FI . Three of the copies of K5 have pendant edges attached,
denoted by
e(x, ci ) = v(x, ci )w(ci ),
i ∈ {1, 2, 3};
refer to Fig. 5.11a. These edges also belong to the clause gadgets Hc1 , Hc2
and Hc3 . All other vertices and edges are private to the variable gadget Gx .
The main idea behind the variable gadget is that exactly one of the edges
tx and fx is contracted. This encodes the assignment of the variable x as
follows: the edge tx is contracted for true and fx for false. The edges e(x, c1 )
and e(x, c2 ) shared with the clause gadgets Hc1 and Hc2 , can be contracted
only if tx is contracted, and e(x, c3 ) shared with Hc3 can be contracted if and
only if fx is contracted.
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Clause Gadget. Let c be a clause containing variables x, y and possibly z.
The clause gadget Hc is the graph K5 with all but 2 or 3 edges in FI . The
edges that are not forbidden to contract share a common vertex w(c) and
they are the edges e(x, c), e(y, c) and possibly e(z, c) shared with the variable
gadgets Gx , Gy and possibly Gz ; see Fig. 5.11b.
To make the clause gadget planar, we need to contract exactly one of the
edges e(x, c), e(y, c) and possibly e(z, c). This is possible only if the clause
is satisfied by the corresponding variable evaluated as true in this clause.
Lemma 5.7.3. The graph GI is FI -matching contractible if and only if I is
satisfiable.
Proof. =⇒: Suppose first that GI is FI -matching contractible, and let S ⊆
E(GI ) be a matching planarizing set. Using S, we construct a satisfying
assignment of I. Consider a variable x. In Gx , each copy of K5 needs to have
at least one edge contracted by S.
Exactly one of tx and fx is in S. If tx ∈ S, then t′x cannot be in S (note
that S is a matching), hence e′ (x, c3 ) ∈ S, and e(x, c3 ) cannot be in S. On
the other hand, if tx ∈
/ S, necessarily fx ∈ S, and by a similar sequence of
arguments, none of e(x, c1 ) and e(x, c2 ) is in S.
We define a truth assignment for the variables of I so that x is true if
and only if tx ∈ S. It follows that if x is evaluated as false in a clause c,
e(z, c)
fx

e(y, c)

tx
v(z, c)

e′ (x, c1 )
v(x, c1 )
e(x, c1 )
w(c1 )

(a)

fx′

t′x

v(x, c2 )
e(x, c2 )
w(c2 )

e′ (x, c2 )

w(c)
e(x, c)

e′ (x, c3 )
v(x, c3 )
e(x, c3 )
w(c3 )

v(x, c)

(b)

Gx

v(y, c)

Hc

Figure 5.11: The bold edges can be contracted and the dashed edges are
forbidden edges from FI . (a) The variable gadget Gx where the three outgoing
edges are shared with clause gadgets Hc1 , Hc2 and Hc3 . (b) The clause gadget
Hc . The edge e(z, c) may also be in FI if the clause contains only two variables
x and y. The two or three contractible edges are shared with variable gadgets
Gx , Gy and possibly Gz .
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then the edge e(x, c) is not in S. Since S contains exactly one edge of Hc , in
each clause gadget at least one variable must be evaluated to true. Thus I
is satisfiable.
⇐=: Suppose that I is satisfiable and fix a satisfying truth assignment φ.
We set
S = {tx , fx′ , e(x, c1 ), e(x, c2 ), e′ (x, c3 ) | φ(x) = true} ∪
{fx , t′x , e′ (x, c1 ), e′ (x, c2 ), e(x, c3 ) | φ(x) = false}.

(5.1)
(5.2)

For the variable gadgets, the set S is a matching. Each clause gadget
contains at least one edge of S. But if a clause, say c, contains more than
one variable evaluated as true, then its clause gadget Hc contains in S more
edges with the common vertex w(c). In such a case, we perform a pruning
operation on Hc , i.e, remove all edges from S ∩ E(Hc ) but one. The resulting
set S ′ is a matching such that each K5 in GI contains exactly one edge of S ′ .
It only remains to argue that this set S ′ is a planarizing set. The graph
′
G = G ◦ S ′ consists of copies of K4 glued together by vertices or edges. Each
copy is attached to other copies by at most three vertices. Since K4 itself
has a non-crossing drawing in the plane such that three of its vertices lie on
the boundary of the outer face, and these vertices can be chosen arbitrarily
as well as their cyclic order on the outer face, the drawings of the variable
and clause gadgets can be combined together along a planar drawing of the
incidence graph of I. Therefore, G′ is planar.
We can finish prove of the following:
Theorem 5.7.4. For ℓ ≥ 2, the problem ℓ-SubContract is NP-complete.
Proof. Clearly, ℓ-SubContract belongs to NP. By Lemma 5.7.3 and [25],
the problem MatchingContract is NP-hard. Lemma 5.7.2 implies that
ℓ-SubContract is NP-hard.
We note that the problem ℓ-SubContract remains NP-complete when
generalized to surfaces of a fixed genus g (instead of planar graphs). Consider
a graph Hg such that for every embedding of Hg into the surface, each face is
homeomorphic to the disk. We modify our reduction by taking GI ∪Hg as the
graph and by adding all the edges of Hg into F . For each surface, there exists
such a graph Hg (see triangulated surfaces in Mohar and Thomassen [53]).
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5.8

Simplifying Grohe’s Approach

Grohe [35] gives an FPT algorithm for computing the crossing number k of
a graph, in time O(n2 f (k)). Our FPT algorithm is based on his approach.
On the other hand, we can simplify his argument in a similar manner as in
the proof of Lemma 5.6.1. We describe this simplification here.
Grohe uses Thomassen’s Theorem [66] which states the following:
Theorem 5.8.1 (Thomassen [66]). Let G be a graph of genus at most k.
For every r ≥ 1, there is s ≥ 1 such that for every topological embedding
h : Hs → G, there exists a subgrid Hr ⊆ Hs such that the restriction h ↾ Hr
of h is flat.
This result can be used since the crossing number is upper bounded by the
genus, so it works as Lemma 5.6.1 in our FPT algorithm. With our simplification, we can completely avoid the notion of genus which is independent
of the notion of crossing number. Therefore, we do not need to consider the
more complicated theory of graphs on surfaces. Also, our proof is quite short
and elementary.
Consider a plane drawing D of a graph G. The facial distance d(x, y) of
vertices x, y in G is the minimal number of intersections of D and a simple
curve C connecting x and y, where C avoids the vertices of G. We use Riskin’s
theorem [58]:
Theorem 5.8.2 (Riskin [58]). If G is a 3-connected cubic planar graph, then
cr(G + xy) = d(x, y),
where G + xy is the graph G with the added edge xy.
Lemma 5.8.3. Let G be a graph with cr(G) ≤ k. For every r ≥ 1, there is
s ≥ 1 such that for every topological embedding h : Hs → G, there exists a
subgrid Hr ⊆ Hs such that the restriction h ↾ Hr of h is flat.
Proof. Similarly as in Lemma 5.6.1, we define a hierarchy of grids as in
Fig. 5.12. We choose s ≈ (k + r) · k so that Hs contains k + 1 disjoint
subgrids Ht1 , . . . , Htk+1 of radius k + r. Let Ht′i denote the principal subgrid
Htri of Hti . In this way, we get the hierarchy:
Hs ) Hti ) Ht′i ,

where 1 ≤ i ≤ k + 1.

We want to show using the pigeon-hole principle that for some Ht′i is the
embedding h ↾ Ht′i a flat embedding.
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Claim 5.8.4. Let C be a proper h(Ht′i )-component. Then C has no attachment points in h(Hs ) \ h(Hti ).
Proof. For contradiction, let x be an inner vertex of h(Ht′i ) which is a point
of attachment of C, and let y be a point of attachment of C in h(Hs )\h(Hti ).
Then there exists a path P from x to y with no internal vertices in h(Hs ).
Consider h(Hs ) together with P and apply Riskin’s Theorem 5.8.2. (We
note that subdividing a graph preserves the crossing number.) Since the
face distance d(x, y) is at least k + 1, we get that cr(G) > k which is a
contradiction.
⋄
It follows from the claim that the graphs h+ (Ht′i ) are pairwise disjoint.
Since cr(G) ≤ k, at least one of them is by the pigeon-hole principle planar.
So the embedding h(Ht′i ) is flat for some Ht′i .

Hs

k

Ht′1

k

···

k

Ht′k+1

k

Htk+1

Ht 1

Figure 5.12: The hierarchy of the hexagonal grids nested in Hs .
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Conclusion and Open Problems
Despite the fact that representations of graphs have been studied for years,
there are several open problems and problems solved just partially. The community of Graph Drawing is very much interested in tractability of problems
which are in general NP-hard and also in more effective algorithms for problems which are already polynomially tractable. The following is a list of open
problems closely related to the topics studied in this thesis.
• Does there exist a linear time fixed parameter algorithm which decides
contractibility of graph? We show in Chapter 5 a quadratic algorithm
solving contractibility where we use the approach of Grohe [35]. But
similarly to the case of crossing numbers [42], there might be a linear
time algorithm.
• Is every planar graph contained in B1 -VPG? This conjecture is from [21]
by Chaplick and Ueckerdt who showed that every planar graph is contained in B2 -VPG. This conjecture seems to have a valid adjustment
because it was checked by computer that all planar graphs on at most
ten vertices are intersection graphs of L-shapes4 [30].
• Is every planar graph contained in {L, Γ}-graphs? This is strengthening of the previously mentioned conjecture with an interesting consequence. This particular conjecture was asked by Felsner et al. [26]. It
is appealing even from another perspective, because if true, it would
provide an alternative proof to Scheinerman’s conjecture, since Middendorf and Pfeiffer [52] showed that every {L, Γ}-representation has
a combinatorially equivalent SEG-representation.
4

which is the same class as B1 -VPG
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• Is every planar graph representable by an intersection graph of segments
in only 4 directions? If this conjecture from [69] (in a stronger form)
gets proven it would mean an alternative proof to the 4-color theorem.
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