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We prove that for every graph

G

with

n

verti es,

m

edges and no

isolated verti es the number of weak isomorphism lasses of simple topologi al
O(n2 log(m/n))
O(mn1/2 log n)
3/2
graphs that realize G is at most 2
, at most 2
if m < n
,
n2 ·α(n)O(1)
and at most 2
if G is a omplete graph. As a onsequen e we obtain a
O(n3/2 log n)
new upper bound 2
on the number of interse tion graphs of n pseudosegments. We show that the number of isomorphism lasses of simple topologi al
m2 +O(mn)
. Improving a result of Károlyi, Pa h
graphs that realize G is at most 2
and Tóth, we

nlog 8/ log 169

onstru t an arrangement of

pairwise

n

segments in the plane with at most

rossing or pairwise disjoint segments.

We also show that

rea hability in dire ted graphs embedded on a xed surfa e of arbitrary genus
is logspa e-redu ible to rea hability in dire ted graphs embedded in the plane.
Finally, we generalize a result of J. Fox and Cs. Tóth by proving that the
number of a graph de ays

rossing

ontinuously with respe t to the fra tion of suitably

removed edges.
Keywords: simple topologi al graph, Ramsey-type theorem, dire ted graph rea hability, de ay of

rossing number
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2

Introdu tion

General overview and motivation
Computers and the Internet, so ial networks, biologi al spe ies and their an estor
relations, mole ules and
transistors and their

hemi al rea tions, neurons and synapses in the brain,

onne tions in the integrated

ir uitsthese are examples

of phenomena of extreme interest in the beginning of the 21st
all possess an inherent stru ture, whose

graph.

A graph

edges.

alled

onsists of a set of obje ts

They

alled

verti es and a set of pairs of verti

es,

Edges represent pairwise relations between the obje ts. In the real

world, entities with a graph stru ture are often
Some networks have additional stru ture:
ight

entury.

ommon mathemati al abstra tion is a

onne tions,

alled networks.

onsider, for example, airports and

ities and roads, or integrated

ir uits. In these examples, we

have an information about the positions of the verti es and the edges in the spa e
or on a

ertain surfa e (the surfa e of the Earth or a sili on

hip).

Other networks have no inherent information about the positions of the verti es, but we may want to visualize them as a diagram on the paper or on the
omputer s reen, so that the stru ture is
the aim of the area of resear h
A

drawing

to

graph drawing.

of a graph is a representation of verti es as points in the plane and

edges as simple
general, some

alled

omprehensible for a human. This is

urves or lines

onne ting the

orresponding pairs of verti es. In

rossings between edges are unavoidable.

A folklore puzzle asks

onne t ea h of three houses by a path to ea h of three wells, so that the

paths do not
omes to the

ross ea h other. After several unsu

essful attempts, one usually

on lusion that this problem has no solution. A rigorous proof of

this fa t relies on the famous Jordan

urve theorem.

A generalization of this

puzzle is known as the Turán's Bri k Fa tory problem [BW10℄, whose obje tive
is determining the minimum number of
kilns with ea h of
of

m

or

n,

n

onne t ea h of

m

storage yards. The problem has been solved for small values

but general exa t solution is not known.

In the example of ight

onne tions between airports, the drawing is already

given by the positions of the ight
In the

rossings needed to

orridors and may involve many

rossings.

ase of general networks, a usual goal is to nd a drawing with as few

rossings as possible. In some appli ations, however, the drawing is required to
have no

rossings at allthis is the

ase of the

urrent te hnology of integrated

ir uits.
Drawings of graphs allowing

rossings are

alled

topologi al graphs.

Topolog-

geometri
graphs. Graphs allowing drawing without rossings are alled planar graphs.
Drawings without rossings are then alled embeddings or plane graphs.
i al graphs whose edges are drawn as straight-line segments are

Plane graphs

alled

an be generalized to graphs embedded on surfa es of higher

genus, like the torus or the proje tive plane.

Surfa es have been traditionally

studied in dierential geometry and general or algebrai

topology. Graph embed-

dings help in studying the properties of the surfa es by redu ing some
questions to a dis rete setting.

ontinuous

On the other hand, embeddings of graphs on

3

surfa es

an be used to solve stri tly

ombinatorial problems. For example, they

are important tool in Robertson-Seymour's proje t on graph minors.

Perhaps

the most famous result of this proje t is that every proper minor- losed
graphs

an be

lass of

hara terized by a nite set of forbidden minors. An introdu tion

to the theory of graph embeddings on surfa es is provided by the monographs by
Gross and Tu ker [GT87℄ and Mohar and Thomassen [MT01℄. Many interesting
relations of graph embeddings with various obje ts in other elds of mathemati s
and physi s are explored by Lando and Zvonkin [LZ04℄.
Topologi al graphs and theoreti al aspe ts of graph drawing form one of the
resear h areas in dis rete geometry.
natorial geometry, studies
ir les, or

Dis rete geometry, also known as

ombi-

ombinatorial properties of nite sets of points, lines,

onvex sets in the plane, or more generally, hyperplanes, spheres, or

polytopes in the

d-dimensional Eu

lidean spa e. Dis rete geometry in ludes

si al topi s su h as tilings, pa kings and

overings.

las-

A famous problem is to

determine the most e ient pa king of unit balls in the three-dimensional spa e.
Everyone who ever tried to arrange oranges or similar round-shaped obje ts into
a box intuitively knows what the best pa king is: simply put the obje ts in horizontal layers, so that ea h layer forms a triangular latti e and every two adja ent
layers are shifted by the same ve tor so that the upper layer ts in the holes
reated by the layer just below. The assertion that this parti ular pa king has
the largest possible density is known as the Kepler
of this

onje ture. A rigorous proof

onje ture has been given only re ently [Ha05, HF11℄, with a signi ant

portion of the proof relying on

omputer assistan e and a spe ial software de-

veloped for this purpose. As this example illustrates, many problems in dis rete
geometry are motivated by real-world problems.
appli ations in

Dis rete geometry has dire t

omputational geometry, roboti s or

omputer graphi s, but also

often surprising and elegant appli ations in other bran hes of mathemati s, su h
as number theory.
Like in many other mathemati al dis iplines, most of the problems studied
in dis rete geometry are interesting for their own sake. However, unlike in other
dis iplines, the problems in dis rete geometry are often very simple to state and
an be understood by non-experts, even high-s hool students. Still, many of these
problems are open or notoriously di ult to solve, of whi h the Kepler
ture is a perfe t example.

Determining the

hromati

number of the plane is

another famous problem, whi h looks rather inno ent.
of the plane is the minimum number of

The

olors needed to

hromati number

olor all the points of

the plane so that no two points at unit distan e re eive the same
easy to show that at least
than

50

4

and at most

7

onje -

olors are needed.

years, neither of these bounds have been improved.

olor.

It is

But for more

Dis rete geome-

try was popularized by Paul Erd®s, who enri hed the eld by posing numerous
interesting questions of this type. A representative set of hundreds of open problems has been

olle ted by Brass, Moser and Pa h [BMP05℄. A handbook edited

by Goodman and O'Rourke [GO04℄

ontains a

omprehensive overview of the

results and open problems in the area in an en y lopedi
and modern topi s of dis rete geometry are

form.

The

lassi al

overed in the ex ellent textbooks

by Pa h and Agarwal [PA95℄, Matou²ek [Ma02℄, Pak [Pa10℄, or Devadoss and
O'Rourke [DO11℄. Topi s related to

onvex polytopes are

by Grünbaum [Gr03℄ and Ziegler [Zi95℄.

4

overed in monographs

The problems and the results
In this thesis, we study several problems from dis rete geometry related to topologi al graphs and interse tion representations of graphs. The thesis is based on
the following four papers.
[1℄ J. Kyn£l, Improved enumeration of simple topologi al graphs, manus ript.
[2℄ J. Kyn£l, Ramsey-type

onstru tions for arrangements of segments,

pean Journal of Combinatori s 33(3) (2012), 336339.

Euro-

[3℄ J. Kyn£l and T. Vysko£il, Logspa e redu tion of dire ted rea hability for
bounded genus graphs to the planar

tion Theory 1(3) (2010), 111.

ACM Transa tions on Computa-

ase,

[4℄ J. erný, J. Kyn£l and G. Tóth, Improvement on the de ay of
numbers, to appear in

Graphs and Combinatori s.

rossing

Chapters 1, 3 and 4 are slightly modied versions of papers [1℄, [3℄ and [4℄, respe tively. Chapter 2 is an extended version of paper [2℄.
Now we briey overview the parti ular topi s studied in ea h

hapter and the

main results obtained.

Chapter 1: Enumeration of simple topologi al graphs
How many ways

an one draw a graph?

This sounds like a natural and easy

to state question. It is also the title of a joint paper by Géza Tóth and János
Pa h [PT06℄, where this question was seriously studied for the rst time (for

rossings, that is). In Chapter 1 we restri t our attention to simple
topologi al graphs , that is, drawings of graphs in the plane where every two edges

drawings with

have at most one

ommon point (an endpoint or a

pass through a single

we need to spe ify whi h drawings are
We say that topologi al graphs
from

G

rossing) and no three edges

rossing. Before we attempt to

dierent

G and H

ount dierent drawings,

and whi h are the

same.

isomorphi if H an be obtained
weakly isomorphi if G and H

are

by a homeomorphism of the sphere, and

have the same set of pairs of

rossing edges. Clearly, the isomorphism implies the

weak isomorphism.
We generalize results of Pa h and Tóth [PT06℄ and the author's previous
results [Ky09℄ on
isomorphism.

ounting dierent drawings of a graph under both notions of

We prove that for every graph

G

with

n

verti es,

m

edges and

no isolated verti es, the number of weak isomorphism lasses of simple topoO(n2 log(m/n))
O(mn1/2 log n)
, and at most 2
logi al graphs that realize G is at most 2
3/2
O(n3/2 log n)
if m ≤ n
. As a onsequen e we obtain a new upper bound 2
on
the number of interse tion graphs of

n

pseudosegments. We improve the upper

bound on the number of weak isomorphism lasses of simple omplete topologi al
n2 ·α(n)O(1)
graphs with n verti es to 2
, using an upper bound on the size of a set of
permutations with bounded VC-dimension re ently proved by Josef Cibulka and
the author [CK12℄. We show that the number of isomorphism lasses of simple
m2 +O(mn)
Ω(m2 )
topologi al graphs that realize G is at most 2
and at least 2
for
graphs with

m > (6 + ε)n.
5

Chapter 2: Ramsey properties of interse tion graphs of segments
Complete disorder is impossible. This motto
tori s

n,

alled Ramsey theory. The basi

in a su iently large graph one

hara terizes the area of

an nd either

n

verti es that are pairwise

lique of size n) or n verti es su h that no two of them
(an independent set of size n). In general, the number of

joined by an edge (a
are joined by an edge

verti es in the large graph must be exponential in

n.

In some

however, a polynomial number of verti es is su ient. Su h
satisfy the

Erd®s-Hajnal property.

se tion graphs of
represented by

ombina-

Ramsey's theorem says that for any given

lasses of graphs,
lasses are said to

These in lude, for example, the

lass of inter-

onvex sets in the plane. That is, graphs whose verti es

an be

onvex sets in the plane so that two verti es are joined by an edge

if and only if the

orresponding sets interse t. Larman et al. [LMPT94℄ showed
n1/5 pairwise interse ting

that among n onvex sets in the plane, there are either
1/5
or n
pairwise disjoint sets.

In Chapter 2, we study arrangements of segments in the plane and their interse tion graphs. Károlyi, Pa h and Tóth [KPT97℄ onstru ted an arrangement
log 4/ log 27
pairwise rossing or pairwise disjoint segof n segments with at most n
ments. We improve their result by onstru ting an arrangement of n segments
log 8/ log 169
with at most n
pairwise rossing or pairwise disjoint segments. We use
the re ursive method based on attenable arrangements whi h was established by
Larman et al. [LMPT94℄. We also show that not every arrangement of segments
an be attened, by

onstru ting an interse tion graph of segments that

be realized by an arrangement of segments
we also

rossing a

onstru t an interse tion graph of segments

annot

ommon line. Moreover,

rossing a

ommon line that

annot be realized by a attenable arrangement.

Chapter 3: Rea hability in graphs on surfa es
Dire ted rea hability

(or briey

rea hability)

is the following de ision problem:

G and two of its verti es s, t, determine whether there is a
path from s to t in G. At rst sight, the problem may seem easy or even

given a dire ted graph
dire ted

trivialusing a standard method of breadth-rst sear h one
in linear time.

However, the situation gets mu h more

to use a spa e-e ient algorithm. In this
are of parti ular interest.
logspa e)

The

onsist of deterministi

ase, the

an nd the solution

omplex when one has

omplexity

lasses L and NL

lasses L (logspa e) and NL (non-deterministi
and non-deterministi

algorithms, respe tively,

that use only a logarithmi amount of additional memory. For instan e, a logspa e
algorithm may store only a

onstant number of vertex labels when sear hing the

input graph.
Dire ted rea hability is a standard
NL.

Planar rea hability

omplete problem for the

lass

is an important restri ted version of the rea hability

problem, where the input graph is planar.
and is

omplexity

Planar rea hability is hard for L

ontained in NL but is not known to be NL- omplete or

ontained in L.

Allender et al. [ABC+09℄ showed that rea hability for graphs embedded on the
torus is logspa e-redu ible to the planar

ase. In Chapter 3, we generalize this

result to graphs embedded on a xed surfa e of arbitrary genus, both orientable
and non-orientable.
6

Chapter 4: Continuous de ay of the rossing number
The

rossing number r(G)

rossings in a drawing of

G

of a graph

G

is the minimum possible number of

in the plane where no three edges

ross at the same

point. In Chapter 4, we investigate the following question: how does the
number of

G

rossing

de rease if we delete some edges? In parti ular, we are interested

in nding those edges that are the least responsible for the

rossing number.

Ri hter and Thomassen [RT93℄ proved that every graph G has an edge with
(G − e) ≥ 25 (G) − O(1). Pa h and Tóth [PT00℄ proved that for every
graph G and
edge e, we have
(G − e) ≥
(G) − m + 1. Fox and Cs.

r

any

r

r

r

Tóth [FT08℄ proved that for every graph that is not too sparse, one an delete a
′
onstant fra tion of the edges so that the remaining graph G has rossing number

1
at least
− o(1)
(G).
28
We generalize the result of Fox and Cs. Tóth [FT08℄ and prove that the

r

rossing number of a graph de ays in a  ontinuous fashion in the following

δ > 0 su h that for a su iently large n, every
1+ε
′
graph G with n verti es and m ≥ n
edges has a subgraph G of at most (1−δ)m
edges and rossing number at least (1 − ε) r(G).
sense. For any

ε>0

there is a

7

1. Enumeration of simple
topologi al graphs

1.1 Introdu tion
A

topologi al graph T = (V (T ), E(T ))

is a drawing of a graph

with the following properties. The verti es of
distin t points in the plane and the edges of
simple
of

V (T )

urves
and

onne ting the

E(T )

verti es

the

and the

in the plane

G are represented by a set V (T )
G are represented by a set E(T )

orresponding pairs of points. We

the following general position

G

edges

of

T.

of
of

all the elements

The drawing has to satisfy

onditions: (1) the edges pass through no verti es

ex ept their endpoints, (2) every two edges have only a nite number of interse tion points, (3) every interse tion point of two edges is either a
or a proper

ommon endpoint

rossing (tou hing of the edges is not allowed), and (4) no three

edges pass through the same
edges have at most one

rossing. A topologi al graph is

ommon point, whi h is either a

omplete

rossing. A topologi al graph is

simple

if every two

ommon endpoint or a

if it is a drawing of a

omplete graph.

We use two dierent notions of isomorphism to enumerate topologi al graphs.
Topologi al graphs
preserving one-to-one
that two edges of

G

G and H

are

weakly isomorphi

orresponden e between
ross if and only if the

Note that every topologi al graph

GS 2

G

if there exists an in iden e

V (G), E(G) and V (H), E(H) su
H do.

drawn in the plane indu es a drawing

on the sphere, whi h is obtained by a standard one-point

of the plane. Topologi al graphs

G

and

H

are

omorphism of the sphere whi h transforms
an equivalent

isomorphi

GS 2

into

ompa ti ation

if there exists a home-

HS 2 .

In Se tion 1.5 we give

an

hange the fa es of the

ombinatorial denition.

Unlike the isomorphism, the weak isomorphism
involved topologi al graphs, the order of
y li

h

orresponding two edges of

rossings along the edges and also the

orders of edges around verti es.

For

ounting the (weak) isomorphism

lasses, we

onsider all the graphs la-

beled. That is, ea h vertex is assigned a unique label from the set

{1, 2, . . . , n},

and we require the (weak) isomorphism to preserve the labels. Mostly it makes no

signi ant dieren e in the results as we operate with quantities asymptoti ally
larger than

n!.

G, let Tw (G) be the number of weak isomorphism lasses of simple
topologi al graphs that realize G. Pa h and Tóth [PT06℄ and the author [Ky06℄
proved the following lower and upper bounds on Tw (Kn ).
For a graph

Theorem 1.1. [Ky06, PT06℄ For the number of weak isomorphism lasses of
simple drawings of Kn , we have
2

2Ω(n ) ≤ Tw (Kn ) ≤ ((n − 2)!)n = 2O(n
We prove generalized upper and lower bounds on

2

log n)

Tw (G)

.

for all graphs

Theorem 1.2. Let G be a graph with n verti es and m edges. Then
Tw (G) ≤ 2O(n
8

2

log(m/n))

.

G.

If m < n3/2 , then

Tw (G) ≤ 2O(mn

1/2

log n)

.

Let ε > 0. If G is a graph with no isolated verti es and at least one of the
onditions m > (1 + ε)n or ∆(G) < (1 − ε)n is satised, then
Tw (G) ≥ 2Ω(max(m,n log n)) .
We also improve the upper bound from Theorem 1.1.

Theorem 1.3. We have
Here

α(n)

Tw (Kn ) ≤ 2n

2 ·α(n)O(1)

.

is the inverse of the A kermann fun tion. It is an extremely slowly

α(m) :=
αd (m) is the dth fun tion in the inverse A kermann
hierar hy. That is, α1 (m) = ⌈m/2⌉, αd (1) = 0 for d ≥ 2 and αd (m) = 1 +
αd (αd−1 (m)) for m, d ≥ 2. The onstant in the O(1) notation in the exponent is
304
huge (roughly 4
), due to a Ramsey-type argument used in the proof.

growing fun tion, whi h

min{k : αk (m) ≤ 3}

an be dened in the following way [Ni10℄.

where

Theorem 1.3 is proved in Se tion 1.3. In the proof of Theorem 1.3 we use the
fa t that for simple

omplete topologi al graphs, the weak isomorphism

determined by the rotation system. This is

ombined with a re ent

lass is

ombinatorial

result, an upper bound on the size of a set of permutations with bounded VCdimension [CK12℄. The method in the proof of Theorem 1.2 is more topologi al,
gives a slightly weaker upper bound, but

an be generalized to all graphs.

In Subse tion 1.3.5, we generalize Theorem 1.3 by removing almost all topologi al aspe ts of the proof. The resulting Theorem 1.15 is a purely

ombinatorial

statement.
In Subse tion 1.3.6, we onsider the lass of simple omplete topologi al graphs
with maximum number of

rossings and suggest an alternative method for obtain-

ing an upper bound on the number of weak isomorphism

lasses of su h graphs.

pseudosegments (or also 1-strings ) is a set of simple urves
in the plane su h that any two of the urves ross at most on e. An interse tion
graph of pseudosegments (also alled a string graph of rank 1) is a graph G su h
An arrangement of

that there exists an arrangement of pseudosegments with one pseudosegment
for ea h vertex of

G

and a pair of pseudosegments

orresponding pair of verti es forms an edge in

G.

rossing if and only if the
Using tools from extremal

graph theory, Pa h and Tóth [PT06℄ proved that the number of interse tion
o(n2 )
graphs of n pseudosegments is 2
. As a spe ial ase of Theorem 1.2 we obtain
the following upper bound.

Theorem 1.4. There are at most 2O(n3/2 log n) interse tion graphs of n pseudosegments.
The best known lower bound for the number of (unlabeled) interse tion graphs
Ω(n log n)
of n pseudosegments is 2
and follows, for example, from the the fa t that
Θ(n log n)
there are 2
nonisomorphi permutation graphs with n verti es.
Let

T (G) be
G.

that realize

the number of isomorphism

lasses of simple topologi al graphs
4
T (Kn ) = 2Θ(n )

The following theorem generalizes the result

from [Ky09℄.

9

Theorem 1.5. Let G be a graph with n verti es, m edges and no isolated verti es.
Then



6mn m2 + 6mn
2
· 2O(n log n) ≤ 2m +2mn(1+3 log2 3)+O(n log n) , and
T (G) ≤
m2
+ 2mn
2mn
2

2
m
2mn + m2
2
m2 +4mn
T (G) ≤ 2
·
· 2O(n log n) ≤ 2m +2mn(log(1+ 4n )+2+log2 e)+O(n log n) .
2mn

Let ε > 0. For graphs G with m > (6 + ε)n we have
2

T (G) ≥ 2Ω(m ) .

For graphs G with m > ω(n) we have
2 /60

T (G) ≥ 2m
The two upper bounds on

T (G)

− o(1).

ome from two essentially dierent approa hes.

The rst one gives better asymptoti

results for dense graphs, whereas the se -

35n edges). For graphs
m = O(n) the se ond term in the exponent be omes more signi ant. Sin e
m ≥ n/2, the exponent in the rst upper bound an be bounded by


26 9
26
3 17
2
+ o(m2 ) ≤ 23.118m2 + o(1),
· log2
+ · log2
m · 4 log2 3 + 8 log2 +
2
2
17 2
9
ond one is better for sparse graphs (roughly, with at most

with

using the entropy bound for the binomial
the se ond upper bound

oe ient. Similarly, the exponent in

an be bounded by

m2 · (1 + 8 + 4 log2 (9/8) + 1/2 · log2 9) + o(m2 ) ≤ 11.265m2 + o(1).
For su h very sparse graphs (for example, mat hings), however, better upper
bounds

an be dedu ed more dire tly from other known results.
2
T (G) ≤ 2O(m ) is trivially obtained from the upper bound

The upper bound

on the number of unlabeled plane graphs (or planar maps). Indeed, every drawing

G

of

G

an be transformed into a plane graph

H

by subdividing the edges of

G

rossings of G as new 4-valent verti es in H .


m
m
The graph H has thus at most n +
verti es, at most m + 2
= m2 edges,
2
2
no loops and no multiple edges. Tutte [Tu63℄ showed that there are
by its

rossings and regarding the

2(2M)!3M
= 2(log2 (12)+o(1))M
M!(M + 2)!
rooted

onne ted planar maps with

M

edges (see also [BR86, BW85, DM11℄).

Walsh and Lehman [WL75℄ showed that the number of rooted
loopless maps with

M

onne ted planar

edges is

6(4M + 1)!
= 2(log2 (256/27)+o(1))M .
M!(3M + 3)!
This implies the upper bound
estimates

2

T (G) ≤ 2(log2 (256/27)+o(1))m

ould be obtained by redu ing the problem to
10

.

Somewhat better

ounting

4-regular planar

maps [RL01, RLL02℄, sin e typi ally almost all verti es in
verti es obtained from the

H

are the

4-valent

G.

rossings of

But su h a redu tion would be less
( 1 log2 (196/27)+o(1))m2
straightforward and the resulting upper bound 2 2
still relatively
high for dense graphs (for graphs with more than

27n edges the two upper bounds

from Theorem 1.5 are better).
The proof in [Ky09℄ implies the upper bound

T (Kn ) ≤ 2(1/12+o(1))(n

it is not expli itly stated in the paper. However, the key Proposition
is in orre t. We prove a

4)

, although

7

in [Ky09℄

orre t version in Se tion 1.5.

Note that by the redu tion to

ounting planar maps, for every xed onstant
2
k , we also obtain the upper bound 2O(km ) on the number of isomorphism lasses
of

onne ted topologi al graphs with

to

ross

k

m edges where all pairs of edges are allowed

times.

All the logarithms used in this

hapter are binary, unless indi ated otherwise.

1.2 Preliminaries
The weak isomorphism

lasses of topologi al graphs

binatorial way by abstra t topologi al graphs. An
briey an

AT-graph of
of

(G, R)

abstra t topologi al graph
E(G)

AT-graph) is a pair (G, R) where G is a graph and R ⊆

pairs of its edges. For a topologi al graph
ommon

an be represented in a

T

as

(G, RT ) where RT

T

that is a drawing of

RT = R.

(or

is a set of
2
we dene the

is the set of pairs of edges having at least one

rossing. A (simple) topologi al graph
if

G

om-

T

is

alled a

(simple) realization

Clearly, two topologi al graphs are weakly isomorphi

if

and only if they are realizations of the same AT-graph.
The

rotation

of a vertex

v

in a topologi al graph

order of the edges in ident with
by a

y li

v.

T

is the

lo kwise

y li

ρ(v) of a vertex v is represented
to v . The rotation system of T is

The rotation

sequen e of the verti es adja ent

the set of rotations of all its verti es.
We use the following property of simple
dire tly implies the upper bound on

Tw (Kn )

omplete topologi al graphs, whi h
in Theorem 1.1.

Proposition 1.6. [Ky09, PT06℄ The rotation system of a simple omplete topologi al graph G uniquely determines whi h pairs of edges of G ross. That is,
two simple omplete topologi al graphs with the same rotation system are weakly
isomorphi .
This property

an be shown to be satised by a broader

lass of su iently

dense graphs. For example, this property is satised by the wheel graph

K5 − 2K2 = K1,2,2 ,

and

W4 =

G su h that every pair of nonG isomorphi to W4 . This in ludes, for
K1,n,n with n ≥ 2. But already for om-

onsequently by all graphs

adja ent edges belongs to a subgraph of

example, the

omplete

3-partite

graph

plete bipartite graphs, many weakly nonisomorphi drawings an share the same
n/2
rotation system. For example, there are at least 2
weakly nonisomorphi simple

K2,n with the same rotation system. To see this, let n be an even posiv, w, u1, u2 , . . . , un be the verti es of K2,n with v, w forming the
2-element independent set of the bipartition. Let (u1 , u2 , . . . , un ) be the rotation
of v and (un−1 , un , . . . , u3 , u4 , u1 , u2 ) the rotation of w . For every i = 1, 2, . . . , n/2,
there are two ways of drawing the four edges vu2i , vu2i−1 , wu2i , wu2i−1 (either
drawings of

tive integer and let

11

u1

u2

w

v
un−1

un

Figure 1.1: Every

4-

vu2i−1 wu2i

y le

in

K2,n

an be drawn in one of two ways,

while keeping the rotation system xed.

vu2i−1

rosses

wu2i

or

wu2i−1

rosses

vu2i ),

and these

hoi es

an be done inde-

pendently. See Figure 1.1. Note that by loning the vertex v into n − 1 opies
n/2
we obtain 2
weakly nonisomorphi drawings of Kn,n with the same rotation
system.
We note that the

onverse of Proposition 1.6 is also true: the rotation systems

of two weakly isomorphi

simple

omplete topologi al graphs are either the same

or inverse [Gi05, Ky09℄.

1.3 Simple omplete topologi al graphs
In this se tion we prove Theorem 1.3.
O(n2 log n)
The upper bound Tw (Kn ) ≤ 2
in Theorem 1.1 follows dire tly from
Proposition 1.6, sin e there are at most (n−2)! possible rotations for ea h vertex,
n
O(n2 log n)
possible rotation systems of Kn . However,
thus at most ((n − 2)!) = 2
not every set of rotations is realizable as a rotation system of a simple

omplete

topologi al graph. For example, the rotation of ea h vertex in a simple

omplete

topologi al graph is uniquely determined by the set of rotations of the other
verti es.

This is easily seen by investigating the drawings of

(see Observation 1.14) and using the fa t that a
is determined by

y li

y li

K4

[Ky06, PT06℄

permutation of

n elements

subpermutations of all triples.

The smallest forbidden patterns in the rotation system are the
y li

n−1

subpermutations of

3

elements that

4-tuples

of

annot be realized as rotation systems

of a simple drawing of

K4 .

prove Theorem 1.3 by

ombinatorial arguments, using only these simple forbidden

In fa t, in Se tion 1.3.5 we show that it is possible to

patterns.
However, we rst show a proof relying more on the topologi al stru ture of
the drawings, whi h gives a better upper bound on
intuition for the purely
The
ing

Tw (Kn ),

and also provides an

ombinatorial proof.

ore idea in both versions of the proof is to redu e the problem of bound-

Tw (Kn )

to

ounting single permutations with forbidden subpermutations.

1.3.1 Permutations with bounded VC-dimension
n-permutations, that is, permutations of the set {1, 2, . . . ,
n}. The restri tion of π ∈ Sn to the k -tuple (a1 , a2 , . . . , ak ) of positions , where
1 ≤ a1 < a2 < · · · < ak ≤ n, is the k -permutation π ′ satisfying ∀i, j : π ′ (i) <
π ′ (j) ⇔ π(ai ) < π(aj ). Let P ⊆ Sn . The k -tuple of positions (a1 , . . . , ak ) is
Let

Sn

be the set of all

12

shattered by P
(a1 , . . . , ak ).

if ea h

The

k -permutation

appears as a restri tion of some

VC-dimension of P

π∈P

to

is the size of the largest set of positions

shattered by P . In other words, the VC-dimension of P is at most k if for every
k + 1 positions a1 , . . . , ak+1 there is some forbidden (k + 1)-permutation that does
not appear as a restri tion of any π ∈ P to (a1 , . . . , ak+1 ). Raz [Ra00℄ proved that
O(n)
a set of n-permutations of VC-dimension 2 has size at most 2
. The following
result proved by Cibulka and the author [CK12℄ is the key ingredient in the proof
of Theorem 1.3.

Theorem 1.7. [CK12℄ For every t ≥ 2, the size of a set of n-permutations with
VC-dimension 2t + 2 is at most
t

t−1 ))

2n·((2/t!)α(n) +O(α(n)

.

The upper bound in Theorem 1.7 is asymptoti ally almost tight, sin e there
t
t−1
2t + 2 of size 2n·((1/t!)α(n) −O(α(n) ) ;

are sets of permutations with VC-dimension
see [CK12℄.
If the forbidden

(k + 1)-permutation

is the same for all

(k + 1)-tuples of
P . This was

positions, we get a better, exponential upper bound on the size of

onje tured by Stanley and Wilf and proved by Mar us and Tardos [MT04℄, using

Klazar's earlier result [Kl00℄. Later Cibulka [Ci09℄ improved Klazar's redu tion
O(k log k)n
on the size of P .
and obtained the upper bound 2

1.3.2 Unavoidable topologi al subgraphs
A

omplete onvex geometri graph (shortly a onvex graph) is a topologi

whose verti es are in

onvex position and the edges are drawn as straight-line

segments; see Figure 1.2, left. We denote by
graph with

m

al graph

Cm

any

omplete

onvex geometri

verti es, as all su h graphs belong to the same weak isomorphism

lass.
A simple

omplete topologi al graph with

m

verti es is

alled

twisted

and

anoni al ordering of its verti es v1 , v2 , . . . , vm
i < j and k < l two edges vi vj , vk vl ross if and only if
i < k < l < j or k < i < j < l; see Figure 1.2, right. Figure 1.3 shows an
equivalent drawing of Tm on the ylindri al surfa e.
Let G and H be topologi al graphs. We say that G ontains H if G has a
topologi al subgraph weakly isomorphi to H .

denoted by

Tm

if there exists a

su h that for every

We use the following asymmetri

form of the Ramsey-type result by Pa h,

Solymosi and Tóth [PST03℄, whi h generalizes the Erd®sSzekeres theorem for
planar point sets.

Theorem 1.8.

[PST03℄

For all positive integers n, m1 , m2 satisfying
1/4

m1 m2 ≤ log4 (n + 1),

every simple omplete topologi al graph with n verti es ontains Cm1 or Tm2 .
The graphs
with

m

Cm

and Tm are spe ial ases of simple omplete topologi al graphs

m
rossings, whi h is the maximum number of rossings
4
The existen e of a omplete subgraph with m verti es and

verti es and

possible [HM92℄.
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v2

v1

C5

v3

v4

v5

v6

T6

Figure 1.2: The

onvex graph

C5

and the twisted graph

v1

v2

v3

v4

v5

v6

v1

v2

v3

v4

v5

v6

Figure 1.3: A drawing of the twisted graph
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T6

on the

T6 .

ylindri al surfa e.

3

4

4

4

2

1

3

3

2

1

2

3
2

1

1

H1

H2

Figure 1.4: Four nonisomorphi



4

H3

H4

simple drawings of

K4 .

m
rossings in a su iently large simple omplete topologi al graph G follows
4
dire tly from Ramsey's theorem and the nonplanarity of K5 [HMS95℄, but the

G obtained is mu h larger than that from Theorem 1.8. For
ase m1 = m2 = 5, Harborth, Mengersen, and S help [HMS95℄ showed

bound on the size of
the spe ial

a mu h better upper bound than that following from Theorem 1.8.

Theorem 1.9. [HMS95℄ Every simple omplete topologi al graph with 113 verti es
ontains C5 or T5 .

1.3.3 Forbidden patterns in the rotation system
Let

G

be a simple

omplete topologi al graph and let

v

G.
v

be a vertex of

goal is to obtain an upper bound on the number of possible rotations of
when the

omplete subgraph

G−v

Our
in

G

is xed. To this end, we need to identify some

forbidden permutations in the rotation of

v.

Lemma 1.10. Let G be a simple omplete topologi al graph with verti es 1, 2, 3, 4.
Suppose that the ounter- lo kwise order of the verti es of the topologi al triangle
123 is 1, 2, 3. If
(a) the vertex 4 is outside the triangle 123 and its rotation is (1, 2, 3), or
(b) the vertex 4 is inside the triangle 123 and its rotation is (1, 3, 2),
then G has no rossings. Otherwise G has one rossing.
Proof.

Figure 1.4 shows representatives of all four isomorphism

omplete topologi al graphs with verti es
and weak isomorphism for these graphs
dierent pairs of edges

1, 2, 3

appear in

ross. Ea h of the drawings is

123.

in

H2 , H3

123

and the vertex

4

is

hoosing the outer

hoose any of the three fa es adja ent to

but the rotation system of the drawing stays the same. Sin e the

rotation of the vertex

4

is

(1, 2, 3)

in

H4 , whi h have one
123 follows. The other

and

outer fa e of

hosen so that the verti es

This still leaves some freedom in

fa e of the drawing: we may always

4,

The notions of isomorphism

oin ide, sin e in ea h of the four drawings

ounter- lo kwise order in the triangle

outside the triangle
the vertex

1, 2, 3, 4.

lasses of simple

H1 ,

whi h is without

rossing, the

rossings, and

ase when the vertex

4

(1, 3, 2)

is in the

ase follows by the symmetry ex hanging the

outer and the inner fa e of the triangle

123.
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4

4
6

5
6

3

6

3

5

6

2

1

2

1

a)

b)

Figure 1.5: Impossibility of adding a vertex with rotation
edges

annot be

rossed by the edge

(1, 4, 2, 5, 3).

The thi k

61.

Lemma 1.11. Let G be a simple omplete topologi al graph with verti es 1, 2, . . . ,
6. Suppose that G ontains a onvex graph C5 indu ed by the verti es 1, 2, . . . , 5,
whi h appear in this ounter- lo kwise order on its outer fa e. Then the rotation
of the vertex 6 is not (1, 4, 2, 5, 3).
Proof.

G[{1, 2, 3, 4, 5}]. Suppose for ontrathat the rotation of the vertex 6 in G is (1, 4, 2, 5, 3). We distinguish two
ording to the fa e of H in whi h the vertex 6 is ontained. See Figure 1.5.

Let

di tion
ases a

H

be the indu ed

a) The vertex

6

onvex graph

is in one of the inner fa es of

H.

By symmetry, we may

assume that it is either in the inner pentagonal fa e or in the interse tion
of the triangles
is

(1, 4, 3).

234

and

134.

6 in G[{1, 3, 4, 6}]
134, the edge 61 lies

The rotation of the vertex

By Lemma 1.10 applied to the triangle

134. The vertex 6 is also outside the triangle
G[{1, 2, 5, 6}] is (1, 2, 5). By Lemma 1.10, the

ompletely inside the triangle

125

6 in
61 and 25 do not ross. But this is a ontradi tion as the verti es
6 and 1 are separated by a losed urve formed by portions of the edges
25, 14, 43, 31, whi h the edge 16 annot ross.
and the rotation of

edges

6 is in the outer fa e of H . By Lemma 1.10 applied to the
125, the edge 61 annot ross the edge 25. Consequently, the edge
61 rosses no edge of H . Similarly, no other edge adja ent to 6 an ross an
edge of H . This ontradi ts the on lusion of Lemma 1.10 applied to the
triangle 134.

b) The vertex
triangle

Lemma 1.12. Let G be a simple omplete topologi al graph with verti es 1, 2, 3, 4,
5. Suppose that G ontains a onvex graph H indu ed by the verti es 1, 2, 3, 4,
whi h appear in this ounter- lo kwise order on its outer fa e. If the vertex 5 is
inside the triangular fa e of H adja ent to verti es 2 and 3, then its rotation is
not (1, 3, 2, 4).
Proof.

5 is inside the
triangular fa e of H adja ent to verti es 2 and 3 and its rotation in G is (1, 3, 2, 4).
By Lemma 1.10 applied to the triangles 234 and 134, the edge 54 does not ross
See Figure 1.6. Suppose for

ontradi tion that the vertex

16

4

3
5

1

2

Figure 1.6: Impossibility of adding a vertex with rotation

2 and 3.

gular fa e adja ent to verti es
edge

The thi k edges

(1, 3, 2, 4) to

annot be

the trian-

rossed by the

54.

1

2

3

4

5

6

1

2

3

4

5

6

1

2

3

4

5

6

1

2

3

4

5

6

Figure 1.7: Impossibility of adding a vertex with rotation

(1, 2, 3, 6, 5, 4)

to the

twisted graph

the triangular fa e adja ent to the

verti es

T6 . The grey area represents
3 and 4 in the subgraphs indu ed

by the verti es

3, 4, 5, 6

(right).

the edges

13, 23, 34

and

separating the verti es

4

24.

1, 2, 3, 4

But portions of these edges form a

and

5,

a

(left) and

losed

urve

ontradi tion.

Lemma 1.13. Let G be a simple omplete topologi al graph with verti es 1, 2, . . . ,
7. Suppose that G ontains a twisted graph T6 indu ed by the verti es 1, 2, . . . , 6,
in this anoni al order. Then the rotation of the vertex 7 is not (1, 2, 3, 6, 5, 4).
Proof.

Suppose for ontradi tion that the rotation of the vertex

The subgraphs
to the

7 is (1, 2, 3, 6, 5, 4).

G1 = G[{1, 2, 3, 4}] and G2 = G[{3, 4, 5, 6}] are both isomorphi
C4 . The 4- y les orresponding to the outer fa e of C4 are

onvex graph

1243 and 3465, respe tively.
3 and 4 in G1 and G2 over
least one of these two fa es

(1, 2, 3, 4)

in

G1

and

The two triangular fa es adja ent to the verti es
the whole plane; see Figure 1.7. It follows that at
ontains the vertex

(6, 5, 4, 3)

in

G2 ,

whi h

7.

The rotation of the vertex

7

is

ontradi ts Lemma 1.12.

1.3.4 Proof of Theorem 1.3
Now we nish the proof of Theorem 1.3 by
se tion. Let

g(n)

ombining previous results from this

be the number of dierent rotation systems of simple

topologi al graphs with

n

verti es. By Proposition 1.6, we have

We show an upper bound on g(n) by indu tion.
304
. Assume that n ≥ 2N , otherwise we have
Let N = 4

is a

onstant. We may also assume for simpli

integer.
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omplete

Tw (n) ≤ g(n).

g(n) ≤ g(2N), whi h
ity that n = 2 where k is a positive
k

Let

G1

G

be a simple

v1 , v2 , . . . , vn . Let
v1 , . . . , vn/2 and let G2 be the
es vn/2+1 , . . . , vn . Fix a rotation system R1
arbitrary drawing of G1 with the rotation

omplete topologi al graph with verti es

be the subgraph of

G

indu ed by the verti es

G indu ed by the verti
R2 for G2 . Choose an
system R1 . Let vi be a vertex of G2 . We show an upper bound on the number of
i
possible rotations of vi in the subgraph G1 of G indu ed by V (G1 ) ∪ {vi }.
By Theorem 1.8, every simple omplete topologi al graph with N verti es
ontains C5 or T6 . Therefore, every indu ed subgraph of G1 with N verti es
ontains a subgraph H weakly isomorphi to C5 or T6 . By Lemma 1.11 or 1.13,
one of the y li permutations of the verti es of H is forbidden in the rotation of
vi . Note that Lemmas 1.11 and 1.13 an be applied regardless of the parti ular
way how H is drawn. Consequently, for ea h N -tuple of verti es in G1 , a nonempty subset of their y li permutations is forbidden in the rotation of vi .
i
i
Let R1 denote the set of all possible rotations of vi in G1 . To pass from y li
subgraph of
for

G1

and

permutations to linear permutations, we arbitrarily sele t a rst element in ea h
i
i
y li permutation from R1 and denote the resulting set of permutations as P1 .
i
For ea h forbidden y li permutation ρ of N elements, the permutations from P1
avoid all N linear permutations obtained from ρ. In parti ular, the VC-dimension
−1
i
of the set {π ; π ∈ P1 } is at most N − 1. Let f (m) be the maximum possible

size of a set of

m-permutations

with VC-dimension

N − 1.

By Theorem 1.7,

t +O(α(n/2)t−1 ))

|Ri1 | = |P1i | ≤ f (n/2) ≤ 2(n/2)·((2/t!)α(n/2)
t = (N − 2)/2.

,

i > n/2, the rotation of vi in G is uniquely
i
′
determined by the rotation πi of vi in G1 , the rotation πi of vi in G2 and by one
(n/2)(n/2−1) n−1
of the
≤ n2n ways of merging πi and πi′ together. For i ≤ n/2,
n−1
n/2

where

For every

the situation is symmetri .

It follows that the number of all possible rotation systems of

R2

G

with

xed is at most
2

(f (n/2) · n2n )n ≤ nn · 2n · 2(n
≤ 2c(n

where

c

is an absolute

the rotation systems

R1

2 /2)·α(n)t

R2 ,

and

2 /2)·((2/t!)α(n/2)t +O(α(n/2)t−1 ))

,

onstant. Sin e there are
and

R1

g(n/2)

possibilities for ea h of

we have

g(n) ≤ (g(n/2))2 · 2c(n
≤ g(2N)n · 2c(n

≤ g(2N)n · 2c(n

2 /2)·α(n)t

2 /2+2(n/2)2 /2+4(n/4)2 /2+··· )·α(n)t

2 )·α(n)t

= 2O(n

2 ·α(n)t )

.

1.3.5 Combinatorial generalization of Theorem 1.3
Here we generalize Theorem 1.3 to a purely

n-tuples

of

y li

permutations. The aim is to estimate the number of possible

rotation systems of a simple
information as possible.
drawings of

ombinatorial statement involving

omplete topologi al graph using as little topologi al

In parti ular, the only

omplete graphs with

4

verti es.

18

ondition we need

omes from

graph

rotation system

H1
H2R
H3R
H4R
H1R
H2
H3
H4

((2, 4, 3), (1, 3, 4), (1, 4, 2), (1, 2, 3))
((2, 4, 3), (1, 4, 3), (1, 2, 4), (1, 2, 3))
((2, 3, 4), (1, 3, 4), (1, 2, 4), (1, 2, 3))
((2, 3, 4), (1, 4, 3), (1, 4, 2), (1, 2, 3))
((2, 3, 4), (1, 4, 3), (1, 2, 4), (1, 3, 2))
((2, 3, 4), (1, 3, 4), (1, 4, 2), (1, 3, 2))
((2, 4, 3), (1, 4, 3), (1, 4, 2), (1, 3, 2))
((2, 4, 3), (1, 3, 4), (1, 2, 4), (1, 3, 2))

Table 1.1: The eight possible rotation systems of a simple

omplete topologi al
R
graph with 4 verti es. The labels refer to the drawings in Figure 1.4, where Hi
denotes the mirror image of Hi .

Observation 1.14. [Ky09, PT06℄ The eight rotation systems listed in Table 1.1
are the only possible rotation systems of a simple omplete topologi al graph with
verti es 1, 2, 3, 4.
The eight rotation systems from Observation 1.14

parity ondition.

an be

hara terized by the

l ∈ {1, 2, 3, 4} and {i, j, k} = {1, 2, 3, 4} \ {l}, with
i = min{i, j, k}. We all the rotation (i, j, k) at l positive if j < k and negative
if k < j . A 4-tuple of rotations at verti es 1, 2, 3, 4 forms a rotation system of a
simple omplete topologi al graph with verti es 1, 2, 3, 4 if and only if the number
following

Let

of negative rotations is even. Note that this

hara terization does not depend on

the parti ular linear ordering of the verti es.
An

abstra t rotation system R on a set V = {v1 , . . . , vn } is an n-tuple of

(n − 1)-permutations πv1 , . . . , πvn

πvi is V \ {vi }. A
W = {w1 , . . . , wk } ⊂ V , denoted by R[W ],
permutations ρw1 , . . . , ρwk where ρwi is a restri tion of πwi

subsystem of R indu ed
is a

y li

where the set of elements of

by a subset

|W |-tuple of y li
W \ {wi }.

to the subset

An abstra t rotation system is
omplete topologi al graph.

realizable

Realizable rotation systems on a set

are pre isely those satisfying the parity
An abstra t rotation system

4-element

subset is realizable.

if it is a rotation system of a simple

R

is

good

W

if every subsystem of

R

4
W.

of size

ondition for some linear ordering of

indu ed by a

We prove the following theorem, generalizing Theorem 1.3.

Theorem 1.15. The number of good abstra t rotation systems on an n-element
set is at most
2
O(1)
2n

·α(n)

.

We do not know whether the upper bound in Theorem 1.15 is asymptoti ally
Ω(n2 )
The best lower bound 2
on the number of good abstra t rotation

tight.

systems

omes from Theorem 1.1.

Problem 1. Is it true that the number
of good abstra t rotation systems on an
2
n-element set is bounded by 2O(n ) ?
We note that the asymptoti

number of abstra t rotation systems may vary

signi antly if a dierent pattern of the same size is forbidden.
19

There are

16

2

1

R51

3

2

4

1

3

4

R52

Figure 1.8: Partial realizations of the good abstra t rotation systems

R51

and

Thi k segments represent the portions of the edges in ident with the vertex

possible abstra t rotation systems on every
tern

2Ω(n

2

4-element

R52 .
5.

set. If the forbidden pat-

onsists of a dierent set of eight abstra t rotation systems, we may obtain
log n)
abstra t rotation systems on n elements satisfying this restri tion. For

{1, 2, . . . , n}
i < j < k < l, we forbid the
eight abstra t rotation systems with rotation (j, l, k) at i. The following onstru Ω(n2 log n)
tion shows that the size of A is 2
. Consider an abstra t rotation system
R = (π1 , π2 , . . . , πn ) where πi (j) ∈ {1, . . . , i − 1} for j ≤ i − 1 and πi (j) = j + 1
for j ≥ i. Clearly, the rotation at i in every subsystem of R indu ed by four
elements i < j < k < l is (j, k, l). The number of su h abstra t rotation systems
Qn
Ω(n2 log n)
is
.
i=1 (i − 1)! = 2
example,

onsider the set

A of all abstra

t rotation systems on the set

where in every indu ed subsystem on four elements

Good abstra t rotation systems do not

tion systems

hara terize realizable abstra t rota-

ompletely. For example, the following two good abstra t rotation

systems on ve elements are not realizable:

R51 = ((2, 5, 3, 4), (1, 3, 4, 5), (1, 2, 5, 4), (1, 2, 5, 3), (1, 3, 4, 2)),
R52 = ((2, 3, 5, 4), (1, 3, 4, 5), (1, 5, 2, 4), (1, 2, 5, 3), (1, 4, 3, 2)).
It is straightforward to

he k that both

systems are realizable. In both

R51

and

R52

are good. Suppose that these

ases, in the subgraph

1, 2, 3, 4, the edges 13 and 24 ross.
verti es 1, 2, 3, 4 on the outer fa e in

Fix a drawing of

H
H

indu ed by the verti es
as a

onvex graph with

lo kwise order; see Figure 1.8. In both

ases,

the orientations of triangles and the rotations of verti es imply, by Lemma 1.10,
that the vertex

5 must lie inside the triangles 132 and 143.

But this is impossible

as the two triangles have disjoint interiors.
While it is likely that there is no nite

hara terization of realizable abstra t

rotation systems by a nite list of forbidden subsystems, it is known that realizable abstra t rotation systems

an be re ognized in polynomial time [Ky11℄.

To prove Theorem 1.15, we pro eed in the same way as in the proof of Theorem 1.3, but we need to repla e Theorem 1.8, Lemma 1.11 and Lemma 1.13 by
ombinatorial analogues.

n elements is alled onvex and denoted by Cn
if the elements an be ordered in a sequen e v1 , v2 , . . . , vn so that the rotation at vi
is (v1 , v2 . . . , vi−1 , v1+1 , vi+2 , . . . , vn ). An abstra t rotation system on n elements
is alled twisted and denoted by Tn if the elements an be ordered in a sequen e
v1 , v2 , . . . , vn so that the rotation at vi is (vi−1 , . . . , v2 , v1 , v1+1 , vi+2 . . . , vn ). Note
An abstra t rotation system on

20

that

Cn

is a rotation system of the

of the twisted graph

onvex graph

Tn .

Two abstra t rotation systems are

isomorphi

of their ground set. An abstra t rotation system
system

S

if

R

Cn

and

Tn

is a rotation system

if they dier only by relabeling

R

has an indu ed subsystem isomorphi

The following theorem generalizes Theorem 1.8.

ontains
to

an abstra t rotation

S.

Theorem 1.16. For all positive integers m1 , m2 there is an M su h that every
good abstra t rotation system on M elements ontains Cm1 or Tm2 .
To keep the proof simple, we do not try to optimize the value of
fun tion of the parameters
as in Theorem 1.8

m1

and

m2 .

M,

as a

However, it is likely that the same bound

an be proved even in this generalized setting, by adapting the

original topologi al proof [PST03℄. We also note that the assumption of being
good is not ne essary: Theorem 1.16 holds in general for all abstra t rotation
systems, only with larger values of

Proof.

Let

. . . , M}.
πi (1) = 1

(π1 , π2 , . . . , πM )

M.

be a good abstra t rotation system on the set

{1, 2,

π1 = (2, 3, . . . , M) and that
for i > 1. For every three elements i, j, k with 1 < i < j < k , onsider
the indu ed abstra t rotation system R[{1, i, j, k}]. For l ∈ {i, j, k}, let ti,j,k (l) =
1 if the rotation at l in R[{1, i, j, k}] is positive and ti,j,k (l) = 0 if the rotation
at l in R[{1, i, j, k}] is negative. The type of the triple (i, j, k) is the sequen e
ti,j,k (i)ti,j,k (j)ti,j,k (k). By the parity ondition, we have the following four types
of triples: 111, 100, 010 and 001. By Ramsey's theorem, if M is su iently large,
there is a subset W ⊆ {2, 3, . . . , M} of size m = max(m1 , m2 ) su h that all
triples from W have the same type. Without loss of generality, assume that
W = {2, 3, . . . , m + 1}. Let abc, with a, b, c ∈ {0, 1}, be the type shared by all the
triples from W . If a = 1, then for ea h l ∈ W , the entries l + 1, l + 2, . . . , m + 1
form an in reasing sequen e in πl . If a = 0, the entries l + 1, l + 2, . . . , m + 1 form
a de reasing sequen e in πl . Similarly, the entries 2, 3, . . . , l −1 form an in reasing
sequen e in πl if c = 1 and a de reasing sequen e if c = 0. If b = 1, then in πl ,
all entries smaller than l appear before all entries larger than l . If b = 0, then in
πl , all entries smaller than l appear after all entries larger than l. Therefore, if
abc = 111 or 010, then W indu es an abstra t rotation system isomorphi to Cm ,
and if abc = 100 or 001, then W indu es an abstra t rotation system isomorphi
to Tm .
Assume without loss of generality that

The following two lemmas generalize Lemma 1.11 and Lemma 1.13. Again,
we do not try to optimize the sizes of the two abstra t rotation systems

Tm2 .

Cm1

and

Lemma 1.17. Let R be a good abstra t rotation system on the set {1, 2, . . . , 8}.
Suppose that the subsystem of R indu ed by the verti es 1, 2, . . . , 7 is C7 , with
(v1 , . . . , v7 ) = (1, . . . , 7). Then the rotation at 8 is not (1, 3, 5, 7, 2, 4, 6).
Proof. Let R = (π1 , π2 , . . . , π8 ) and suppose for ontradi tion that π8 = (1, 3,
5, 7, 2, 4, 6). Let i, i + 1, i + 2 be three onse utive numbers in the y li sequen e
(1, 2, . . . , 7). The subsystem R[{i, i + 1, i + 2, 8}] = (ρii , ρii+1 , ρii+2 , ρi8 ) has at
j
j
i
i i
least one negative triple among ρi , ρi+1 , ρi+2 . If ρj is negative, that is, ρj =
(j + 1, 8, j + 2), we have πj = (1, 2, . . . , j − 1, j + 1, 8, j + 2, . . . , 7). Similarly,
21

j−1
if ρj
is negative, then πj = (1, 2, . . . , j − 1, 8, j + 1, j + 2, . . . , 7). Finally, if
j−2
ρj is negative, then πj = (1, 2, . . . , j − 2, 8, j − 1, j + 1, j + 2, . . . , 7). Therefore,
i
a negative triple ρj pre isely determines the position of the element 8 in the
i
rotation πj , and ea h su h rotation an arise from at most one negative triple ρj .

πj , j ∈ {1, 2, . . . , 7}, the element 8 appears
the three possible positions between the elements j − 2 and j + 2. But
subsystem R[{1, 3, 5, 10}] = ((10, 3, 5), (1, 10, 5), (1, 3, 10), (1, 3, 5)) has

It follows that in ea h of the rotations
in one of
then the

exa tly one negative triple, a

ontradi tion.

R = (ρ1 , ρ2 , ρ3 , ρ4 ) be an abstra t rotation system on a 4-element set. The
signature of R is a sequen e (ε1 , ε2 , ε3 , ε4 ) of four symbols, where εi is '+' if ρi is
positive and '−' if ρi is negative.
Let

Lemma 1.18. Let m = 816. Let R be a good abstra t rotation system on the set
{1, 2, . . . , m}. Suppose that the subsystem of R indu ed by the verti es 1, 2, . . . ,
m − 1 is Tm−1 , with (v1 , . . . , vm−1 ) = (1, . . . , m − 1). Then the rotation at m is
not (1, 3, . . . , m − 1, 2, 4, . . . , m − 2).

Proof.

R = (π1 , π2 , . . . , πm ) and suppose for ontradi tion that πm = (1, 3,
. . . , m − 1, 2, 4, . . . , m − 2). Let k = 8, W = {2k + 1, 2k + 2, . . . , m − 4} and
m′ = |W | = m − 2k − 4.
For i ∈ W ∪ {m − 3, m − 2}, we say that a rotation πi is of the rst type if
the element m appears in πi within the subinterval (i − 2k, . . . , 1, i + 1), of the
se ond type if m appears in πi within the subinterval (i + 2, . . . , m − 1, i − 1), of
the third type if πi = (i − 1, . . . , 1, i + 1, m, i + 2, . . . , m − 1), and of the fourth type
if m appears in πi within the subinterval (i − 1, . . . , i − 2k). Let W1 (W2 , W3 ) be
the set of those elements i ∈ W su h that πi is of the rst (se ond, third) type,
′
respe tively. Let W4 be the set of those elements i ∈ W ∪ {m − 3, m − 2} su h
that πi is of the fourth type.
′
′
First we show that |W4 | ≤ 8k . If |W4 | ≥ 8k + 1, then at least 4k + 1 elements
i1 < i2 < · · · < i4k+1 of W4′ are all odd or all even. In parti ular, the rotation
ρm in the subsystem R[{i1 , i2k+1 , i4k+1 , m}] = (ρi1 , ρi2k+1 , ρi4k+1 , ρm ) is positive.
Sin e the rotations πi1 , πi2k+1 and πi4k+1 are of the fourth type, we observe that
the signature of R[{i1 , i2k+1 , i4k+1 , m}] is (+, +, −, +), whi h is a ontradi tion
Let

with the parity

ondition.

′
Next we show that |W3 | ≤ m /2 + 3. Suppose for ontradi tion that |W3 | ≥
E
m /2 + 4. Let W3 be the set of even elements of W3 and let I be the smallest
E
O
E
interval ontaining W3 . Let W3 = W3 \ W3 be the set of odd elements of W3 .
E
O
′
Sin e |W3 ∪ (W3 \ I)| ≤ m /2 + 1, the interval I ontains at least 3 odd elements
o1 < o2 < o3 of W3 . In parti ular, for e1 = min I and e3 = max I , we have
e1 , e3 ∈ W3E , o2 ≥ e1 + 3 and e3 ≥ o2 + 3. It follows that R[{e1 , o2 , e3 , m}] =
((m, o2 , e3 ), (e1 , m, e3 ), (o2, e1 , m), (o2 , e1 , e3 )). But this subsystem has signature
′

(+, −, −, −),

a

ontradi tion.

For ea h i ∈ W1 and j ∈ {1, 2, . . . , k}, we onsider the subsystem R[{i −
i,j
i,j
i,j
2j + 1, i, i + 1, m}] = (ρi,j
i−2j+1 , ρi , ρi+1 , ρm ). Sin e the parity of i is opposite
i,j
to the parity of i − 2j + 1 and i + 1, the rotation ρm is negative. Sin e the
i,j
rotation πi is of the rst type, we have ρi = (i − 2j + 1, m, i + 1). It follows that
the signature of R[{i − 2j + 1, i, i + 1, m}] is either (+, −, +, −) or (−, −, −, −).
Moreover, there is a j(i) ∈ {0, 1, . . . , k} su h that for j ≤ j(i) the signature
22

R[{i − 2j + 1, i, i + 1, m}] is (−, −, −, −) and for j > j(i) the signature of
R[{i − 2j + 1, i, i + 1, m}] is (+, −, +, −).
Similarly for ea h i ∈ W2 and j ∈ {1, 2, . . . , k}, we onsider the subsystem
i,j
i,j
i,j
i,j
R[{i − 2j, i, i + 2, m}] = (σi−2j
, σii,j , σi+1
, σm
). We have σm
= (i − 2j, i, i + 2) and
i,j
σi = (i−2j, i+2, m), thus R[{i−2j, i, i+2, m}] has signature either (+, +, +, +)
or (−, +, −, +). Again, there is a j(i) ∈ {0, 1, . . . , k} su h that the signature is
(−, +, −, +) for j ≤ j(i) and (+, +, +, +) for j > j(i).
+
+
Let W1 = {i ∈ W1 ; j(i) < k}. For every i ∈ W1 , the signature of R[{i −
2k + 1, i, i + 1, m}] is (+, −, +, −). In parti ular, the rotation πi+1 is of the fourth
+
′
type. Therefore, |W1 | ≤ |W4 | ≤ 8k .
+
+
Similarly, let W2 = {i ∈ W2 ; j(i) < k}. For every i ∈ W1 , the signature of
R[{i − 2k, i, i + 2, m}] is (+, +, +, +). In parti ular, the rotation πi+2 is of the
+
′
fourth type. Therefore, |W2 | ≤ |W4 | ≤ 8k .
−
+
+
Let W1 = W1 \ W1 = {i ∈ W1 ; j(i) = k}. For every i ∈ W2 and every
j ∈ {1, 2, . . . , k}, the signature of R[{i − 2j + 1, i, i + 1, m}] is (−, −, −, −). In
parti ular, πi−2j+1 = (i − 2j, . . . , 1, i − 2j + 2, . . . , i, m, i + 1, . . . , m − 1). Observe
that for every l ∈ {2, . . . , m − 5}, there is at most one pair i, j su h that i ∈
.
W1− , j, ∈ {1, 2, . . . , k} and l = i − 2j + 1. Thus we have |W1− | ≤ m−6
k
−
+
+
Let W2 = W2 \ W2 = {i ∈ W2 ; j(i) = k}. For every i ∈ W2 and every
j ∈ {1, 2, . . . , k}, the signature of R[{i − 2j, i, i + 2, m}] is (−, +, −, +). In
parti ular, the element m appears in πi−2j in one of the two positions in the
subinterval (i, i + 1, i + 2). This implies that for every l ∈ {1, 2, . . . , m − 6}, there
−
is at most one pair i, j su h that i ∈ W2 , j, ∈ {1, 2, . . . , k} and l = i − 2j . Thus
−
m−6
we have |W2 | ≤
.
k
of

Putting all the estimates together, we have

m′ = |W | ≤ |W1+ | + |W1− | + |W2+ | + |W2− | + |W3 | + |W4′ |
m′
2(m − 6)
≤
+3+
+ 24k
2
k
and thus

k(m − 2k − 4) ≤ 6k + 4(m − 6) + 48k 2 ,
(k − 4)m ≤ 50k 2 + 10k − 24.
By our

hoi e

m = 816

and

k = 8,

this gives

ontradi tion.

4 · 816 ≤ 3256

and we have a

1.3.6 Graphs with maximum number of rossings
Harborth and Mengersen [HM92℄ investigated simple

omplete topologi al graphs

n
es with maximum number of rossings, whi h is
. They showed the
4
√
Ω( n)
max
on the number Tw (n) of dierent weak isomorphism lasses
lower bound e

on

n verti

of su h (unlabeled) graphs. Their onstru tion a tually gives a better lower bound
Twmax (n) ≥ 2n(log n−O(1)) [Ky09℄.
max
We do not have any better upper bound on Tw (n) than that from Theomax
rem 1.3, thus the problem of determining Tw (n) asymptoti ally seems to be
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wide open.

However, the following observation
2
2O(n ) .

ould help with improving the

upper bound to


G be a simple omplete topologi al graph with vertex set V and with |V4 |
′
rossings. Let v ∈ V and let G be a subgraph of G indu ed by V \ {v}. A fa e
′
of G is a onne ted region of the set obtained from the plane by removing all
′
′
the edges of G . Ea h bounded fa e of G is an interse tion of the interiors of a
′
parti ular subset of triangles of G . Two fa es in two dierent weakly isomorphi
′
drawings of G are onsidered equivalent if they share the same subset of triangles
Let

they are

ontained in. By a

ombinatorial fa e

we mean an equivalen e

lass of

fa es, but also any parti ular fa e from the lass. Lemma 1.10 implies that the
′
ombinatorial fa e of G that ontains v uniquely determines the rotation of v in G.
Therefore, the number of possible rotations of v , with the weak isomorphism lass
′
′
of G xed, is bounded from above by the number f (G ) of possible ombinatorial
′
′
fa es in a simple topologi al graph weakly isomorphi to G . The number f (G )
′
may be exponential, for example when G is the onvex graph Cn . This graph

n/2 pairwise
x.

has

ommon point

rossing edges (main diagonals), whi h may be drawn through a
Then ea h of the edges

left or from the right. Ea h of these
fa e

ontaining

x.

of pairwise
y le of

Cn

hoi es produ es a dierent

On the other hand, it

ea h of the bounded

an be redrawn to go around
an be shown that

ombinatorial fa es of

Cn

f (Cn )

x from the

ombinatorial
= 2O(n) , sin e

an be assigned to a unique subset

C
e of C

rossing diagonals, in the following way. Let
bounding the outer fa e. To ea h diagonal

be the Hamiltonian
we assign the region

r(e) bounded by e and by the shorter ar of C determined by the endpoints of
e. (For the main diagonals, we hoose the shorter ar arbitrarily.) Ea h fa e
f is assigned to a set R(f ) of minimal regions r(e) ontaining f . The set R(f )
determines all triangles ontaining f , and all diagonals e su h that r(e) ∈ R(f )
are pairwise rossing. A set of pairwise rossing diagonals in Cn is uniquely
n−1
determined by the set of their endpoints. Therefore, there are at most 2
n−1
possible sets R(f ) and so f (Cn ) ≤ 2
+ 1.
We do not know whether similar upper bound holds for all simple

omplete

topologi al graphs.

Problem 2. Is it true that for every simple omplete topologi al graph G with n
verti es, the number of possible ombinatorial fa es in simple omplete topologi al
graphs weakly isomorphi to G satises f (G) ≤ 2O(n)?
A positive answer to Problem 2 would imply that

Twmax (n) = 2O(n

2)

, by the

proof in Subse tion 1.3.4.
A similar question

an be asked in the

ombinatorial setting. In a simple

n
omplete topologi al graph with n verti es and
rossings, every 4-tuple of
4
verti es indu es a rossing. Therefore, for every omplete subgraph with 4 verti es

6 possible rotation systems, orresponding to the rotation systems of the
R
R
R
graphs H2 , H3 , H4 , H2 , H3 , H4 in Table 1.1. In addition to the parity ondition,
these rotation systems satisfy the following ondition. There exists a pair i, j ∈
{1, 2, 3, 4} su h that for {k, l} = {1, 2, 3, 4} \ {i, j}, the rotation at k is (i, j, l)
and the rotation at l is (i, j, k). In fa t, there are always four su h pairs i, j ,

there are

orresponding to the four edges without

rossing in the drawing.

Problem 3. What is the number of abstra t rotation systems on n elements,
where every subsystem indu ed by 4 elements is realizable as a rotation system of
24

u
v

P3 + P3

Figure 1.9: Left: A simple drawing of
an edge

uv .

Right:

A topologi ally

whi h

an not be extended by

onne ted drawing of a graph with four

omponents, with every spanning forest topologi ally dis onne ted.

a simple drawing of K4 with one rossing?
We do not know better lower bound than that implied by the topologi al
onstru tion by Harborth and Mengersen [HM92, Ky09℄. The best upper bound
omes from Theorem 1.15.

1.4 The upper bound in Theorem 1.2
G = (V, E) be a graph with n verti es and m edges. If v is an isolated vertex
G, then Tw (G) = Tw (G − v). Thus, we may assume that G has no isolated
verti es. The upper bound on Tw (G) for other graphs G then dire tly follows.
Let G be a simple topologi al graph realizing G. A topologi al omponent of
G is a maximal onne ted subset of the plane that is a union of verti es and
edges of G . Note that a topologi al omponent of G is a union of omponents of
G. A topologi al graph G is topologi ally onne ted if it has only one topologi al
Let

in

omponent.

First we extend

G

as follows. Let

C1

G
v2

that it has a vertex
inside a fa e of
the edge

v1 v2

C1

as a

by adding edges

and

C2

onne ting the topologi al

be two topologi al

G.

omponents of

We redraw

C2

so

on the boundary of its outer fa e, and pla e this drawing

ontaining a vertex
urve without

only one topologi al

omponents of

v1

on its boundary.

Then we may add

rossings. We repeat this pro ess until there is

omponent. Sin e the graph

G

had no isolated verti es, we

edges, so the new graph has n verti es and Θ(m) edges. In
2m
this way, we might have reated at most n
≤ 2O(m log n) dierent graphs. Thus,
added at most

m new

for proving the upper bound on

Tw (G),

we may assume that

onne ted.
Ideally, we would like to extend the graph
lear that it is always possible to
topologi al

G to a

onne t two

G

is topologi ally

onne ted graph, but it is not

omponents of

G that form a single

omponent in the drawing by an edge so that the resulting drawing is

still a simple topologi al graph. For example, there are simple topologi al graphs
where some pairs of verti es from dierent

omponents

annot be

onne ted by

an edge, so that the resulting drawing is still simple; see Figure 1.9, left.

1.4.1 A onstru tion of a topologi al spanning tree
Next we

onstru t a

topologi al spanning tree T

topologi al spanning tree

T

of

G

is a simply
25

of

G;

see Figure 1.10, left. A

onne ted subset of the single topo-

logi al

omponent of

G

ontaining all verti es of

that the only nonseparating points of
su h a tree

onsisting of

O(n)
T

plete graph, we may take as
vertex of

G

T

G

and satisfying the property

are the verti es of

If

G

G.

If

G

is a

om-

onsisting of all edges in ident with one

[Ky09℄, sin e su h edges are internally disjoint. If

of the tree may

Our goal is to nd

onne ted portions of edges of
the star

may start with a drawing of an arbitrary spanning tree of
y les.

G.

G,

G

is

onne ted, we

but as some edges

ross, we may need to remove portions of some edges to break

has multiple

omponents, the

onstru tion is a bit more involved.

For example, it is not enough to take a union of spanning trees of the individual
omponents, as some of the spanning trees may be topologi ally disjoint, even if

G

in

is topologi ally

T

onne ted; see Figure 1.9, right. Also we may need to in lude

multiple disjoint portions of the same edge.

omponents of G. We hoose their order
i ∈ {1, 2, . . . , k}, the drawing of C1 ∪ · · · ∪ Ci is
topologi ally onne ted. Then for every i ∈ {2, 3, . . . , k}, there is an edge ei in Ci
that rosses some edge fi ∈ C1 ∪ · · · ∪ Ci−1 . Let T1 be a spanning tree of C1 and
let e1 be an edge of T1 . For every i ∈ {2, 3, . . . , k}, let Ti be a spanning tree of
Ci ontaining ei . For every i ∈ {1, 2, . . . , k}, let ei,1 = ei and let ei,2 , . . . , ei,mi be
the remaining edges of Ti ordered in su h a way that for every j ∈ {1, 2, . . . , mi },
the subgraph of Ti formed by the edges ei,1 , ei,2 , . . . , ei,j is onne ted.
Let

C1 , . . . , Ck

be the

onne ted

in su h a way that for every

In the rest of this se tion we often identify the verti es, edges and subgraphs
of

G

with the

The

orresponding verti es, edges and subgraphs of

onstru tion of

T

pro eeds in

a topologi al spanning tree

T1

of

C1 ,

phases. In the rst phase, we

in the following way.

onstru t

We start with the

j ∈ {2, 3, . . . , m1 } and suppose
that the tree T1,j−1 has been dened. Let v1,j be the vertex of ei,j that is not
ontained in the edges e1 , . . . , ej−1 . If ei,j rosses none of the edges e1,1 , . . . , e1,j−1 ,
then let T1,j = T1,j−1 ∪ e1,j . Otherwise, among the rossings of e1,j with the edges
e1,1 , . . . , e1,j−1, let xi,j be the rossing losest to v1,j . The tree T1,j is now obtained
from T1,j−1 by atta hing the portion of e1,j between x1,j and v1,j . Finally, we put
T1 = T1,m1 .
Let i ∈ {2, 3, . . . , k} and suppose that the tree Ti−1 has been dened. In the
ith phase, we onstru t the tree Ti in the following way. Let ei = wi wi′ and let
xi be the rossing of ei with fi−1 . If ei rosses Ti−1 in at least one point, then
′
′
let xi,1 and xi,1 be the rossings of ei with Ti−1 losest to wi and wi , respe tively.
The tree Ti,1 is then obtained from Ti−1 by atta hing the portion of ei between
wi and xi,1 and the portion of ei between wi′ and x′i,1 . If ei is disjoint with Ti−1 ,
then we onstru t Ti,1 from Ti−1 by adding the whole edge ei and joining ei with
Ti−1 by the shortest portion of fi−1 onne ting xi with a point of Ti−1 , whi h may
be an endpoint of fi−1 or a rossing. The rest of the i-th phase is similar to the
onstru tion of T1 . In j -th step, we onstru t Ti,j from Ti,j−1 by atta hing the
portion of ei,j onne ting the vertex of ei,j not ontained in Ti,j−1 with the losest
point of Ti,j−1 along ei,j . Finally, we put Ti = Ti,mi and T = Tk .
′
It follows from the onstru tion that the tree T has n ≤ 2n verti es, whi h are
either verti es or rossings of G , and hen e at most 2n edges, whi h are portions
of edges of G .

tree

T1,1

k

G.

onsisting of the single edge

e1 .
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Let

v1

e1,2

T

c2

v2

v5

c1

v5

c21

e1

v6
v41

Figure 1.10: A topologi al spanning tree
omponents (left) and the

c22
v31

v2

v3

two

c32

c11

e1,3
x2

v42

v1

v4
f1

v32

c31

v6

e2

T

orresponding

c12

of a simple topologi al graph with

T -representation

(right).

1.4.2 A onstru tion of a T -representation
Now we

T -representation

of G , whi

h generalizes the star- ut rep2
resentation dened in [Ky09℄. Consider G drawn on the sphere S and ut the
2
sphere along the edges of T . The resulting open set S \ T an be mapped by an
′
orientation preserving homeomorphism Φ to an open regular (2n − 2)-gon D , in
−1
an be ontinuously extended to the losure
su h a way that the inverse map Φ

of

onstru t the

D so that the
T . Note that
degree d in T

verti es and edges of

D

are mapped to the verti es and edges

T orresponds to two edges of D , and a vertex
of
orresponds to d verti es of D . See Figure 1.10, right. During
′
the utting operation, every edge e of G an be ut into at most n pie es by the
edges of T . Ea h su h pie e be omes a pseudo hord of D . That is, a simple urve
in D with endpoints on the boundary of D , and with the property that every two
of

su h

urves

every edge of

ross in at most one point. Moreover, two pseudo hords sharing an

endpoint are internally disjoint, as they

orrespond to portions of edges with a

ommon vertex. To separate the endpoints of the pseudo hords, we

ut a small

w of D , draw a part of its boundary inside D as an ar gw
w so that their endpoints are on gw .
For an edge e of D , let Oe be the ounter- lo kwise order of the endpoints of the
pseudo hords along e. Similarly, for ea h vertex w of D , let Ow be the ounterlo kwise order of the endpoints of the pseudo hords along gw . The orders Oe
and Ow are given as sequen es of labels of the pseudo hords. The olle tion of
the orders Oe and Ow , whi h together form a y li sequen e of endpoints of the
pseudo hords along the boundary of D , is alled the perimetri order .
The T -representation of G is given by (1) the topologi al spanning tree T and
(2) the perimetri order OD . The tree T is given as an abstra t graph with a
dis

around ea h vertex

and shorten the pseudo hords in ident with

rotation system, whi h determines its
Note that the perimetri
and how the pseudo hords

order determines whi h pairs of pseudo hords
onne t to the edges. Thus the

determines the weak isomorphism
isomorphi
orders of

to

G

ombinatorial planar embedding.

T -representation

ross
of

G

G . However, topologi al graphs weakly
T -representations, whi h dier by the
T . We say that two T -representations are

lass of

may have several dierent

rossings along the edges of

weakly isomorphi

if they are representations of weakly isomorphi

graphs.
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topologi al

1.4.3 Counting topologi al spanning trees
The upper bound on
weak isomorphism

Tw (G)

lasses of

will follow from an upper bound on the number of

T -representations

of simple drawings of

G.

First we

estimate the number of dierent topologi al spanning trees.

Lemma 1.19. Let G be a graph with n verti es, m edges and no isolated verti es.
Topologi ally onne ted simple realizations of G have at most 2O(n log n) dierent
topologi al spanning trees, up to a homeomorphism of the plane.
Proof.

k be the number of onne ted omponents of G. A omponent with ni
nini −2 spanning trees, hen e G has at most 2O(n log n) spanning
forests. Let T1 ∪ T2 ∪ · · · ∪ Tk be a xed spanning forest of G. The indu tive
onstru tion of the topologi al spanning tree T
onsists of n − k steps. In ea h
step, an edge of some spanning tree Ti is added to the onstru tion. Consider the
step where a portion of the edge ei,j is added to the tree Ti,j−1 . The new edge is
atta hed either to a vertex of Ti,j−1 or to an interior point of some edge of Ti,j−1 .
There are two ways how to atta h a new edge to an edge of Ti,j−1 , and d ways
how to atta h a new edge to a vertex of degree d in Ti,j−1 . Together, there are
4(ni,j − 1) ≤ 4n′ − 4 ≤ 8n dierent ways how to atta h a new edge, where ni,j is
the number of verti es of Ti,j−1 , and there are at most m hoi es for the edge ei,j .
Now onsider the step where portions of the edge ei are added to the tree Ti−1 .
If ei rosses Ti−1 , then two portions of ei are added and this step is equivalent
to two previous steps. If ei does not ross Ti−1 , then the whole edge ei and a
portion of fi−1 are added. There are at most m hoi es for ei , m hoi es for
fi−1 , two ways how to atta h the portion of fi−1 to ei and at most 8n dierent
ways how to atta h the portion of fi−1 to Ti−1 . Altogether, we have at most
(8nm)n−1 ≤ 2O(n log n) ways how to onstru t T .
Let

verti es has at most

1.4.4 Counting T -representations

T,

It remains to estimate for ea h topologi al spanning tree

the maximum num-

T -representations. This will be the dominant
term in the estimate of Tw (G). Every edge of G orresponds to at most 2n pseudo hords in the T -representation. Hen e the T -representation has at most 2mn

4mn
(4mn)! ≤ 2O(mn log n) dierent perimetri orders.
pseudo hords, with at most
8n
O(mn log n)
upper bound on the number of weak isomorphism
This gives a trivial 2
lasses of T -representations.
ber of weak isomorphism

lasses of

To determine the weak isomorphism

formation given by the perimetri
number of pseudo hords

order.

lass, we do not need the whole inIn fa t, we only need to know the

orresponding to ea h edge of

G

and the

type

of ea h

pseudo hord [Ky11℄, whi h we dene in the next paragraph. There are at most

(2n)m ≤ 2O(m log n) hoi es of the numbers of pseudo hords
edges of G in the T -representation. This upper bound is
inated by the upper bounds in Theorem 1.2, hen e we

orresponding to the
asymptoti ally dom-

onsider these numbers

xed in the rest of this se tion.

type t(p)

X, Y is
p or an endpoint of
p on the ar gw for some vertex w of D . For ea h vertex w of D representing
a vertex v of G, we onsider deg(v) points on gw as possible values of X and
The

of a pseudo hord

either an edge of the polygon

D

p

is the pair

(X, Y )

where ea h of

ontaining the endpoint of
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Y.

crossing

avoiding

Figure 1.11: Four

ategories of pairs of types of pseudo hords.

For ea h triple of verti es

parallel

w1 , w2 , w3

D

of

adjacent

representing a

have exa tly one possible endpoint as a possible value of
one of the ar s

gw1 , gw2 , gw3 .

X

This follows from the fa t that

three portions of edges in ident with

x

rossing
and

T

Y,

x

of

G,

we

on exa tly

ontains exa tly

and only the fourth portion be omes a

pseudo hord.

p

p′

be pseudo hords with types (X, Y
′
′
We say that the types (X, Y ) and (X , Y ) are
Let

and

rossing

)

and

(X ′ , Y ′ ),

X, X ′ , Y, Y ′ are pairwise distin t and their
′
′
′
′
boundary of D is (X, X , Y, Y ) or (X, Y , Y, X ),

if the elements

around the

avoiding

if they are not

rossing and all the elements

X, X ′ , Y, Y ′

respe tively.

y li

order

are pairwise

distin t,

parallel

if

(X, Y ) = (X ′ , Y ′ )

or

(X, Y ) = (Y ′ , X ′),

and

adja ent
X

otherwise, that is, if exa tly one of the following four equalities holds:
= X ′ , X = Y ′ , Y = X ′ or Y = Y ′ .

See Figure 1.11 for examples.
′
′
If the elements X, Y, X , Y are pairwise distin t, we an dire tly determine
′
whether p and p ross: rossing types imply rossing pseudo hords and avoiding
′
types imply disjoint pseudo hords. If, for example, X = X (in whi h ase X is
′
an edge of D ), we annot determine whether p and p ross, sin e this depends on
′
the relative position of the endpoints of p and p on X . The pairs of pseudo hords
with parallel and adja ent types

an be arranged into maximal sequen es,

ladders, formed by portions of two edges of G, for whi
they

alled

an determine whether

ross or not. See [Ky11℄ for details.

A pseudo hord is
portion of an edge of

alled

G.

external

if it represents the initial or the terminal

Thus, at least one of the endpoints of an external pseu-

do hord lies on one of the ar s
of

h we

gw

where

w

is a vertex of

G.

internal

D

representing a vertex

All the other pseudo hords are alled
. Every external pseudo hord
2
an have one of O((n + m) ) possible types. Every internal pseudo hord, repre2
senting an internal portion of an edge of G, an have only O(n ) dierent types,

sin e for the variables
the ar s

gw ,

X, Y ,

we are

onsidering only edges of

D

and points on

w is a vertex of D representing a rossing of G . Altogether,
(O(n + m)4m ) ≤ 2O(m log n) ombinations of types of the external

where

there are at most

pseudo hords. This is again asymptoti ally dominated by the upper bounds in
Theorem 1.2. In the rest of this se tion, we
29

onsider only internal pseudo hords.

For a subset

F ⊆E

of edges of

G,

let

f (F )

be the number of possible

nations of types of the internal pseudo hords

F.

Similarly, for a set

possible

S

of internal pseudo hords, let

ombinations of types of pseudo hords from

good upper bound on

a

an be improved by

G

ommon edge of

S.

f (S)

be the number of

Our goal is to obtain a

f (E).

A trivial estimate gives the upper bound
This

ombi-

orresponding to the edges from

f (E) ≤ O(n2 )mn = 2O(mn log n) .

onsidering the fa t that the pseudo hords representing
′
do not ross. Also note that for two pseudo hords p, p

e, their types are always avoiding. It follows that the
set of types of the pseudo hords representing e an be represented as a non rossing
mat hing of size at most 2n on a set of at most 8n points in onvex position, where
ea h point orresponds to an edge or a vertex of D . Observe that the order of
the pseudo hords along e an be re onstru ted from this mat hing, thus this
representing a

ommon edge

representation is inje tive. The number of su h mat hings is bounded from above
O(n)
O(nm)
by 2
. Together, this gives the upper bound f (E) ≤ 2
.
This estimate

an be improved even further. In a simple topologi al graph,

edges in ident to a

ommon vertex

v

do not

ross.

pseudo hords representing edges in ident with

v

Therefore, all the internal

are pairwise disjoint. Let

be the set of these pseudo hords. Note that two pseudo hords from

P (v)

P (v)

repre-

senting dierent edges may have avoiding, parallel or adja ent types. Let

d

be

v . Similarly as before, we an represent the set of types of the pseuP (v) as a non rossing mat hing M on a set of at most 8dn points
in onvex position, where ea h vertex of D is represented by a point and ea h
edge of D is represented by d onse utive points. Again, from the mat hing M
the degree of

do hords from

and from the types of the external pseudo hords representing the edges in ident
with

v

we

an uniquely determine whi h edge ea h pseudo hords represents and

how the pseudo hords

onne t together to form the (portions of ) edges in ident
O(dn)
with v . A straightforward upper bound f (P (v)) ≤ 2
follows. To get a better

upper bound, we observe that many of these pseudo hords share the same type.
More pre isely, we have up to

2dn pseudo

types, sin e no two of the types are

but only O(n) dierent
O(n)
rossing. There are 2
ways of hoosing
hords in

P (v),

the set of pairwise non rossing types for internal pseudo hords. For a xed set

O(n) types, we assign to ea h type t ∈ S its weight, that is, a positive integer n(t) denoting the number of pseudo hords from P (v) with type t. The set
P
{n(t), t ∈ S} satisfying the property t∈S n(t) = |P (v)| is alled the weight ve tor of S . From the set S and its weight ve tor, we an re onstru t the mat hing
M and determine the type of ea h pseudo hord and how the pseudo hords onS

of

ne t to edges. This idea is similar to en oding

urves on a surfa e using normal

O(dn)
oordinates [SSS02, SSS03℄. For a xed S , there are
= dO(n) = 2O(n log d)
O(n)
O(n log d)
dierent weight ve tors. This gives the upper bound f (P (v)) ≤ 2
. By
2
O(n log(m/n))
Jensen's inequality, f (E) ≤ 2
. Together with Lemma 1.19, this gives

the rst upper bound in Theorem 1.2.

The previous method gives a good upper bound on Tw (G) for dense graphs.
2
For graphs with o(n ) edges, the method is useful if the graph has very irregular
degree sequen e; more pre isely, if it has a small number of verti es overing
3/2
almost all the edges. For graphs with o(n
) edges and with most of the verti es
of degree

Θ(m/n),

we get better results by

onsidering larger subsets of edges.

We just need to balan e the number of edges in the subset to keep the number

30

p
q
r
s

Figure 1.12: Illustration for the proof of Lemma 1.20. The dotted lines represent

P1 (F ).

p, q, r, s all have the same type, r
and s also have the same subtype, but p, q and r have pairwise dierent subtypes.
pseudo hords from

of their

The pseudo hords

rossings small enough.

Lemma 1.20. Let F ⊆ E be a set of k edges. Then
In parti




kn
O(m + k 2 )
O(k 2 log k)
O(n+k 2 )
.
·2
·2
·
f (F ) ≤
O(n + k 2 )
O(k 2 )
√
ular, for k = ⌊ n⌋ we have


f (F ) ≤ 2O(n log n) .

Proof.

Let

P (F )

be the set of (both external and internal) pseudo hords repre-

senting the edges of F . Sin e every two edges ross at most on e, there are at most

k
2
rossings among the pseudo hords from P (F ). In parti ular, at most k pseu2
do hords from P (F ) ross other pseudo hord from P (F ). Let P1 (F ) ⊆ P (F ) be
the set of pseudo hords

P (F ). Let P0 (F )
P (F ) \ P1 (F ). We estimate the num|P0 (F ) ∪ P1 (F )| pseudo hords in D indu ing at most

rossing at least one pseudo hord from

be the set of internal pseudo hords from

ber of perimetri orders of

k
rossings. Ea h su h perimetri order, together with the set of types of the
2
external pseudo hords from P (F ), determine the types of all pseudo hords from

P (F ) \ P1 (F ) rosses a member of P0 (F ) ∪ P1 (F ).

O(m+k 2 )
ways of hoosing
For the pseudo hords from P1 (F ), we have at most
2k 2
2
O(k 2 log k)
the set of their endpoints on the boundary of D , and at most (k )! ≤ 2

P (F ),

sin e no member of

ways of mat hing them together. Here we do not need to optimize for mat hings
O(k 2 ) rossings. However, Proposition 1.22 in the next se tion implies
O(k 2 )
the upper bound 2
.

indu ing

The pseudo hords from

D\(

S

P1 (F )).

P0 (F )

form a non rossing mat hing in the regions of

To determine the positions of the pseudo hords from

need to rene their types into

D

we

subtypes by splitting the edges of D by the endpoints

2
See Figure 1.12. There are at most O(n + k )
2
O(n+k )
after this splitting, hen e at most 2
hoi es for the

of the pseudo hords from
portions of edges of

P0 (F ),

P1 (F ).

set of pairwise non rossing subtypes of the pseudo hords from P0 (F ). Finally,

kn
there are at most
ways of assigning a ve tor of positive integers with
O(n+k 2 )
total sum at most kn to the hosen set of subtypes. This is su ient to determine
the perimetri

order of the pseudo hords from

P (F )

and the lemma follows.

The se ond upper bound in Theorem 1.2 is proved as follows. By Lemma 1.19,
we may x a topologi al spanning tree. Then we partition the edge set of
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G

into

√
O(m/ n)

√

subsets of size at most

subsets. Theorem 1.4 is a spe ial

n

and apply Lemma 1.20 to ea h of the

ase of Theorem 1.2, where the graph

G

is a

mat hing.

1.5 The upper bound in Theorem 1.5
We start with some additional denitions and a

ombinatorial denition of the

isomorphism of topologi al graphs. Then we show that we need to
topologi ally

onne ted topologi al graphs.

ounting isomorphism

onsider only

Finally, we redu e the problem to

lasses of arrangements of pseudo hords and present two

dierent solutions to this problem.
into two parts: enumerating

In the rst solution we split the problem

hord diagrams and enumerating arrangements with

xed boundary, using en oding by binary ve tors. The se ond approa h is based
on enumerating the dual graphs of the arrangements, whi h form a sub lass of
quadrangulations of a dis .

1.5.1 A ombinatorial denition of the isomorphism
A

rotation

of a

rossing

c

in a topologi al graph is the

whi h the four portions of the two edges
ea h

rossing at

lo kwise

y li

c leave the point c.

rossing has exa tly two possible rotations. An

order in
Note that

extended rotation system

of

a simple topologi al graph is the set of rotations of all its verti es and rossings.
′
Assuming that T and T are drawings of the same abstra t graph, we say that
their (extended) rotation systems are
ea h

c in T )
v ∈ V (T ′ ) are

rossing
′

the rotation of

inverse
v

if for ea h vertex

v ∈ V (T )

and the rotation of the

(and

orresponding

y li permutations (and so are the rotation of c
′
′
′
orresponding rossing c in T ). For example, if T is a
′
mirror image of T , then T and T have inverse (extended) rotation systems.
vertex

inverse

and the rotation of the
Topologi ally
and

H

onne ted topologi al graphs

are weakly isomorphi , (2) for ea h edge

G and H are isomorphi if (1) G
e of G the order of rossings with

the other edges of G is the same as the order of rossings on the orresponding
e′ in H , and (3) the extended rotation systems of G and H are either the

edge

same or inverse. This indu es a one-to-one
and

H

su h that the

rossings and the verti es in ident with a fa e

along the boundary of

f

rossings and verti es in
to

f.

orresponden e between the fa es of

in the same (or inverse)

H

y li

order as the
′
appear along the boundary of the fa e f

f

of

G

G appear

orresponding
orresponding

It follows from Jordan-S hönies theorem that this denition is equivalent

to the previous one in Se tion 1.1.
Let
The

G

be a topologi al graph with more than one topologi al

fa e stru ture

of

G

is a

omponent.

olle tion of fa e boundaries, represented as oriented

fa ial walks in the underlying abstra t graph, of all non ontra tible fa es of
that is, fa es with more than one boundary

omponent.

G,

The orientations are

hosen in su h a way that either for ea h non ontra tible fa e the fa ial walk of
the outer boundary
inner boundary

omponent is oriented

omponents are oriented

lo kwise and the fa ial walks of all

ounter- lo kwise, or vi e versa. Both

hoi es are regarded as giving the same fa e stru ture.

By this

ondition, the

orientations of the fa ial walks in the fa e stru ture en ode relative orientations
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of the topologi al omponents. Note that the rotation system of
to determine the orientation of topologi al
Topologi al graphs

isomorphi
H

and
of

G

and

H

with more than one topologi al

ient

y les.

omponent are

if there is a one-to-one mapping between the verti es and edges of

satisfying the

and

G

G is not su

omponents that are simple

H

G

onditions (1)(3) and, in addition, (4) the fa e stru tures

are the same.

1.5.2 Redu tion to topologi ally onne ted graphs
Let

G.

G be a graph with no isolated verti es. Let G be a topologi
If G has more than one topologi al omponent, we want

topologi ally

onne ted graph by adding edges

al graph realizing
to extend it to a

onne ting the topologi al

om-

ponents, in the same way as in the previous se tion. However, for this extension
to be possible we may need to rearrange the topologi al

omponents of

G,

whi h

hanges the fa e stru ture of G . While preserving the isomorphism lasses of the
k topologi al omponents of G , there are 2k ways of hoosing their orientation and
4 2k
at most O(n )
possible fa e stru tures of topologi al graphs built from these
O(n log n)
omponents. Thus there are at most 2
rearrangements of topologi al omponents of G . Hen e, by the same argument as in the previous se tion, we may
further assume that G is topologi ally onne ted.

1.5.3 Arrangements of pseudo hords
An essential part of the stru ture of a parti ular isomorphism lass of simple topologi al graphs is

aptured by the following

ombinatorial obje t, whi h slightly

generalizes arrangements of pseudolines.
An

arrangement of pseudo hords

plane with endpoints on a

M

urves from
at most one
alled

M

lie in the region bounded by

CM

ommon

M

CM ,

urves in the

su h that all the

and every two

M

urves in

M have
M are

is

determines whi h pairs of pseudo hords

it does not determine the orders of
arrangements of pseudo hords are

M

on

CM .

The perimetri

ross and whi h do not, but

rossings on the pseudo hords. Two (labeled)

isomorphi

order and the same orders of rossings on the
alently, one arrangement

of simple

simple if no three pseudo hords from
The perimetri order of M is the ounter- lo kwise

The arrangement
rossing.

M

urve

rossing. The elements of

order of the endpoints of the pseudo hords of

order of

if they have the same perimetri
orresponding pseudo hords. Equiv-

an be obtained from the other one by an orientation

preserving homeomorphism. Note that a
graph

losed

ommon point, whi h is a proper

pseudo hords.

share a

y li

is a nite set

ommon simple

T -representation of a simple topologi

al

an be regarded as a simple arrangement of pseudo hords.

The following proposition is inspired by Felsner's [Fe97℄ enumeration of simple
wiring diagrams.

Originally it appeared in [Ky09℄ as Proposition 7, but in an

in orre t, stronger form.

Proposition 1.21. [Ky09, a orre t form of Proposition 7℄ The number of isomorphism lasses of simple arrangements of n pseudo hords with xed perimetri
order indu ing k rossings is at most 22k .
Proof. Let M = {p1 , p2 , . . . , pn} be a simple arrangement of pseudo hords with
endpoints on a

ir le

CM

and with a given perimetri
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order. Cut the

ir le at an

l
as+1

as′′ as

Figure 1.13:

ps ′

as′

annot be the rst pseudo hord

rossing

ps .

arbitrary point and unfold it by a homeomorphism to a horizontal line

l.

keeping all the pseudo hords above

Orient ea h pseudo hord

pi

l,

while

from its left

endpoint ai to its right endpoint bi . Let ki be the number of rossings on pi and
i
i
i
let c1 , c2 , . . . , ck be the rossings of pi ordered from ai to bi . Let pr(i,j) be the
i
i
pseudo hord that rosses pi at cj .
For two

rossing pseudo hords

pi

and

pj

we say that

pi

is to the left of pj

if

ai

aj . This is equivalent with the rotation of their ommon rossing
being (ai , bj , aj , bi ).
i
i
i
i
k
i
To ea h pi we assign a ve tor α = (α1 , α2 , . . . , αk ) ∈ {0, 1} i where αj = 0 if
i
pr(i,j) is to the left of pi and αji = 1 if pi is to the left P
of pr(i,j) .
n
i
The sum of the lengths of the ve tors α is equal to
i=1 ki = 2k . Hen e, there
2k
1
2
n
are at most 2
dierent sequen es (α , α , . . . , α ) en oding an arrangement with
is to the left of

the given perimetri

order and the

hosen orientation of pseudo hords.

It remains to show that we an uniquely re onstru t the isomorphism lass
1
2
n
of M from the ve tors α , α , . . . , α by identifying the pseudo hords pr(i,j) . We
pro eed by indu tion on
only one isomorphism
we

k

and

n.

For arrangements without

lass with a xed perimetri

an re onstru t the isomorphism

rossings and take a sequen e
with

k

αi

lass for arrangements with at most

α = (α1 , α2 , . . . , αn )

is empty, the

rossing). We may then draw

in the upper half-plane of

inner
outer

rossings there is

Now, suppose that

k−1
M

en oding an arrangement

rossings.

If some of the ve tors
(has no

order.

part

l.

orresponding pseudo hord

pi

as an arbitrary

urve

γi

pi

is empty

from

ai

to

bi

Then we split the arrangement into two parts: the

onsisting of pseudo hords with endpoints between

part with endpoints to the left of

ai

or to the right of

ai
bi .

and

bi ,

and the

We draw both

parts separately by indu tion. Finally, by applying a suitable homeomorphism
we pla e the inner part inside the region bounded by

γi

and

l

and the outer part

outside that region.
Further we assume that

M

has no empty pseudo hords.

Without loss of generality we may assume that the left endpoints are ordered
1
n
along l as a1 , a2 , . . . , an from left to right. Clearly, α = (1, 1, . . . , 1) and α =
s
(0, 0, . . . , 0). It follows that there exists s ∈ {1, . . . , n − 1} su h that α1 = 1 and
α1s+1 = 0.

Claim. The rst rossing on the pseudo hords ps and ps+1 is their ommon rossing. That is, r(s, 1) = s + 1 and r(s + 1, 1) = s.
Proof of laim. Refer to Figure 1.13. For ontradi tion, suppose that r(s, 1) =
/ {s, s′ }.
s′ ≥ s+2 (the ase when r(s+1, 1) ≤ s−1 is symmetri ). Then r(s+1, 1) ∈
′′
′′
Hen e, r(s + 1, 1) = s for some s < s and the rossing of ps+1 with ps′′ o urs
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within the triangle
twi e, a

as as+1 cs1 .

This for es the pseudo hords

ps ′

and

ps′′

to

ross

ontradi tion.

c = cs1 = cs+1
be the rst rossing on ps and ps+1 . Sin e the two ar s
1
as c and as+1 c are free of rossings, there is no endpoint between as and as+1 on
l. For the indu tion step, we swap the endpoints as and as+1 in the perimetri
s
s+1
order of M and delete the rst value from the ve tors α and α
. In this way
′
′
we obtain an en oding α of an arrangement M with k − 1 rossings, whi h
is obtained from M by deleting the ar s as c and as+1 c, in luding a small open
′
neighborhood of c. By the indu tion hypothesis, the isomorphism lass of M
an
′
′
be uniquely re onstru ted from α . By atta hing to M two rossing ar s starting
at as and as+1 and thus extending the two pseudo hords ps and ps+1 , we obtain
an arrangement isomorphi to M .
Let

1.5.4 Counting isomorphism lasses of topologi ally onne ted topologi al graphs
Let

G

be a graph with

a topologi ally
phism
of

G.

verti es,

m

edges and no isolated verti es.

Let

is determined by the isomorphism

To determine the isomorphism

lass of a

T,

determine (1) the topologi al spanning tree

T -representation,

lass of a

G

be

G. The isomorT -representation

onne ted simple topologi al graph that realizes

G

lass of

n

T -representation,

(2) the perimetri

we need to

order of the

and (3) the isomorphism type of the indu ed arrangement of

pseudo hords.

2O(n log n)

(1) By Lemma 1.19, there are at most
spanning tree

T

of

G,

up to a homeomorphism of the plane. For the rest of the

T

se tion, we x one topologi al spanning tree
(2) With
perimetri

T

hoi es for the topologi al

xed, a

T -representation

of

G.

an have at most

2O(mn log n)

diferent

orders, as we have seen in Subse tion 1.4.4.

This estimate is good enough when

G

has

m = ω(n log n)

edges, but we need

a better upper bound for sparser graphs. This an be a hieved by ounting only

m
perimetri orders that indu e at most
rossings.
2

4mn
O(n log n)
≤ 2
There are at most
ways of hoosing the set of endpoints
8n
of the pseudo hords along the boundary of the dis D in the T -representation.
To determine the perimetri

order, we need, in addition, to determine a perfe t

m
rossings.
2
an be also regarded as representations of
with

mat hing of the endpoints indu ing at most
Su h mat hings

a given number of verti es and edges.
alled

hord diagrams

C(n, k)

tation in [Re79℄, let

k

[Kh00, Re79℄.

2n

In the literature, these stru tures are

See Figure 1.14, left.

Following the no-

denote the number of diagrams of

rossings. It is well known that

perfe t mat hings of

ir le graphs

C(n, 0),

points on the

ber. Pre ise enumeration results for

n

hords with

whi h is the number of non rossing

ir le, is equal to the

C(n, k)

nth

Catalan num-

in the form of generating fun tions

were obtained by Tou hard [To50℄ and Riordan [Ri75℄, but expli it formulas for

C(n, k)

were

omputed only for

k ≤6

[To50℄. The following asymptoti

upper

bound is impli it in Read's paper [Re79℄.

Proposition 1.22.

[Re79℄

For the number of diagrams of n hords with at most
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a1

b7

a2

b6
b5

b1
a3

b4
a4

a5
a6

b2
a7

b3

Figure 1.14: A

a1 a2 b1 a3 a5 b2 b3 a7 a6 a4 b4 b5 b6 b7

hord diagram with seven

sponding sawtooth diagram with

k

hords and six

rossings and a

orre-

κ = (1, 2, 1, 0, 2, 0, 0).

rossings, we have the upper bound
k
X
i=0



n+k
C(n, i) ≤ C(n)
n

where C(n) is the nth Catalan number.
Proof.

Like in the proof of Proposition 1.21, the key tri k is breaking the sym-

metry of the
line

l.

l.

The

ir le by

utting it at one point and unfolding onto a horizontal

hords then be ome ar s in the upper half-plane with endpoints on

Ea h su h ar

has a distinguished left endpoint and a right endpoint. Instead

of arbitrary ar s, Read [Re79℄

onstru ts triangular teeth

onsisting of a diag-

onal segment from the left endpoint followed by a verti al segment to the right
endpoint and
original
Let

alls the resulting drawing the

sawtooth diagram

asso iated to the

hord diagram. See Figure 1.14, right.

L

be the set of all the left endpoints of the

of all the right endpoints.

For every point

x

l,
x.

on

left endpoints than right endpoints to the left of

hords on

l,

and

R

the set

there are at least as many
Therefore the sets

L

and

R

n left and n right parentheses that are orre tly mat hed.
C(n) su h partitions (L, R) of the 2n points on l.
(L, R) an be shared by more sawtooth diagrams, if rossings

orrespond to the sets of
There are exa tly
One partition

are allowed. To determine the sawtooth diagram (and the
diagram) uniquely, we en ode the interse tion graph of the

orresponding

hord

hords as follows. Let

b1 , b2 , . . . , bn be the points of R ordered from left to right. For i = 1, 2, . . . , n, let
ci be the hord with right endpoint bi , let ai be the left endpoint of ci and let ki be
the number of hords with left endpoint to the right of ai that ross ci . We laim
that the ve tor κ = (k1 , k2 , . . . , kn ), together with the partition (L, R), uniquely
determines the sawtooth diagram. This
left to right. All the
the right of

ai

o

rossings of the

an be seen by drawing the diagram from

hord

ci

with

ur on the verti al segment of

every time we rea h the

x-

oordinate of some

segment from the bottom and

bi ,

ci

hords with left endpoint to

bi . Therefore,
(ki + 1)th diagonal
a verti al line to bi .

with endpoint

we take the

onne t its right endpoint by

All the other diagonal segments are extended further to the right.
Pn
Sin e
i=1 ki ≤ k , for every partition (L, R) there are at most
ve tors κ and the proposition follows.
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n+k
k



possible

7

Figure 1.15: A simple arrangement of

9

pseudo hords with

rossings and its

dual quadrangulation.

By Proposition 1.22, by the entropy bound for binomial
the inequality

loge (1 + x) ≤ x,

T -representation
2

O(n log n)

orders of the

is at most


m
m2
4n
2mn + m2
≤ 22mn log(1+ 4n )+ 2 log(1+ m )+4mn+O(n log n)
· C(2mn)
2mn


m

≤ 22mn(log(1+ 4n )+2+log2 e)+O(n log n) .
2

2m isomorphism lasses of simthe T -representation with a given

(3) By Proposition 1.21, there are less than
ple arrangements of pseudo hords indu ed by
perimetri

oe ients and by

the number of possible perimetri

order.

Together with Proposition 1.22 and previous dis ussion, this

proves the se ond upper bound in Theorem 1.5.

Arrangements and quadrangulations
Here we show an alternative approa h to enumerating simple arrangements of
pseudo hords.
A

quadrangulation

of the dis

su h that its outer fa e
bounded by a

4-

y le.

alled

4-

D

is a

2-

onne ted plane graph embedded in

oin ides with the boundary of

y le. A quadrangulation is

alled

D

simple

and every inner fa e is
if it has no separating

The verti es of the quadrangulation lying on the boundary of

external , all the other verti

es are

D

internal.

D

are

Mullin and S hellenberg [MS68℄ proved that there are

(3M + 3)!(2N + M − 1)!
≤
(M − 1)!(2M + 3)!N!(N + M + 1)!



3M + 3
M



2N + M − 1
N

isomorphism lasses of rooted simple quadrangulations of the dis
and

2M + 4

The
follows.

with

of a simple arrangement of pseudo hords is

Pla e one vertex inside ea h

2-dimensional

onstru ted as

ell and one vertex in the

interior of every boundary edge. Then join all pairs of verti es that

2-

ells or to a boundary edge and its adja ent

2-

Observe that the dual graph of a simple arrangement of

k

internal

external verti es.

dual graph

to adja ent

N

rossings is a simple quadrangulation with
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2n

orrespond

ell. See Figure 1.15.

n pseudo hords with
n + k + 1 internal

external and

verti es.

From the quadrangulation the original arrangement

an be uniquely

re onstru ted up to isomorphism. However, not all simple quadrangulations

an

3-dimensional ube is su h an example.
M = n − 2 and N = n + i + 1 into Mullin's and S hellenberg's
summing over i = 0, 1, . . . , k we obtain the following upper bound.

be obtained in this way: the graph of the
By plugging
formula and

Proposition 1.23. There are at most



3n + 2k
3n − 3
n+k+1
n−2

isomorphism lasses of simple arrangements of n pseudo hords with at most k
rossings.
Instead of using Proposition 1.22 and 1.21, we may dire tly apply Proposi
m
tion 1.23 with n := 2mn and k :=
. This gives the rst upper bound in
2
Theorem 1.5.

1.6 The lower bounds
In this se tion we present
of a given graph

onstru tions of many pairwise dierent simple drawings

G, proving the lower bounds in Theorem 1.5 and 1.2.

Sin e we are

dealing with arbitrary graphs, we use the following tool to nd large subgraphs
with more regular stru ture.

A, B be disjoint subsets of its verti es. By G[A, B]
we denote the bipartite graph (A ∪ B, EG (A, B)) onsisting of all edges with one
endpoint in A and the other endpoint in B .

Lemma 1.24. Let q, r be positive integers with q ≥ 3 and 1 ≤ r ≤ 2q . Let H
be a graph with vertex set {1, 2, . . . , q} and with r edges. Let G = (V, E) be a
graph with n verti es and m edges. There is a partition of the vertex set V into
q lusters V1 , . . . , Vq su h that for every edge {i, j} of H the number of edges in
the bipartite graph G[Vi , Vj ] is at least
r
r !
2m
r(q − 2) n
m
1
−
.
·
−
O
q2
2
m
n3
Let

G

be a graph and let

This is a variant of the result by Kühn and Osthus [KO07, Theorem 3℄, who

q
ase of r =
and assume that G has maximum degree bounded by
2
onstant fra tion of n. The proof of Lemma 1.24 is similar to that of Theorem

onsider the
a

3 in [KO07℄. The main idea is to use the se ond order method to analyze the
random partition.
During the analysis we need to bound the number of pairs of adja ent edges

p(G). Let G(n, m) be the lass of all graphs
with n verti es and m edges and let f (n, m) be the maximum of p(G) over all
G ∈ G(n, m). Ahlswede and Katona [AK78℄ proved that the maximum of p(G)
is always attained for at least one of two spe ial graphs in G(n, m), a quasi-star
in a graph

or a

G,

whi h we denote by

quasi- lique .

G ∈ G(n, m)

Ábrego et al. [AFNW09℄

for whi h

p(G) = f (n, m).

ompletely

The problem of
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hara terized all graphs
omputing

f (n, m)

has

been studied and partially solved by many resear hes; see [AFNW09℄ or [Ni07℄
for an overview of previous results. Although all the values of
omputed, the behavior of the fun tion depends on
theoreti

m, n
f (n, m),

properties of the parameters

tight asymptoti

upper bounds on

f (n, m)

have been

ertain nontrivial number-

[AFNW09℄. Nikiforov [Ni07℄ proved
whi h may be stated in a simplied

form as follows.

Lemma 1.25.

[Ni07, Theorem 2℄

f (n, m) ≤
f (n, m) ≤

√

For all n and m,
if m ≥ n2 /4, and

2m3/2


1
(n2 − 2m)3/2 − n3 + 2nm
2

if m < n2 /4.

We use a weaker, even more simplied asymptoti

upper bound, whi h is

easier to apply. For our purposes, we need the bound to be tight only for small
values of

m.

Corollary 1.26. For all n and m,
1
f (n, m) ≤ nm + O
2

Proof.

If

m ≥ n2 /4,

m < n2 /4,

m2
n



.

then by Lemma 1.25 we have

f (n, m) ≤
If



√

3/2

2m

√
2 2m2
2m1/2
≤
.
·
n
n

then by Lemma 1.25, the desired upper bound is equivalent to the

inequality

Using the inequality

3mn − n3 + (n2 − 2m)3/2 ≤ O(m2 /n).
√
1 − x ≤ 1 − x/2, whi h holds for x ≤ 1,

we have

3mn − n3 + (n2 − 2m)3/2 = 3mn + n3 ((1 − 2m/n2 )3/2 − 1)


3m2 m3
m 3
3
− 3.
1− 2 −1 =
≤ 3mn + n
n
n
n

Proof of Lemma 1.24.

Let

V , where ea h vertex is
1/q . For {i, j} ∈ E(H),
edges in the bipartite

V1 , V2 , . . . , Vq

be a random partition of the vertex set

assigned independently to

luster

Vi

with probability

Xi,j be a random variable ounting the number of
2
graph G[Vi , Vj ]. Clearly, we have EXi,j = 2m/q . Let
let

2
σ 2 = σi,j
= VARXi,j .
By Chebyshev's inequality, we have

P



Xi,j

2m √
< 2 − rσ
q

the graph
To

some

G[Vi , Vj ]

has at least

omplete the proof, we

{i, j} ∈ E(H).

1
< .
r

V1 , V2 , √
. . . , Vq su h that for every edge {i, j} of
2m
rσ edges.
−
q2
need to estimate σ from above. Let X = Xi,j for

It follows that there is a partition

H,



We have
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σ 2 = EX 2 − (EX)2 = EX 2 −
For every edge
that

p(G)

e

Vi

one endpoint in

G,

of

let

Xe

4m2
.
q4

Vj .

Clearly,

denotes the number of pairs of adja ent edges

EX 2 =

X
e∈E

By Corollary

e has
P
X = e∈E Xe . Re all
in G. We have

be the indi ator variable of the event that

and the other endpoint in

EXe2 + 2 ·

X

EXe Xe′

e,e′ ∈E; e6=e′


 
2m
2
4
m
= 2 + 2 · 3 · p(G) + 2 · 4
− p(G)
2
q
q
q
  

2m
4
8 m
8
= 2 + 4
+
p(G).
−
q
q 2
q3 q4
 2
m
1
1.26, p(G) ≤ nm + O
. Hen e,
2
n

 2
4m2
m
2m 4m2 4q − 8 1
−
·
nm
+
O
σ ≤ 2 + 4 +
q
q
q4
2
n
q4
 2
m
2q − 4
· nm + O
≤
4
q
n
√
 3/2 2
2q − 4 √
m
≤
· nm + O
2
q
n3/2
2

and the lemma follows.

1.6.1 The lower bound in Theorem 1.5
The

onstru tion giving the rst lower bound in Theorem 1.5 generalizes the

onstru tion from [Ky09℄.

G = (V, E) be a graph with n verti es and m edges. We
apply Lemma 1.24 with q = 6, r = 3 and E(H) = {{1, 4}, {2, 5}, {3, 6}}. If m >
(6 + ε) · n, then Lemma 1.24 implies that there is a partition of V into six lusters
V1 , V2 , . . . , V6 su h that ea h of the three subgraphs G[V1 , V4 ], G[V2 , V5 ], G[V3 , V6 ]
has Ω(m) edges. We may assume that G[V3 , V6 ] has the least number of edges of
Let

ε>0

and let

these three graphs.
Like in [Ky09℄, we
morphi

onstru t

to the same geometri

2)

2Ω(m

drawings of

G

graph with verti es in

that are all weakly isoonvex position. For ea h

k = 1, 2, . . . , 6, we pla

e the verti es of the set Vk on the unit ir le, inside a small
), sin( kπ
)); see Figure 1.16, left. For every pair
(cos( kπ
3
3
Vk and v ∈ Vl su h that |k − l| =
6 3, we draw the edge uv as a

neighborhood of the point
of verti es

u∈

k ∈ {1, 2, 3}, the edges between the sets Vk and Vk+3
Rk su h that all the rossings among this
group of edges o ur outside the region R = R1 ∩ R2 ∩ R3 , and for k, l ∈ {1, 2, 3},
k 6= l, all the rossings between the edges of G[Vk , Vk+3 ] and G[Vl , Vl+3 ] lie inside
R. In the region R, the edges onne ting V2 with V5 form Ω(m) parallel urves.
straight-line segment. For

are drawn inside a narrow re tangle
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V2

V1

R1

R2

R3

V3

V4

V6

V5

Figure 1.16: A

onstru tion of

2)

2Ω(m

pairwise nonisomorphi

drawings of a given

graph.

Together with the edges
inside

onne ting

V1

V4 ,

with

they form an

R.

We partition the

rossings of this grid into

horizontal rows. Ea h (horizontal) edge
one of the diagonal

di .

neighborhood of ea h

c;

above or below
nonisomorphi

e

Ω(m)

onne ting

Ω(m) × Ω(m)

parallel diagonals forming

V3

with

V6

is drawn along

Ea h edge is assigned to a dierent diagonal.
rossing

c

in

di

we

an de ide whether the edge

see Figure 1.16, right.

topologi al graphs, and the

grid

e

In the
passes

These two possibilities give us two
hoi es

an be made independently at
Ω(m2 ) rossings, we obtain

ea h rossing of the grid. Sin e we make the hoi e at
2
2Ω(m ) pairwise nonisomorphi drawings of G.

For graphs with superlinear number of edges, Lemma 1.24 gives a partition
2
where ea h of the graphs G[Vi , Vj ] has c = 2m/q − o(m) edges. In the previous
2
2
4
2
onstru tion, this gives a grid with c = 4m /q − o(m ) rossings and hen e
3m2 /q 4 −o(m2 )
2
pairwise nonisomorphi drawings of G, sin e 3/4 of the rossings
an be

overed by c parallel diagonals.
2 /432−o(m2 )
.

T (G) ≥ 2m
The

onstant

a template a

1/432

For

q = 6,

an be easily improved.

onvex geometri

drawing of

K6 .

this gives the lower bound

Previous

onstru tion used as

This topologi al graph has one

free triangle , that is, a triangular fa e bounded by three pairwise
A free triangle may be swit hed by moving a portion of one of
edges over the

rossing of the other two edges.

by repla ing the free triangle by the grid
is

independent

rossing edges.
the boundary

This feature is then amplied

onstru tion. A set of

k

free triangles

if no two of the triangles share a vertex. Equivalently, every two
k

triangles share at most one boundary edge. This guarantees that ea h of the
ombinations of swit hed triangles is possible. There are simple drawings of

2
K6

with two independent free triangles [HM92, HM74℄. If we use one of them as a
2
2
2m /216−o(m ) pairwise nonisomorphi drawings of G.

template, we get

Using larger simple
lower bounds
general,
rossings

omplete topologi al graphs as templates, mu h better

an be obtained.

onsider, in

k
k
, whi h onsist of k pairwise rossing edges with all
2
lose to ea h other, forming lo ally an arrangement of k pseudolines. A

free -tuples

system of free

k -tuples

is

When repla ing a free

Instead of free triangles, we may

independent

if no two

4-tuple by the grid

k -tuples

share a

rossing.

onstru tion, we use both horizontal

and verti al diagonals of the grid. After drawing the horizontal and verti al edges
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Figure 1.17: A

omplete

pendent system of
one free

25

onvex geometri

graph with

free triangles (light grey),

5

free

10 verti
4-tuples

es and an inde(dark grey) and

5-tuple.

along the diagonals, half of the
other half free triangles.

4-tuples and the
8 dierent ways.

rossings in the grid be ome free

Every free

4-tuple

an be drawn in

Therefore, by repla ing ea h of the original four edges by c parallel edges, we
2
2
2(1/2+3·1/2)c = 22c pairwise nonisomorphi drawings. That is, every free
4-tuple in the template with q verti es ontributes 8m2 /q 4 to the exponent in the

obtain

lower bound on

T (G).

For example, the regular
small perturbation, one free

onvex drawing of

5-tuple, 5

free

K10

4-tuples

on Figure 1.17 has, after
and

25

free triangles, all

independent. Using this drawing as a template, we obtain the lower bound
2
4
2
2
T (G) ≥ 2m ·123/10 −o(m ) > 2m /82 − o(1) (for simpli ity, we estimate the ontribution of the free

5-tuple

Further improvement
of three pairwise

by the

ontribution of a free

4-tuple).

an be obtained using all possible partial arrangements

rossing systems of parallel pseudolines, in pla e of the grid

onstru tion, whi h produ es only a subset of all su h arrangements. Felsner and
2
(4.5 log2 3−6−o(1))n2
Valtr [FV11℄ proved that there are 2
> 21.132·n − o(1) partial

arrangements of

3n

pseudolines that form three pairwise

rossing subsets of

n

parallel pseudolines. They observed that these partial arrangements are dual to
rhombi

tilings of a regular hexagon and used Ma Mahon's formula enumerating
2.264·n2
− o(1) on the
This also implies the rough lower bound 2

these tilings.

number of partial arrangements of
subsets of

n

4n pseudolines that form four pairwise

rossing

parallel pseudolines. Using these estimates with the template from
m2 ·167.585/104 −o(m2 )
m2 /60

Figure 1.17, we obtain the lower bound

o(1).
This lower bound on
is probably hard to

T (G)

T (G) ≥ 2

>2

−

is very likely far from being optimal. However, it

lose the gap between the lower and upper bound on

T (G),

given that even for pseudoline arrangements, the best known lower and upper
bounds on their number dier signi antly [FV11℄.
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1.6.2 The lower bound in Theorem 1.2
Fix

ε>0

and let

G

be a graph with

n

m edges, with
onditions m > (1 + ε)n

verti es and

verti es, and satisfying at least one of the

no isolated
or

∆(G) <

(1 − ε)n.

The rst onstru tion
First we show that

Tw (G) ≥ 2Ω(m)

for graphs with

m > (4 + ε)n,

generalizing a

onstru tion by Pa h and Tóth [PT06℄.
Without loss of generality assume that

(n + 1)/2
G[W ] is

of

G.

n

is odd. Let

W

be a random subset

The expe ted number of edges in the indu ed graph

(n+1)/2
2
n
2



n+1
m=
m=
4n

be a subset of

(n + 1)/2 verti



1
1
+
4 4n



m.

(1/4 + 1/(4n))m edges.
Every graph with m edges has a bipartite subgraph with at least m/2 edges. Let
W0 = W1 ∪ W2 be a bipartition su h that the bipartite graph G[W1 , W2 ] has at
least (1/8 + 1/(8n))m edges.
We pla e the verti es of V on three parallel verti al lines as follows. The
′
verti es of W = V \ W0 are pla ed on the y -axis to the points (0, i/2), i =
0, 1, . . . , (n − 3)/2, the verti es of W1 to the points (−1, i), i = 0, 1, . . . , |W1 | − 1,
and the verti es of W2 to the points (1, i), i = 1, 2, . . . , |W2 | − 1. Observe that the
midpoint of every straight-line segment with one endpoint in W1 and the other
′
endpoint in W2 lies in W .
The idea of obtaining exponentially many pairwise dierent drawings of G is
Let

W0

verti es of

es indu ing at least

now similar as in the grid onstru tion in the previous subse tion. The edges of
G[W ′ ] are drawn as ar s lose to the y -axis. Every edge e = w1 w2 of G[W1 , W2 ]
is drawn as an ar

along the straight-line segment

w1 w2 ,

in one of two possible
′
lose below the segment. See Figure 1.18. Let w be

ways: either

lose above or
′
the midpoint of w1 w2 . If w is adja ent to a vertex u ∈ V \ {w1 , w2 }, then in one
′
of the two drawings the edges w1 w2 and w u ross and in the other one they are
′
′
disjoint. Sin e the minimum degree in G is at least 1, for every w ∈ W , there is
′
at most one pair of verti es w1 ∈ W1 and w2 ∈ W2 su h that w is a midpoint of
′
the segment w1 w2 and w is not adja ent to V \ {w1 , w2 }. This implies that for
at least

(1/8 + 1/(8n))m − (n − 1)/2 > ((1/8 + 1/(8n) − 1/(8 + 2ε))m = Ω(m)
edges of

G[W1 , W2 ], the two

hoi es produ e two weakly nonisomorphi drawings.
Ω(m)
Sin e the hoi es for all the edges are independent, this gives 2
pairwise weakly
nonisomorphi

drawings of

G

in total.

The se ond onstru tion
The lower bound on
degree at least

(1 − ε)n.

1

Tw (G)

an be improved for sparse graphs with minimum

that have at least

(1 + ε)n

edges or maximum degree at most

Su h assumptions are needed to guarantee a nontrivial number of pairs

of independent edges, to avoid graphs like stars, whi h
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an only be drawn without

u

w1

w′

w2

Figure 1.18: Two ways of drawing the edge

rossings. For every su h graph

G

Moreover, all the drawings in this

w1 w2 .

we show the lower bound
onstru tion are

Tw (G) ≥ 2Ω(n log n) .

geometri graphs ; that is, the

edges are drawn as straight-line segments.

Lemma 1.27. Let G be a graph with n verti es, m edges, no isolated verti es
and satisfying m > (1 + ε)n or ∆(G) < (1 − ε)n. Then the vertex set of G an
be partitioned into three parts V1 , V2 , V3 su h that |V1 | ≥ n/4, every vertex from
V1 has a neighbor in V2 and the indu ed graph G[V3 ] has at least ⌊ε/2 · n⌋ edges.
Proof. We distinguish two ases.
Case 1: G has a spanning forest F

with no isolated verti es su h that its

F2 , ea h with at least
⌊εn⌋ verti es. Assume that |V (F1 )| ≥ |V (F2 )|. We set V3 = V (F2 ). Now V1 and
V2 are dened as the olor lasses of a proper 2- oloring of F1 , with |V1 | ≥ |V2 |.
Case 2: No spanning forest as in Case 1 exists. Let F be a spanning forest
omponents

an be partitioned into two subforests

F1

and

with no isolated verti es and maximum possible number of
of the

omponents. If some

omponents has a path of length three as a subgraph, then by removing the

middle edge of the path, the tree splits into two smaller nontrivial

omponents,

F . It follows that every omponent of F is a star, that
K1,k for some k ≥ 1. Let T0 be the largest omponent
in F . By the assumption, T0 is a star with more than ⌈(1 − ε)n⌉ verti es. In
parti ular, ∆(G) ≥ ∆(T0 ) ≥ (1 − ε)n. Hen e we have m > (1 + ε)n. This means
that G has more than εn edges that do not belong to T0 . Let V3 be the set of
verti es spanned by ⌊ε/2 · n⌋ su h edges, together with all verti es that do not
belong to T0 . Finally, we set V2 to be the one-element set ontaining the entral
vertex of T0 and V1 = V (T0 ) \ (V2 ∪ V3 ).
ontradi ting the

hoi e of

is, a graph isomorphi

to

H be a bipartite sub⌊ε/4 · n⌋ edges. Split the set V3 into two parts
a ording to the bipartition of H and pla e all verti es from one part in a small
dis with enter (0, 0) and radius r < 1/3 and all verti es from the se ond part
in a small dis with enter (1, 0) and radius r , so that the verti es are in general position. Draw all edges of G[V3 ] as straight-line segments. See Figure 1.19.
There are two lines t1 , t2 parallel to the y -axis going through points (x1 , 0) and
(x2 , 0), respe tively, su h that r < x1 < x2 < 1 − r and no two edges of G[V3 ]
ross between t1 and t2 . In parti ular, the edges of G[V3 ] split the verti al strip S
between t1 and t2 into at least ⌊ε/4 · n⌋ + 1 regions. Pla e all verti es of V2 inside
S above the horizontal line with y - oordinate r , and ea h of the verti es of V1 in
Let

V1 , V2 , V3 be the
G[V3 ] with at

graph of

partition from Lemma 1.27. Let
least
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V2

H
V1

t1

S t2

Figure 1.19: An illustration of the se ond

onstru tion for the lower bound in

Theorem 1.2.

one of the

⌊ε/4 · n⌋ + 1

regions of

S,

so that all verti es are in general position.

Draw all the remaining edges as straight-line segments. The

determines how many edges from H an edge
|V |
n/4
rosses. In total, this gives (|E(H)| + 1) 1 ≥ (ε/4 · n)

for ea h vertex

v

with

V2

v

hoi e of the region

of

V1

pairwise weakly nonisomorphi

geometri

drawings of

G.

onne ting
Ω(n log n)

≥2

1.7 Con luding remarks and open problems
The problem of

ounting the asymptoti

number of nonequivalent simple draw-

ings of a graph in the plane has been answered only partially. Many open questions remain.

Tw (G) proved in Theorem 1.2
2
density. For graphs with cn edges,

The gap between the lower and upper bounds on
is wide open, espe ially for graphs with low
the lower and upper bounds on
onje ture that the

log Tw (G)

orre t answer is

We do not even know whether

dier by a logarithmi

fa tor.

Tw (G)

is a monotone fun tion with respe t

to the subgraph relation, sin e there are simple topologi al graphs that
be extended to simple

omplete topologi al graphs.

annot

See Figure 1.9, left, for

an example. Due to somewhat rigid properties of simple
graphs, we have a mu h better upper bound for the
the

We

loser to the lower bound.

omplete topologi al

omplete graph than, say, for

omplete bipartite graph on the same number of verti es.

Problem 4. Does the omplete graph Kn maximize the value Tw (G) among the
graphs G with n verti es? More generally, is it true that Tw (H) ≤ Tw (G) if
H ⊆ G?
Our methods for proving upper bounds on the number of weak isomorphism
lasses of simple topologi al graphs do not generalize to the
graphs with two

ase of topologi al

rossings per pair of edges allowed.

Problem 5. What is the number of weak isomorphism lasses of drawings of a
graph G where every two independent edges are allowed to ross at most twi e
and every two adja ent edges at most on e?
For the
lower bound

omplete graph with n verti es, Pa h and Tóth [PT06℄ proved the
2
4
2Ω(n log n) and the upper bound 2o(n ) .

A nontrivial lower bound
A kerman et al. [APZ12℄

an be proved also in the

onstru ted a system of
45

ase when

G is a mat

n x-monotone

hing.

urves where

every pair of urves interse t in at most one point where they either ross or tou h,
Ω(n4/3 ) pairs of tou hing urves. Eyal A kerman (personal ommuni ation)

with

noted that this also follows from an earlier result by Pa h and Sharir [PS91℄,
4/3
onstru ted an arrangement of n segments with Ω(n
) verti ally visible

who

pairs of disjoint segments. By hanging the drawing in the neighborhood of every
Ω(n4/3 )
tou hing point, we obtain 2
dierent interse tion graphs of 2-interse ting
urves, also

string graphs of rank 2 [PT06℄.

alled

This improves the trivial lower

bound observed by Pa h and Tóth [PT06℄.
In se tion 1.3, we proved that

ertain patterns are forbidden in the rotation

systems of simple omplete topologi al graphs, or more generally, in good abstra t
rotation systems. The problem of ounting topologi al graphs was thus redu ed to
a ombinatorial problem of ounting permutations with forbidden patterns, by the
re ursion in Subse tion 1.3.4. A general problem of this type

an be formulated as

F = {F1 , F2 , . . . , Fm } of sets of N element permutation patterns, we say that a set P of permutations on n elements
is F -restri ted if for ea h N -tuple X = (x1 , x2 , . . . , xN ) of positions, there is an
i ∈ {1, 2, . . . , m} su h that for every permutation π ∈ P , all permutations from
Fi are forbidden as restri tions of π at X . What is the maximum size of an
F -restri ted set P of permutations on n elements?
follows. Given a

onstant

N

and a

For example, in the spe ial

F

olle tion

ase of the Stanley-Wilf

onje ture, the

olle tion

onsists of a single one-element set. A set of permutations with VC-dimension

at most

k

is an

F -restri

element sets, ea h

ted set where the

olle tion

F

ontaining a dierent permutation of

(k + 1)!
{1, 2, . . . , k + 1}.
onsists of

one-

In Subse tion 1.3.4, we redu ed the upper bound in Theorem 1.3 to the upper

N
+
bound on the size of an F -restri ted set where F onsists of the following 2
5

N
2 6 sets. For every set A ⊂ {1, 2, . . . , N} of ve positions, the olle tion F
ontains a set FA of all permutations of N elements whose restri tion to A is
(1, 4, 2, 5, 3) or some of its four y li shifts, and a set FA′ of all permutations
of N elements whose restri tion to A is (1, 3, 5, 2, 4) or some of its four y li
shifts. Similarly, for every set B ⊂ {1, 2, . . . , N} of six positions, the olle tion
F ontains a set FB of all permutations of N elements whose restri tion to B is
(1, 2, 3, 6, 5, 4) or some of its ve y li shifts, and a set FB′ of all permutations of
N elements whose restri tion to B is (1, 4, 5, 6, 3, 2) or some of its ve y li shifts.
This follows from Lemma 1.11, 1.13 and from the proof of Theorem 1.8, where
the

anoni al linear ordering of the verti es of the unavoidable

graphs is

onvex or twisted

onsistent with the linear ordering of the verti es of the given simple

omplete topologi al graph. Su h

F -restri

ted sets of permutations are a spe ial

ase of sets with VC-dimension smaller than

N , whi

h

an have superexponential

size [CK12℄, and generalize the sets with a single forbidden permutation pattern,
for whi h a single exponential upper bound on their size is known [Kl00, MT04℄.
Therefore one might ask for whi h

olle tions

of permutations have only exponential size.

F

it is true that

F -restri

ted sets

A positive answer to the following problem would improve the upper bound
2
Tw (Kn ) ≤ 2O(n ) , whi h would be asymptoti ally optimal.

in Theorem 1.3 to

Problem 6. Let N > 6 be a onstant positive integer. Let P be a set of permutations of n elements su h that for every N -tuple X of positions, there is either a
5-tuple A ⊂ X su h that the pattern (1, 3, 5, 2, 4) and all its y li shifts are forbidden as restri tions at A, or a 5-tuple A′ ⊂ X su h that the pattern (1, 4, 2, 5, 3)
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and all its y li shifts are forbidden as restri tions at A′ , or a 6-tuple B ⊂ X
su h that (1, 2, 3, 6, 5, 4) and all its y li shifts are forbidden as restri tions at B ,
or a 6-tuple B ′ ⊂ X su h that (1, 4, 5, 6, 3, 2) and all its y li shifts are forbidden
as restri tions at B ′ . Is it true that |P| ≤ 2O(n)?
N = 4 and F = {{(1, 2, 3, 4)}, {(3, 4, 1, 2)}}, a onstru tion in [CK12℄
an F -restri ted set of permutations of superexponential size. Su h a on-

For
shows

stru tion does not ne essarily satisfy the
ple, the pattern
one

y li

shift

(1, 4, 2, 5, 3).

onditions in Problem 6 sin e, for exam-

(3, 4, 1, 2) is a restri tion of just one y li shift of (1, 2, 3, 6, 5, 4),
of (1, 4, 5, 6, 3, 2) and of no y li shift of either (1, 3, 5, 2, 4) or

On the other hand, this

onstru tion does give a superexponential

lower bound on the size of sets of permutations satisfying the restri tions implied
by Lemma 1.17 and Lemma 1.18, whi h appear in the proof of the
Theorem 1.15. This follows from the fa t that every
of

(1, 3, . . . , 815, 2, 4, . . . , 814)

ontains both patterns

y li

ombinatorial

shift of the inverse

(1, 2, 3, 4)

and

(3, 4, 1, 2).

Therefore, a positive solution to Problem 1 will require a dierent approa h.
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2. Ramsey properties of
interse tion graphs of segments

2.1 Introdu tion
arrangement of segments

An

is a nite set of

ompa t straight-line segments in

the plane in general position (that is, no three endpoints are

ollinear). We study

the following Ramsey-type problem [LMPT94℄: what is the largest number

k

rossing and at most

r(k)

pairwise

k ≥ r(k) ≥ k log 5/ log 2 > k 2.3219 .

The up-

segments with at most

pairwise disjoint segments?
5

Larman et al. [LMPT94℄ proved that

r(k)

k

su h that there exists an arrangement of

per bound has remained un hanged sin e then. Károlyi et al. [KPT97℄ improved
log 27/ log 4
the lower bound to r(k) ≥ k
> k 2.3774 .
We improve the

onstru tion for the lower bound even further and prove the

following theorem.

Theorem 2.1. For innitely many positive integers k there exists an arrangement
of klog 169/ log 8 > k2.4669 segments with at most k pairwise rossing and at most k
pairwise disjoint segments.
Similar questions were studied by Fox, Pa h and Cs. Tóth [FPT11℄ for string
graphs, a

lass of graphs generalizing interse tion graphs of segments.

proved, as a
there is a

They

onsequen e of a stronger result, that for ea h positive integer

onstant

where every two

c(k) > 0

su h that in any system of

urves interse t in at most

urves that are pairwise disjoint or pairwise

k

n

k

urves in the plane
c(k)

points, there is a subset of

n

rossing.

2.2 Proof of Theorem 1
Both previous

onstru tions for the lower bound [KPT97, LMPT94℄ use the same

approa h. The starting

of

M0 ,
M0

k0

onguration is an arrangement

M0

of

n0

segments with

rossing or pairwise disjoint segments. In the i-th step, an
i+1
arrangement Mi of n0
segments is onstru ted from the arrangement Mi−1 by
repla ing ea h of its segments by a attened opy (a pre ise denition will follow)
at most

pairwise

whi h a ts as a thi k segment. Then two segments from dierent

opies

orresponding segments in Mi−1 ross. Our
k0i+1 pairwise rossing or pairwise disjoint
log n0 / log k0
segments. This gives a lower bound r(k) ≥ k
for innitely many values

of

ross if and only if the two

new arrangement
of

Mi

has then at most

k.

We improve the
the previous

onstru tion by making a better starting arrangement. Unlike

onstru tions, our basi

maximal numbers of pairwise

pie es will be arrangements with dierent

rossing and pairwise disjoint segments. By putting

them together, we obtain our starting arrangement

Cay(Z13 ; 1, 5)

y li group Z13 orre1 and 5. That is, V (Cay(Z13 ; 1, 5)) = {1, 2, . . . , 13}
E(Cay(Z13 ; 1, 5)) = {{i, j}; 1 ≤ i < j ≤ 13, (j − i) ∈ {1, 5, 8, 12}}. See

Let

denote the Cayley graph of the

sponding to the generators
and

M0 .

Figure 2.1.
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13

1

12

2

11
3
10

4
5

9
8

6
7

Figure 2.1: A Cayley graph

Cay(Z13 ; 1, 5).

Lemma 2.2. The graph Cay(Z13 ; 1, 5) ontains no lique of size 3 and no independent set of size 5.
Proof.

a < b < c are three verti es of Cay(Z13 ; 1, 5) indu ing a
k = c − a, l = c − b and m = b − a belong to the set
{1, 5, 8, 12}, but this set ontains no triple k, l, m satisfying the equation k = l+m;
Suppose that

lique. Then the numbers

a

ontradi tion.

Now suppose that

A = {a < b < c < d < e} is an
pigeon-hole prin iple, A ontains two

independent set of

Cay(Z13 ; 1, 5). By the
verti es with dieren e 2 (modulo 13). Thus, we an, without loss of generality, assume that a = 1
and b = 3. It follows that {c, d, e} ⊆ {5, 7, 10, 12}. But A annot ontain both 5
and 10, neither both 7 and 12. Hen e |A ∩ {5, 7, 10, 12}| ≤ 2; a ontradi tion.

(k, l)-arrangement is an arrangement of segments with at most k pairwise
l pairwise disjoint segments.
The interse tion graph G(M) of an arrangement M is the graph whose verti es
are the segments of M and two verti es are joined by an edge if and only if the
A

rossing and at most

orresponding segments interse t.

M of segments is attenable if
G(Mε ) = G(M) and two dis

ε > 0 there is an
D1 , D2 of radius ε whose
enters are at unit distan e, su h that ea h segment from Mε has one endpoint
in D1 and the se ond endpoint in D2 . A attened opy of M is the arrangement
Mε with su iently small ε.
An arrangement

arrangement

Mε

with

for every
s

The key result is the following lemma.

Lemma 2.3.

1. There exists a attenable (2, 4)-arrangement of 13 segments.

2. There exists a attenable (4, 2)-arrangement of 13 segments.
Note that

13

is the largest possible number of segments for these two types

of arrangements sin e every graph with more than

13

verti es

ontains either a

onvex

starting arrange-

ment, that is, an arrangement of segments with endpoints in

onvex position.

lique of size

5

or an independent set of size

Both previous

3

[Ra94℄.

onstru tions [KPT97, LMPT94℄ used

Convex arrangements are attenable by a relatively simple argument [KPT97℄.
However, Kosto hka [Ko88℄ proved that any
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onvex

(k, k)-arrangement

has at

left

1
2
3
4
5
6
7
8
9
10
11
12
13

x

−ε
ε2
0
0
−ε + ε2
−ε
0
0
0
−ε2 + 3ε3
−ε2
0
−ε

left

y

x
1 − 2ε
1 − ε2
1
1 − 2ε
1 − 2ε2
1−ε
1
1 + ε3
1 − 2ε2
1 − 2ε
1 − 2ε2
1
1+ε
right

0
ε − ε3
ε4 + ε6
ε4 − ε6
0
2ε6
ε6
ε
ε
3ε6
ε6
ε4
0

Table 2.1: Arrangement

y
2ε + 2ε6
ε3
ε3 + 3ε4
2ε2 − ε6
2ε3 − 2ε4
2ε6
ε3 + 2ε4
0
2ε3 − ε4
2ε2 + ε6
2ε3 − 3ε4
0
0
right
2

Ma (ε).

(1 + o(1)) · k 2 log k segments. He also gave a onstru tion of a onvex (k, k)2
arrangement with Ω(k log k) segments (see also [Ce08℄). erný [Ce08℄ investigated onvex (k, l)-arrangements for small values of k . He showed, in parti ular,
that any onvex (2, 4)-arrangement has at most 12 segments, and any onvex
(4, 2)-arrangement has at most 11 segments.
most

Our starting arrangements thus

annot be

onvex. Hen e their attening will

require a spe ial approa h.

Proof.

ε > 0, we onstru t an arrangement Ma (ε) with
Cay(Z13 ; 1, 5) and an arrangement Mb (ε) whose interse tion
omplement of Cay(Z13 ; 1, 5). See Figure 2.2 for an illustration.

For ea h su iently small

interse tion graph
graph is the

In Tables 2.1 and 2.2, we provide pre ise
the

13

segments, as fun tions of

ε.

oordinates of the endpoints of all

To a hieve general position of the segments,

whi h is required by our denition, we

an slightly perturb the endpoints while

preserving the interse tion graph of the arrangement.
Sin e the

oordinates of all the left endpoints

dinates of all the right endpoints
su iently small

ε > 0, ea

onverge to

onverge to

(1, 0),

(0, 0)

and the

oor-

it remains to verify that for

h of these two des ribed arrangements has the desired

interse tion graph. This is a straightforward

al ulation, whi h

an be done by

the following simple algorithm.
We use the fa t that the fun tions des ribing the

oordinates are polynomials

ε. For i ∈ 1, 2, . . . , 13, let si be the i-th segment of the arrangement and let
lx (i), ly (i), rx (i), ry (i) be the polynomials representing the oordinates of the left
and the right endpoint of si . For ea h pair i < j , we need to determine whether
si and sj ross if ε is small enough.
′
Let s be a segment with endpoints (lx , ly ) and (rx , ry ) and let s be a segment
′ ′
′
′
′
with endpoints (lx , ly ) and (rx , ry ). Let p be the line ontaining s, and let p be
′
′
′
the line ontaining s . The segments s and s interse t if and only if s ∩ p 6= ∅ and
s ∩ p′ 6= ∅. We have p = {(x, y); ax + by + c = 0}, where a = ry − ly , b = rx − lx
′
′
′
′
′
and c = rx ly − lx ry . Thus, s ∩ p 6= ∅ if and only if (alx + bly + c)(arx + bry + c) ≤ 0.
′
The relation s ∩ p 6= ∅ an be expressed similarly.

in
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left

1
2
3
4
5
6
7
8
9
10
11
12
13

x

ε
0
0
0
ε − ε2 + ε3
0
0
ε − ε2 + ε3 + ε4 + 2ε5
0
0
0
ε − ε3
0

y
ε − ε3 + ε4 − 2ε5
ε2 + 3ε5
ε2 + 4ε5
2ε3
ε2 − ε3 + ε4 − ε8
ε2 + ε5
ε2 + 5ε5
ε2 − ε3 + ε4 + ε5 + ε6
ε2
0
ε2 + 2ε5
ε3 − ε4
0
left
2

Table 2.2: Arrangement

right

x

y
−ε + ε6
ε7
−ε3
−ε8
−ε4
−ε3
−3ε7
−ε3
−ε4
0
ε8
−ε4
ε
right
4

2

1+ε
1 − ε3
1+ε
1 + 3ε4
1+ε
1+ε
1 + 3ε4
1 + ε − ε4
1+ε
1 + 5ε3
1 + 3ε4 − 2ε5
1+ε
1

Mb (ε).

1

5

13

6
2

3

12
7
13

11

7 11

4
2

8

12 4

1

9

9

3

5

10

10

6
8

Figure 2.2: A partially attened

(2, 4)-arrangement

(4, 2)-arrangement

of 13 segments (right).
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of 13 segments (left) and a

ompute the polynomials ai = ry (i) −
ci = rx (i)ly (i) − lx (i)ry (i). Then for ea h pair i 6= j ,
ompute the polynomial di,j = (ai lx (j) + bi ly (j) + ci )(ai rx (j) + bi ry (j) + ci ). Now
si and sj interse t if and only if ea h di,j and dj,i is nonpositive in some positive
neighborhood of 0. That is, the polynomial is either zero or the oe ient by the
The algorithm now follows. For ea h i,

ly (i), bi = rx (i) − lx (i)

and

non-zero term of the smallest order is negative.
A program verifying both
webpage:

onstru tions

an be downloaded from the following

http://kam.mff. uni. z/~kyn l/programs/segments.

Now we are ready to nish the proof of Theorem 2.1.
attened arrangement

Ma (ε)

su iently attened arrangement
attenable

Take a su iently

and repla e ea h of its segments by a

(8, 8)-arrangement M0

Mb (δ).
of 169

opy of a

In this way we obtain our starting
segments.

Then we pro eed by the

method des ribed at the beginning of this se tion.

2.3 Non-attenable arrangements
Sin e the attenable arrangements are the main tool in the

onstru tion in the

previous se tion, it is natural to ask whether every arrangement of segments
be attened. A ne essary
existen e of a line

an

ondition for an arrangement to be attenable is the

rossing all the segments, in a su iently attened realization.

We show the following.

Theorem 2.4. There exists an interse tion graph of segments that annot be
realized by an arrangement of segments rossing a ommon line.
Theorem 2.5. There exists an arrangement of segments rossing a ommon line
that is not attenable.

2.3.1 Proof of Theorem 2.4
G be an interse tion graph of the arrangement in Figure 2.3. The arrangement
onsists of 7 horizontal and 7 verti al segments forming a grid, the 56 frame
segments forming a y le, 28 joining segments onne ting a grid segment with a
Let

segment of the frame (ea h grid segment is joined to the frame by two joining
segments and every other segment from the frame is used), and nally
segments, ea h

8

short

rossing one verti al and one horizontal segment from the grid.

We prove Theorem 2.4 in a slightly stronger form.
An

arrangement of pseudosegments

su h that every two of the
point is a proper
urve from

M,

urves have at most one

rossing. If

M

and also any

pseudosegments, is

alled a

is a set of simple

urves in the plane

ommon point and any su h

is an arrangement of pseudosegments, then ea h

urve

c

su h that

pseudosegment.

M ∪ {c}

is an arrangement of

Proposition 2.6. For any arrangement M of pseudosegments whose interse tion
graph is G, no pseudosegment an ross all the urves from M .
Proof.
is

G.

Let

M

be an arrangement of pseudosegments whose interse tion graph

We use the terms

frame/grid/horizontal/verti al/joining/short

ment in a similar meaning as above. The union
52

Γ

pseudoseg-

of the frame pseudosegments

h1
h2
h3
h4
h5
h6
h7
v1 v2 v3 v4 v5 v6 v7

Figure 2.3: A

ontains a unique
onne ted ar

losed

and the

(up to inversion). Both
the subgraph of

G

y li

Γ

γ.

Ea h frame pseudosegment interse ts

order of these ar s along

and

γ

ut the plane into two

γ

γ

in a

is uniquely determined
onne ted regions. Sin e

indu ed by the grid and short verti es is

rated from the frame
pseudosegments is

urve

onstru tion for Theorem 2.4.

onne ted and sepa-

y le by the joining verti es, the union of the grid and short

onne ted and disjoint from

Γ.

Thus, we

an, without loss of

generality, assume that all the grid and short pseudosegments lie in the region
bounded by

The order of the interse tions of the joining pseudosegments with
boundary of

Ω

7

Γ along the

is uniquely determined. Ea h grid pseudosegment together with

its two joining pseudosegments divides
the

Ω

into two

onne ted

omponents.

verti al pseudosegments with their joining pseudosegments divide

onne ted

Ω

Γ.

Ω

All

into

8

omponents and the horizontal order of the verti al pseudosegments

is uniquely determined. Ea h horizontal pseudosegment has to start in the leftmost region and end in the rightmost region and is for ed to

ross the verti al

pseudosegments in the same order and orientation. Similarly ea h verti al pseudosegments has to

ross all the horizontal pseudosegments in the same order and

orientation. It follows that the grid pseudosegments form a pseudogrid homeomorphi

to the grid in Figure 2.3. Therefore, we

an further assume that the

grid pseudosegments are straight-line segments forming a regular square grid.
Label the verti al and the horizontal segments of the grid

onse utively by

v1 , v2 , . . . v7 and h1 , h2 , . . . h7 . The odd-numbered segments form a oarse grid of
3 × 3 big squares. Ea h of the eight short pseudosegments is ontained in one
of the big squares, sin e for ea h orthogonal pair v2i , h2j of the even-labeled grid
segments, the big square determined by the segments v2i−1 , v2i+1 , h2j−1 and h2j+1
is the only fa e in the arrangement M \ ({v2i , h2j } ∪ Ms ) interse ted by both v2i
and h2j (here Ms denotes the set of short pseudosegments in M ). Therefore, ea h
pseudosegment that rosses all pseudosegments in M must interse t at least 8 big
squares in the
Let

p

oarse grid. We show that su h pseudosegment does not exist.

be a pseudosegment. Suppose that

grid. Then

p

p has

both its endpoints outside the

an enter and leave the grid at most twi e, sin e in ea h traversal of
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q
y

p3

p1

p5

x
p2

p4

β

v

u

Figure 2.4: Arrangement

M0 ,

a

ore of the

onstru tion for Theorem 2.5.

v1 , v7 , h1 , h7 . If p interse ts
k big squares in a traversal, it has to ross at least k + 1 segments of the oarse
grid (in luding two of the boundary segments). It follows that p an interse t at
most 5 big squares in one traversal, and at most 6 big squares in two traversals.
Now suppose that p starts outside and ends inside the grid. Suppose further
that p interse ts k big squares during the rst traversal and then l big squares
after entering the grid for the se ond time. Then p has to ross at least k + 1 + l
oarse grid segments. Sin e p avoids one of the boundary segments, we have
k + l ≤ 6.
If p starts and ends inside the grid and interse ts k big squares before it rea hes
the boundary of the grid for the rst time, l during the following traversal, and
m after it enters the grid for the se ond time, it has to ross at least k + l + 1 + m
oarse grid segments. That gives us k + l + m ≤ 7.
It follows that any pseudosegment an interse t at most 7 big squares, thus
at most 7 short pseudosegments.
the grid

p

α

rosses two of the four boundary segments

2.3.2 Proof of Theorem 2.5
The

ore of the

onstru tion is the arrangement of ve segments in Figure 2.4.

Lemma 2.7. The arrangement M0 of segments p1 , . . . , p5 rossing a ommon
verti al line q in Figure 2.4, left, annot be homeomorphi ally attened. More
pre isely, for a su iently small ε, there is no homeomorphism of the plane mapping ea h segment pi onto a segment, the line q onto a line, the left endpoint of
ea h segment to an ε-neighborhood of the point (0, 0), and the right endpoint of
ea h segment to an ε-neighborhood of the point (1, 0).
Proof.

M0 is already attened by su h a homeomorphism (for su iently small ε). Let x ∈ p3 ∩ p4 and v ∈ p1 ∩ p2 . Let y be an
interse tion of p2 with the line extending the segment p4 . Similarly, let u be an
interse tion of p1 with the line extending the segment p3 . See Figure 2.4, right.
As all the right endpoints are lose to (1, 0), the points y , u and v are also lose
to (1, 0) sin e they are to the right from the right endpoint of p3 or p4 , and to the
left from the right endpoint of p1 or p2 . The slopes of all the segments are lose
to 0, thus β > α > π/2. It follows that kx − yk < ku − vk, hen e x is lose to
(1, 0) as well.
Suppose for

ontradi tion that
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q

p3

g1

g2

p1

g10

p2

h10

s1
p5
s2

p4

M1

Figure 2.5: Arrangement

The segments

p5

is

and

p4

lose to

h2

onsisting of

and the line

p5 . Sin e all the
(1, 0) as well, a

left endpoint of
of

p3

h1

q

ore, grid and auxiliary segments.

T , whi h ontains the
lose to (1, 0), the left endpoint

form a triangle

T

verti es of

are

ontradi tion.

By Lemma 2.7, we only have to add some other segments to
realization of the resulting arrangement
ross a

ommon line

homeomorphi

q,

M

M0

so that in any

in the plane su h that all segments

the subarrangement

M0

(together with the line

segments. As in the
segment we get a

h1 , . . . , h10
ells of the

is

to the arrangement in Figure 2.4, left.

18 segments parallel to p2 and 18 segments parallel
an 18 × 18 grid as in Figure 2.5. All these 38 segments

to

We add
they form

q)

p1 ,

are

so that

alled

grid

onstru tion in the previous se tion, by taking every odd grid

oarse

9×9 grid.

These segments are denoted by

and drawn by full lines in Figure 2.5. We add

17 short

oarse grid along the diagonal, ea h short segment

grid segments. We obtain an arrangement

M1

g1 , . . . , g10 and
segments to 17

rossing two (even)

where the interse tions between

segments are dened by the drawing in Figure 2.5.
To get the nal arrangement
as in the

M,

we add a frame and some joining segments,

onstru tion in the previous se tion. We add one joining segment for

ea h p3 and p4 , and two joining segments for ea h grid segment. In total, we add
78 joining segments onne ted to every other segment of a y le of length 156. It
is easy to ensure that all the added segments still ross the line q ; see Figure 2.6
for an example with smaller grid.
Now we x an arbitrary (su iently attened) realization
′
there is a line q rossing all segments from M .

M′

of

M

su h that

By the same argument as in the previous se tion, the grid segments form a
grid homeomorphi

17

ells of the

to the grid in Figure 2.5. The line

oarse grid, sin e it

entering and leaving the grid, and one other segment
ells in the

oarse grid. Ea h of the

as in Figure 2.5. It follows that

q

g1 , . . . , g10

and

an pass through at most

17

gi

or

hi

g1 , g10 , h1 , h10

when

between every two

short segments has to lie in the same

passes exa tly through these

in the same order as in Figure 2.5. As a
of the segments

q

rosses two of the segments

ell

ells and also

onsequen e we get that the orientation

h1 , . . . , h10
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17

indu ed by the grid is

onsistent with

Figure 2.6: An example of the frame and the joining segments added to a small
grid arrangement in su h a way that all segments

the left-right orientation indu ed by the line
The segment

p5

as in Figure 2.5.
the same two
Sin e both

and

p4

are

rosses

ommon line.

as in Figure 2.5.

has to lie inside the same

Moreover, sin e it

ells (but the

p3

q,

ross a

q,

3×3

subgrid of the

oarse grid

it also has to start and end in

ells it passes through are not uniquely determined).
onne ted to the frame between spe i

pairs of grid

segments, one of their endpoints lies outside the grid and the other endpoint lies
in the same
We

ell as in Figure 2.5.

an restri t the position of

p3

and

p4

even further. Sin e

p3

rosses the

s1 , it has to pass through the orresponding ell. As a onsequen e
we get that the interse tion of p3 with q lies below the interse tion of p5 with q ,
otherwise p3 would ross p5 or ross h7 twi e. Similarly, as p4 rosses s2 , it has to
ross q above the interse tion of p5 with q . Also, by the same reason, starting
from the endpoint inside of the grid, both p3 and p4 ross q before they ross p1
′
or p2 . Therefore, the sub-arrangement of p1 , . . . , p5 and q in M is homeomorphi

short segment

to the arrangement in Figure 2.4 and the proof of Theorem 2.5 is nished.
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3. Rea hability in graphs on
surfa es

3.1 Introdu tion
Dire ted rea hability (or briey rea hability) is a standard
the

omplexity

lass NL (nondeterministi

logspa e). The problem is dened as

follows: given a dire ted graph

G

and two of its verti es

s

to

t

there is a dire ted path from

s-t-path.

in

G.

omplete problem for

s, t,

determine whether

Su h a path is briey

alled a

dire ted

In our denition of a dire ted graph we allow two edges in opposite

dire tions between the same pair of verti es, but we do not allow loops. In the
literature the rea hability problem is also referred to as (dire ted) s-t- onne tivity.
Planar rea hability is an important restri ted version of the rea hability problem,
where the input graph is planar. It

an be assumed that the graph is given with its

planar embedding sin e a planar embedding of a planar graph
in logspa e [AM04℄. Planar rea hability is hard for L and is
is not known to be NL- omplete or

an be

ontained in L. Re ently Bourke, Tewari and

Vinod handran [BTV09℄ improved the

omplexity upper bound by showing that

planar rea hability is in UL (unambiguous logspa e), whi h is the
problems that

an be solved by a nondeterministi

has at most one a

epting

onstru ted

ontained in NL but

lass of de ision

logspa e Turing ma hine that

omputation on any input. Allender et al. [ABC+09℄

showed that rea hability for graphs embedded on the torus is logspa e-redu ible
to planar rea hability, and hen e belongs to UL as well. We generalize this result
to graphs embedded on arbitrary xed surfa e, orientable or nonorientable.

Theorem 3.1. For ea h xed onne ted ompa t surfa e S , the rea hability problem for graphs embedded in S is logspa e-redu ible to planar rea hability.
Note that we have to assume that the graph is given together with its embedding in
logspa e if

S , sin e it is not known
S has positive genus.

whether su h an embedding

an be found in

Thierauf and Wagner [TW09℄ generalized the result of Bourke, Tewari and
Vinod handran [BTV09℄ in another dire tion by showing that rea hability in

K3,3 -free

graphs and

K5 -free

graphs is logspa e-redu ible to planar rea hability.

The rea hability problem is known to be in L for undire ted graphs [Re08℄, for
dire ted series parallel graphs [JLR06℄, and planar dire ted a y li graphs (DAGs)
with a single sour e [ABC+09℄.

The last result has been re ently extended to

planar DAGs with O(log n) sour es [SBV09℄ and subsequently to DAGs with
√
√
2O( log n) sour es embedded on a surfa e of genus 2O( log n) [SV10℄.
Re ently, Datta et al. [DKTV09℄ gave an alternative proof of the fa t that
dire ted rea hability in bounded genus graphs is in UL, using a method of deterministi

isolation.

3.2 Preliminaries
A

surfa e is, roughly speaking, a topologi

plane.

al spa e lo ally homeomorphi

We are interested in surfa es that are
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onne ted and

to the

ompa t (that is,

without boundary).

nonorientable

ompa t surfa e

S

orientable

Every su h surfa e is either

(has only one side).

(has two sides) or

Ea h orientable (nonorientable)

onne ted

g ≥ 0 handles ( rossS . The simplest orithe torus (with genus 1). The
plane (with genus 1) and the

is obtained from the sphere by atta hing

aps, respe tively).

The number

g

is

alled the

entable surfa es are the sphere (with genus

0)

genus

and

simplest nonorientable surfa es are the proje tive
Klein bottle (with genus

2).

of

For more detailed introdu tion into surfa es and

graph embeddings refer to [MT01℄.

g > 0, orientable or nonorientable. Let Π be an embedding of a given dire ted graph G with n verti es in S .
If S is orientable, the embedding is given by the rotation system of G. The rotation system is a set of rotations of all verti es, where the rotation of a vertex v is
the ( lo kwise) y li permutation of edges in ident with v . If S is nonorientable,
the embedding is given by the rotation system of G and an orientation fun tion
λ : E(G) → {1, −1} whi h assigns −1 to an edge e if and only if e hanges
orientation. We may assume that G is onne ted sin e the rea hability problem
for undire ted graphs is in L [Re08℄. We may also assume that the surfa e S is
minimal for Π, that is, ea h fa e of the embedding is homeomorphi to a dis .
Su h an embedding is alled a 2- ell embedding.
The Euler hara teristi of S , denoted by χ(S), is dened as χ(S) = 2 − 2g if
S is orientable, and χ(S) = 2 − g if S is nonorientable. Equivalently, if v, e and
f denote the number of verti es, edges and fa es of a 2- ell embedding of G in
S , then χ(S) = v − e + f . In this way we an also dene the Euler hara teristi
χ(Π) of the embedding Π. The Euler hara teristi of Π an be omputed in
logspa e in the following way. We enumerate all the fa es of Π by traversing along
Let

S

be a

onne ted

fa ial walks (in

ompa t surfa e of genus

lo kwise dire tion), starting from every ordered pair of adja ent

verti es, whi h we

all a

ve tor.

We label all the ve tors as

u1 , u2 , . . . , u2m .

In the

f = 0. In step i (i = 1, 2, . . . , 2m − 1), we list all fa ial walks
starting with ve tors u1 , u2 , . . . , ui and he k whether the ve tor ui+1 appeared
in the list, as a part of some walk. If not, the fa ial walk starting with ui+1
determines a new fa e and we in rease f by one.

beginning we set

3.3 Proof of the main theorem
3.3.1 Main idea
Let s and t be two given verti es of G. We des ribe a logspa e onstru tion of a
′′
′′
′′
′′
planar graph G
ontaining verti es s and t su h that G
ontains a dire ted
′′ ′′
s -t -path if and only if G ontains a dire ted s-t-path.
We follow the approa h of Allender et al. [ABC+09℄.
nd

y les of

G

that do not separate

S,

and

The main idea is to

ut the surfa e

S

along them.

This operation redu es the genus, so after nitely many steps we get a planar
G′ . The utting operation, however, an

embedding of some resulting graph

destroy the onne tivity properties of the graph. This is xed by gluing several
′
opies of G together. If the original surfa e S has negative Euler hara teristi ,
a naive gluing

an produ e a graph of exponential size, whi h is not

onstru tible

in logspa e. We x this problem by showing that a graph of polynomial size is
su ient to restore the

onne tivity properties; this is essentially the main new
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ingredient in this proof. The

ore idea is that there are only polynomially many

G,

distin t topologi al types of (dire ted) paths in
in

S

that does not

as ea h path in

G

is a

urve

ross itself.

3.3.2 Finding a nonseparating y le
The

onstru tion starts with nding a spanning tree

T

of

G

[AM04, NT95℄. The

onstru tion of the spanning tree redu es to undire ted rea hability whi h is in L
due to Reingold [Re08℄. The spanning tree is not stored in the memory, however.
Instead we get a fun tion that takes an edge
and only if

e ∈ T,

using only a logarithmi

ommon interpretation of any logspa e
size).
A

y le in

G

is

alled

as an input and answers TRUE if

onstru tion (of obje ts of polynomial

nonseparating if the

embedding does not separate
y le

e

amount of memory. This is, in fa t, a

S.

an be found e iently.

orresponding

losed

urve in the

The following lemma shows that a nonseparating
It is stated in [ABC+09℄ for orientable surfa es

only, but the proof works for nonorientable surfa es as well.

Lemma 3.2. [ABC+09℄ Let G be a onne ted graph 2- ell embedded in a surfa e
S of positive genus. Let T be a spanning tree of G. Then there exists an edge e ∈
E(G) \ T su h that the (fundamental) y le ontained in T ∪{e} is nonseparating.
A y le C in G is one-sided if C has an odd number of orientation- hanging
edges (those with λ(e) = −1), and two-sided otherwise. Note that on an orientable surfa e every

y le is two-sided, and any one-sided

entable surfa e) is nonseparating. Given a
whether

C

y le

C

is one-sided, by traversing along the

tations of its edges. In

ase

C

C.

v

that is

G,

y le (on a nonori-

we

an test in logspa e

y le and multiplying the orien-

is two-sided, the test whether

an be also performed in logspa e [ABC+09℄, by
vertex

in

C

onne ted by a path (internally disjoint with

It follows by Lemma 3.2 that a nonseparating

is nonseparating

he king for an existen e of a
y le

C)

to ea h side of

an be found in logspa e.

3.3.3 Cutting operation
G

along a two-sided y le
C = v1 v2 . . . vk , we repla e the y le C with two new y les C ′ = v1′ v2′ . . . vk′
′′
′′ ′′
′′
and C = v1 v2 . . . vk ; see Figure 3.1. For ea h edge vi w (w ∈ G − C ) on the
′
left side of C , we reate an edge vi w and for ea h edge vi w on the right side of
C we reate an edge vi′′ w . The new edges are dire ted in the same way as the
orresponding edges in G. The rotation system of the new graph is determined

Now we des ribe the

utting operation. When

by the rotation system of

G

utting

in the obvious way; the main dieren e is that the

opies of adja ent edges of C be ome adja ent in the rotations of the verti es
′′
and vi . The orientation of ea h new edge is the same as the orientation of
the orresponding original edge. Alternatively, we an perform several swit hing

vi′

operations to make the orientations of all the

operation

at a vertex

v

reverses the rotation of

y le edges positive. A

v

and

all its in ident edges. The swit hing operation does not
as it preserves all fa ial
The result of the
hara teristi

χ(S)+2.

swit hing

hanges the orientations of
hange the embedding

y les.

utting operation is an embedding into a surfa e of Euler
This surfa e is obtained by pat hing the two holes
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reated

v1′′
C ′′
C

v1

v1′
C′

v5

v5′′

v2

v5′
v4′

v4

v3′

v3
v4′′

Figure 3.1: Cutting along a two-sided
the edges of

C

v2′′

v2′

are

y le

C.

v3′′

For simpli ity, the orientations of

hosen to be positive and the dire tions of the edges are not

drawn.

−1

D

+1

C

v1

+1

+1

+1

v1′

v5′′

v2′

+1

v4′′
v5

v2

v3′′

+1
−1

v3′

+1

v4
v3

v2′′

+1

+1

labels

and

−1

y le

C

v5′

v1′′

+1

+1

+1

−1

Figure 3.2: Cutting along a one-sided

+1

v4′

on a nonorientable surfa e. The

denote the orientations of the

y le edges. For simpli ity, the

dire tions of the edges are not drawn.

by the

utting with two dis s, so the

y les

C′

and

C ′′

be ome fa ial

y les of the

new embedding.
utting of G along a one-sided y le C = v1 v2 . . . vk , we repla e C with
′ ′
′ ′′ ′′
′′
a new y le D = v1 v2 . . . vk v1 v2 . . . vk ; see Figure 3.2. Although D is one-sided,
we an still distinguish the left and the right side of the path P = v1 v2 . . . vk . For
′
ea h edge vi w (w ∈ G − C ) on the left side of P we reate an edge vi w and for
′′
ea h edge vi w on the right side of P we reate an edge vi w . The dire tions and
the orientations of new edges and the rotation system of the new embedding are
When

determined similarly as in the previous

ase. The result is an embedding into a

χ(S) + 1.

This surfa e is obtained by pat hing the

surfa e of Euler
hole

hara teristi

reated by the

utting with a dis . The

y le

D

be omes a fa ial

y le of

the new embedding.

3.3.4 Redu ing the genus
Starting from the given embedding
graph along nonseparating

Π

of the graph

G,

y les, as long as the Euler
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we sequentially
hara teristi

ut the

of the em-

Π′0

s′

...

t′1

t′3

Figure 3.3: The surfa e obtained after gluing several

bedding is smaller than

2.

Sin e ea h

t′4

t′2

t′

opies of

Π′

...

with two holes.

utting operation in reases the Euler

(and de reases the genus), after at most g uttings we get a pla′
′
nar embedding Π of a graph G . Sin e the utting operation preserves fa ial
′
′
′′
′
′′
′
′′
y les, the embedding Π
ontains fa ial y les C1 , C1 , C2 , C2 , . . . , Cg ′ , Cg ′ and
D1 , D2 , . . . , Dg′′ , where ea h pair Ci′ , Ci′′ orresponds to a utting along a twosided y le Ci and ea h Di orresponds to a utting along a one-sided y le. The
′
′′
fa es bounded by the y les Ci , Ci and Di are alled
. Ea h utting in reases
hara teristi

holes

the number of verti es at most twi e and
most
be

g

uttings are performed, the graph

onstru ted in logspa e as well.
The verti es

s

and

t

an be performed in logspa e. Sin e at
g
has at most 2 · n verti es and an

G′

might be split into more verti es during the

uttings. In

ase we just hoose one of the opies of s and one of the opies of t and all
′
′
′ ′
′
them s and t , respe tively. The existen e of a dire ted s -t -path in G implies

su h a

the existen e of a dire ted
that a dire ted path in

G

s-t-path in G,
was

but not the other way. It might happen

ut into several pie es during the

uttings.

3.3.5 Restoring onne tivity
′
To restore the onne tivity of G , we an glue a ertain number of opies of the
′
′
embedding Π together. Two opies an be glued by the y le Ci in one opy
′′
with the y le Ci in the other opy so that orresponding verti es and edges are
′ ′
′ ′′ ′′
′′
identied. Or, we an glue them by the y le Di = v1 v2 . . . vk v1 v2 . . . vk in one
′
′′
opy with the same y le Di in the other opy, so that the verti es vi , vi from
′′
′
one opy are identied with vi , vi from the other opy, respe tively.
From the des ription of the utting operations it follows that the total number
′
of holes in Π is equal to 2 − χ(S) ≤ 2g . In ase S is the proje tive plane, the
′
′
embedding Π has a single hole D1 , so we an glue at most two opies of Π
together to get an embedding in the sphere (whi h is the universal over of the
′
ases χ(S) ≤ 0 so Π has at least two holes and

proje tive plane). In all other

opies together. In ase S is the torus or the
′
′
Klein bottle, we have χ(S) = 0 and two holes in Π . In other words, Π is an
′
embedding in the ylindri al surfa e. Thus every gluing of several opies of Π
we

an glue arbitrary number of

will again result in an embedding in the
all

S

with

χ(S) < 0

we have at least

3

ylindri al surfa e; see Figure 3.3. For
Π′ and the gluing will result in

holes in

an embedding in a surfa e with a tree-like stru ture; see Figure 3.4. Note that in
every

ase the resulting embedding will remain planar, sin e the surfa e obtained

by the gluing is homeomorphi to a subset of the plane.
′
′
′
We start with Π0 , a root opy of Π , and glue a opy of Π to ea h hole of
′
g
′
Π0 . Then in 2 · n − 1 subsequent steps we glue a opy of Π to ea h hole of the

embedding

onstru ted in the previous step; see Figure 3.4. We obtain a planar
′
embedding of a graph H that has better onne tivity than G . More pre isely,
′
′
G has a dire ted s-t-path if and only if s in Π0 is onne ted by a dire ted path
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Π′0

s′
C1′
C1′′

D1

C1′′

D1

C1′

D1

t′2

t′1
C1′

t′

C1′′

D2

D2
D2

t′3

D1

D2

C1′

C1′′

t′4
C1′′

C1′

D2

Figure 3.4: The surfa e obtained after the rst step of gluing

D1

opies of

Π′

with

more than two holes.
to one of the
dire ted

t′ in H . This follows from the observation that ea h
G that was ut into i omponents (in luding one-vertex

opies of

s-t-path P

in

omponents that arise when more

i−1

is restored after at most

utting

steps, as a

y les pass through the same vertex)

lifted

dire ted path

Pe

in

H.

In ea h step the number of holes in the underlying surfa e (and hen e the
′
number of new opies of Π to be added in the next step) in reases (1 − χ(S))-

times.

S

It follows that if

onstru tion terminates
′
after the rst step and the graph H will be only twi e as large as G . In ase S is
g
the torus or the Klein bottle, the graph H onsists of 1 + 2 · (2 · n − 1) opies of
′
Π and so it has only quadrati size in n and an be onstru ted in logspa e. In
all other

ases, however,

H

is the proje tive plane our

has exponential size and thus

annot be

onstru ted

in logspa e.
We show that instead of
with the same

H

we

an take a subgraph of

H

of polynomial size

onne tivity.

Lemma 3.3. There is a logspa e- onstru tible dire ted plane graph K (of polynomial size) ontaining verti es s′ , t′1 , t′2 , . . . , t′N su h that s is onne ted by a
dire ted path to t in G if and only if s′ is onne ted by a dire ted path to one of
the verti es t′i in K .
For the nal step of the redu tion we use the following result of Allender et
al. [ABC+09℄.

Lemma 3.4. [ABC+09℄ Given a dire ted planar graph H ontaining verti es
s′ , t′1 , t′2 , . . . , t′N , there is a logspa e- onstru tible dire ted planar graph H ′ ontaining verti es s′′ and t′′ su h that H ′ ontains a dire ted s′′ -t′′ -path if and only
if H ontains a dire ted path from s′ to one of the verti es t′i .
The proof of Lemma 3.4 uses a redu tion of planar rea hability to a spe ial

s and t are on the outer fa e. Su h a redu tion is
s′ , t′i in H , yielding a planar graph Hi with s′ and t′i on
′′
new vertex s is added and onne ted by a dire ted edge
Hi . Similarly, a new vertex t′′ is added and ea h vertex t′i
′′
ted edge to t .

ase where both verti es
performed for ea h pair
its outer fa e. Then a
′
opy of s in ea h

to a
is

onne ted by a dire

3.3.6 Proof of Lemma 3.3
The main idea of the
the tree stru ture of

H

onstru tion is that only polynomially many bran hes of
are needed to

over the lifts of all
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s-t-paths

in

G.

We

P6

C1′

D1
P4

P1

P3
P5

s′

C1′′

D2

P7
P2

Figure 3.5: A path

P

of type

v′

P8

(C1′ , D2 , D1 , C1′ , D1 , C1′ , D2 )

ut into eight pie es.

show how to identify these bran hes and how to enumerate them in logspa e.
Let

P

be a (not ne essarily dire ted) s-v -path in G, where v is an arbitrary
(P1 , P2 , . . . , Pk ), k ≤ 2g · n, denote the sequen e of paths in G′ that

vertex. Let

uttings. Ea h

Pi

is a

ontains the terminal vertex of

Pi

and

arise from

P

by the

urve (possibly with zero length) with
′
′
endpoints on the boundary of some hole (ex ept P1 starts in s and Pk ends in v ,
′
′
where v is one of the opies of v in G ).
′
′′
The
of P is a sequen e (X1 , X2 , . . . , Xk−1 ) of y les Ci , Ci or Di su h that

type

Xi

orresponds to the

utting operation

that separated the omponents Pi and Pi+1 . See Figure 3.5. If Xi is the y le
Cj′ (Cj′′ , Dj ), then let Xi′ denote the y le Cj′′ (Cj′ , Dj , respe tively). Similarly we
dene the

type

and ending in

for every

v.
P

The type of
opies the

s-v -

urve, that is,

a

determines through whi h

urve embedded in
opies of

regions of H ) the lifted path Pe passes.

G′

in

H

S

starting in

(we shall

s

all these

The number of dierent types of

dire ted paths in

G

lifted paths are

ontained in a union of only polynomial number of regions. To

may be exponential, but we show that all the

orresponding

show this it is enough to prove that there are only polynomially many regions
ontaining the terminal vertex of some lifted
the

terminal region of the

If

Xi′ = Xi+1

for some

s-v -path.

Every su h region is

alled

orresponding path.

i ≤ k − 2,

then the path

Pi+1

boundary of the same hole, whi h means that the paths
in the same region. Thus after removing

Xi

and

Xi+1

starts and ends on the

Pi

and

Pi+2

terminate

from the sequen e

X =

(X1 , X2 , . . . , Xk−1) we get a sequen e Y , whi h is a type of a urve that we get
P by repla ing Pi+1 and parts of Pi and Pi+2 in a neighborhood of Xi with
a urve drawn along the y le Xi ; see Figure 3.6. Hen e Y determines the same
terminal region as X . The resulting s-v - urve does not onsist of the edges of
G only, but it still passes through ea h vertex of G at most on e. Even if more
redu tions o ur at the same y le Xi , we an make sure that the new urve does
′
not ross itself, whi h follows from the planarity of Π . An s-v - urve P and its
′
type (X1 , X2 , . . . , Xk−1 ) are alled redu ed if there is no i su h that Xi = Xi+1 .
From the pre eding observation it follows that for ea h s-v -path P in G there is
a redu ed s-v - urve with the same terminal region.
Let P be a redu ed s-v - urve in S . We dene an undire ted hara teristi
multigraph of P , whi h we denote by M(P ), together with its planar embedding;
′
′
see Figure 3.7. The vertex set of M(P ) onsists of the points s and v in the
′
′
′′
embedding Π and points ci , ci and di hosen in the interiors of the holes bounded
from
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Xi

Xi

Pi+2

Pi

Pi

Xi′

Xi′
Pi+1

Figure 3.6: Redu ing a path.

c′1

c′1

d1
1

b′1
b′′1

s′

s′
d2

c′′1

Figure 3.7: The
and its

0
b′1

hara teristi

1
1

b′′1 0
c′′1

v′

M (P )

d1

2

multigraph of the path

2

d2

1
v′

W (P )

P

from Figure 3.5 (left)

orridor multigraph (right).

Ci′ , Ci′′

For ea h part Pi we draw an edge
′
inside the y les Xi−1 and Xi (ex ept for P1 and
Pk , where one of the verti es is s′ or v ′ , respe tively). The edge is drawn along
′
′
the urve Pi in Π and extended to the points xi−1 and xi at ea h end.
′
′′
′
We also add auxiliary leaf verti es bi and bi joined by auxiliary edges to ci
′′
′
′′
and ci . The points bi and bi are hosen as points in the interiors of the y les
′
′′
′′ ′′
′
′′ ′′
′
Ci and Ci , between two onse utive edges x′i vj′ , x′i vj+1
and xi vj , xi vj+1 , where vj
′′
′
′′
′
′′
orresponds to vj and vj+1 orresponds to vj+1 when the y les Ci and Ci are
′
′′
glued together. Then we an dene a linear ordering Li (Li ) of the (nonauxiliary)
′
′′
′
′′
′
′′
edges in ident with ci (ci ), starting at bi (bi ) and going around the vertex ci (ci ,
respe tively) in lo kwise dire tion. This allows us to re onstru t the type of the
by the

y les

between the verti es

and

x′i−1

Di ,

and

respe tively.

xi

urve P from the hara teristi multigraph M(P ), by walking along the
M(P ) in a deterministi way. The urve starts at s′ and ends at v ′ .
′
′′
′
When the urve arrives at the vertex ci (ci ) along the j -th smallest edge in Li
′′
′′
′
′′
′
(Li ), it ontinues from ci (ci ) along the j -th largest edge in Li (Li , respe tively).
When the urve arrives at di , it ontinues from the same vertex along the opposite
edge in ident with di .
If the multigraph M(P ) has more than one omponent, we sequentially add
original

edges of

auxiliary edges joining two dierent
M ′ (P ).
Now we

onstru t a

that get weight

M ′ (P ).

We de-

orridor multigraph W (P ) as follows.

and set the weights of all edges to

0).

onne ted multigraph

ompa t des ription of the multigraph

ne a weighted embedded undire ted

W0 (P ) = M(P )

omponents, to get a

1

Then repeat the following step: if there is a fa e
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Put

(ex ept the auxiliary edges

f

in

Wi (P )

e1 and e2 with weights w(e1 ) and w(e2 ), onstru t
Wi+1 (P ) from Wi (P ) by merging the edges e1 and e2 into a single edge with
g
weight w(e1 ) + w(e2 ), thus removing the fa e f . After at most 2 · n steps we get
a multigraph W (P ) where all fa es are bounded by at least three edges. Indeed,
W (P ) ontains no loops as P is a redu ed urve, and all bigons were eliminated
in the onstru tion of W (P ). By Euler's formula, W (P ) has at most 3(2g + 2) + 6
g
edges, while the sum of the weights of the edges is at most 2 · n. Clearly, we
an re onstru t M(P ) (and hen e the type and the terminal region of P ) from
the orridor multigraph W (P ) by repla ing ea h edge of weight w by w parallel
bounded by only two edges

edges.
The

onstru tion of

edges of

M ′ (P ) in

W (P )

a bigon with the previous edge
in the
if

ei

an be a hieved in logspa e as follows. Take the

lo kwise order around ea h vertex. If the

ei−1 , in

urrent edge

rease the weight of the

ei forms

orresponding edge

orridor multigraph by one. Otherwise form a new edge of weight

is auxiliary) if

ei

(or

0

has not been visited already from its other endpoint.

Up to homeomorphism, there are only a
multigraphs with at most
be generated in

1

3(2g + 2) + 6

onstant number of

edges.

onne ted plane

Thus all su h multigraphs

onstant spa e. To get all the possible

orridor multigraphs, we

need to assign weights to the edges. As ea h of the multigraphs has a
number of edges and the sum of weights is linear in

an

onstant

n, there are only polynomially

many dierent assignments of the weights to the edges. Therefore, there are only
polynomially many

orridor multigraphs, up to homeomorphism. Clearly, all
g
the weight assignments (de ompositions of a number m ≤ 2 · n into a sum of
onstantly many nonnegative integers)
By the previous dis ussion, we
orresponding to a given
onstru ted by taking a

an be generated in logspa e.

an easily determine the type of the

urve

orridor multigraph in logspa e. The graph K is now
G′ for ea h of the generated types, and gluing

opy of

the appropriate pairs of these

opies together.
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4. Continuous de ay of the

rossing

number

4.1 Introdu tion
m(G) the number
of its edges. If it is lear from the ontext, we simply write n and m instead of n(G)
and m(G). The rossing number r(G) of a graph G is the minimum number of
edge rossings over all drawings of G in the plane. In the optimal drawing of G,

For any graph

G, let n(G) denote the number of its verti

es and

rossings are not ne essarily distributed uniformly among the edges. Some edges
ould be more responsible for the
any xed

G

but

k,

it is not hard to

has an edge

e

rossing number than some other edges. For

onstru t a graph

G\e

su h that

G

whose

rossing number is

is planar. Ri hter and Thomassen [RT93℄

started to investigate the following general problem. We have a graph
want to remove a given number of edges. By
number de rease? They
graph

G

with

proved that

G

r(G) = k

at least how mu

has an edge with

G,

h does the

c su
√h
edge e with r(G − e) ≥ k − c k .
r(G − e) ≥ 25 k − O(1).

onje tured that there is a
has an

k,

onstant

and we
rossing

that every
They only

Pa h, Radoi£i¢, Tardos, and Tóth [PRTT06℄ proved that for every graph G
3
103
n(G), we have
with m(G) ≥
(G) ≥ 0.032 m
. It is not hard to see [PT00℄
16
n2
that for
edge e, we have
(G − e) ≥
(G) − m + 1. These two results

any

r

r

r

m ≥ 8.1n,
Ω(n2 ) edges.

imply an improvement of the Ri hterThomassen bound if

imply the Ri hterThomassen

onje ture for graphs with

J. Fox and Cs. Tóth [FT08℄ investigated the

positive fra tion of the edges.

and also

ase where we want to delete a

Theorem A. [FT08℄ For every ε > 0, there is an nε su h that every graph G
with n(G) ≥ nε verti es and m(G) ≥ n(G)1+ε edges has a subgraph G′ with
and


ε
m(G)
m(G′ ) ≤ 1 −
24


1
′
r(G ) ≥
− o(1) r(G).
28

We generalize Theorem A and show that the de ay of the

rossing number is

ontinuous in the fra tion of deleted edges.

Theorem. For every ε, γ > 0, there is an nε,γ su h that every graph G with
n(G) ≥ nε,γ verti es and m(G) ≥ n(G)1+ε edges has a subgraph G′ with
and


εγ 
m(G′ ) ≤ 1 −
m(G)
1224

r(G′ ) ≥ (1 − γ) r(G).

Re ently, Balogh, Leanos and Salazar [BLS12℄ proved a variant of Theorem A
for sparse graphs with no arti ially inated edges. That is, graphs that

ontain

no nontrivial planar subgraphs atta hed to the rest of the graph by a pair of
verti es.
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4.2 Proof of the Theorem
Our proof is based on the argument of Fox and Tóth [FT08℄, the only new ingredient is Lemma 4.1.

Denition. Let r ≥ 2, p ≥ 1 be integers. A 2r-earring of size p is a graph that is
a union of an edge uv and p edge-disjoint paths between u and v , ea h of length
at most 2r − 1. The edge uv is alled the main edge of the 2r-earring.
Lemma 4.1. Let r ≥ 2, p ≥ 1 be integers. There exists n0 su h that every
graph G with n ≥ n0 verti es and m ≥ 6prn1+1/r edges ontains at least m/3pr
edge-disjoint 2r-earrings, ea h of size p.
Proof. By the result of Alon, Hoory, and Linial [AHL02℄, for some n0 , every graph
with

2r .

n ≥ n0

verti es and at least

n1+1/r

edges

ontains a

y le of length at most

n ≥ n0 verti es and m ≥ 6prn1+1/r edges. Take a
maximal edge-disjoint set {E1 , E2 , . . . , Ex} of 2r-earrings, ea h of size p. Let
E = E1 ∪ E2 ∪ · · · ∪ Ex , the set of all edges of the earrings and let G′ = G − E .
′
′
Now let E1 be a 2r -earring of G of maximum size. Note that this size is less than
p. Let G′1 = G′ − E1′ . Similarly, let E2′ be a 2r -earring of G′1 of maximum size and
′
′
′
let G2 = G1 − E2 . Continue analogously, as long as there is a 2r -earring in the
′
′
′
remaining graph. We obtain the 2r -earrings E1 , E2 , . . . , Ey , and the remaining
′′
′
′
′
′
′
graph G = Gy ontains no 2r -earring. Let E = E1 ∪ E2 ∪ · · · ∪ Ey .
1+1/r
1+1/r
. Suppose on the ontrary that y ≥ n
. Take the
We laim that y < n
′
′
′
1+1/r
main edges of E1 , E2 , . . . , Ey . We have at least n
edges so by the result of
Alon, Hoory, and Linial [AHL02℄ some of them form a y le C of length at most
2r . Let i be the smallest index with the property that C ontains the main edge
′
′
′
of Ei . Then C , together with Ei would be a 2r -earring of Gi−1 of greater size
′
′
than Ei , ontradi ting the maximality of Ei .
′
′
′
Ea h of the earrings E1 , E2 , . . . , Ey has at most (p − 1)(2r − 1) + 1 edges so
′
1+1/r
′′
we have |E | ≤ y(p − 1)(2r − 1) + y < (2pr − 1)n
. Sin e G
ontains no
2r -earring, it ontains neither a y le of length at most 2r , sin e this would be a
2r -earring of size one. Therefore, by [AHL02℄, for the number of edges of G′′ we
′′
1+1/r
have the upper bound e(G ) < n
.
1+1/r
It follows that the set E = {E1 , E2 , . . . , Ex } ontains at least m − 2prn
≥ 32 m edges. Ea h of E1 , E2 , . . . , Ex has at most p(2r − 1) + 1 ≤ 2pr edges,
therefore, x ≥ m/3pr .
Suppose that

G

has

Lemma 4.2. [FT08℄ Let G be a graph with n verti es, mPedges, and degree
ℓ−1
di < 4m/3 but
d1 ≤ d2 ≤ · · · ≤ dn . Let ℓ be the integer su h that i=1
sequen
e
Pℓ
2
i=1 di ≥ 4m/3. If n is large enough and m = Ω(n log n) then
ℓ

1 X 2
d.
r(G) ≥
65 i=1 i

Proof of the Theorem.

Let ε, γ ∈ (0, 1) be xed. Choose integers r, p su h that
1
67
1
2
. It follows that we have
.
< r ≤ ε , and γ < p ≤ 68
< ε ≤ 2r , and 67
< γ ≤ 68
ε
γ
r
p
p
Then there is an nε,γ with the following properties: (a) nε,γ ≥ n0 from Lemma 4.1,
1+ε
(b) (nε,γ )
> 18pr · (nε,γ )1+1/r .
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G be a graph with n ≥ nε,γ verti es and m ≥ n1+ε edges. Let v1 , . . . , vn be
the verti es of G, of degrees d1 ≤ d2 ≤ · · · ≤ dn . Dene ℓ as in Lemma 4.2, that
Pℓ−1
Pℓ
is,
i=1 di < 4m/3 but
i=1 di ≥ 4m/3. Let G0 be the subgraph of G indu ed
′
by v1 , . . . , vℓ . Observe that G0 has m ≥ m/3 edges. Therefore, by Lemma 4.1
G0 ontains at least m′ /3pr ≥ m/9pr edge-disjoint 2r -earrings, ea h of size p.
Let M be the set of the main edges of these 2r -earrings. We have |M| ≥
εγ
m. Let G′ = G − M and G′0 = G0 − M .
m/9pr ≥ 1224
′
′
Take an optimal drawing D(G ) of the subgraph G ⊂ G. We have to draw the
missing edges to obtain a drawing of G. Our method is a randomized variation of
Let

the embedding method, whi h has been applied by Leighton [L83℄, Ri hter and
Thomassen [RT93℄, Shahrokhi et al. [SSSV97℄, Székely [S04℄, and most re ently

ei = ui vi ∈ M ⊂ G0 , ei is the
deleted main edge of a 2r -earring Ei ⊂ G0 . So there are p edge-disjoint paths in
G0 from ui to vi . For ea h of these paths, draw a urve from ui to vi innitesimally
lose to that path, on either side. Call these p urves potential ui vi -edges and all
the resulting drawing D . Note that a potential ui vi -edge rosses itself if the
orresponding path does. In su h ases, we redraw the potential ui vi -edge in the

by Fox and Tóth [FT08℄. For every missing edge

neighborhood of ea h self- rossing to get a non rossing
To get a drawing of

ui vi -edges

G,

for ea h

ei = ui vi ∈ M ,

urve.

hoose one of the

p

at random, independently and uniformly, with probability

draw the edge

ui vi

as that

urve.

rossings in the obtained drawing of
′
are innitesimally lose to a rossing in D(G ),
′
are innitesimally lose to a vertex of G0 in D(G ).

ategory rossings
rossings



1
2
1+ + 2
p p

Indeed, for ea h edge of

G′ ,

1/p,

and

First
se ond ategory

There are two types of new

The expe ted number of rst

potential

ategory



rossings is at most

2

1
r(G ) = 1 +
p
′

there

G.

r(G′ ).

an be at most one new edge drawn next

to it, and that is drawn with probability at most 1/p. Therefore, in the lose
′
neighborhood of a rossing in D(G ), the expe ted number of rossings is at most
(1 + 2p + p12 ). See gure 4.1(a).

vi

(b)

(a)
Figure 4.1: The thi k edges are edges of
Figure shows (a) a neighborhood of a
′
of a vertex vi in G .

G′ , the thin edges are the potential edges.
′
rossing in D(G ) and (b) a neighborhood

In order to estimate the expe ted number of se ond
sider the drawing

D

near a vertex

vi

of

G0 .
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ategory

rossings,

on-

In the neighborhood of the vertex

vi

di

we have at most

original edges. Sin e we draw at most one potential edge

di

along ea h original edge, there

an be at most

hood. Ea h potential edge

ross ea h original edge at most on e, and any two

potential edges

an

number of se ond
2d2i . (This bound

an

potential edges in the neighbor-

ross at most twi e. See gure 4.1(b). Therefore, the total
ategory

rossings in

D

in the neighborhood of

an be substantially improved with a more

vi

is at most

areful argument,

see e. g. [FT08℄, but we do not need anything better here.) To obtain the drawing
of

G,

rossings in the neighborhood of

fa t that the self- rossings of the potential

G

1/p, so the expe
vi is at most ( p1 + p12 )d2i , using
uv -edges have been eliminated.

we keep ea h of the potential edges with probability

number of

ted
the

Therefore, the total expe ted number of rossings in the random drawing of
P
(1 + 2p + p12 ) (G′ ) + ( p1 + p12 ) ℓi=1 d2i .
There exists an embedding with at most this many rossings, therefore, by

r

is at most

Lemma 4.2 we have

2

1
r(G) ≤ 1 +
p
2

1
≤ 1+
p

r(G ) +
′

r(G′ ) +




1
1
+ 2
p p

X
ℓ

65 65
+ 2
p
p

d2i

i=1



r(G).

It follows that



65 65
− 2
1−
p
p

so


2
1
r(G) ≤ 1 +
p

2


1
65 65
− 2
1−
1−
p
p
p



65 65
2
1−
1−
− 2
p
p
p
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1−
p
onsequently,

(1 − γ)

r(G′ ),

2

1
r(G) ≤ 1 − 2
p

r(G′ ),

r(G) ≤ r(G′ ),
r(G) ≤ r(G′ ),

r(G) ≤ r(G′ ).

4.3 Con luding remarks
In the statement of our Theorem we

(1 − δ)m(G)

one

every subgraph G′ with
r(G), instead of just

annot require that
rossing number
(G′ ) ≥ (1 − γ)

r

edges has
′
su h subgraph G . In fa t, the following statement holds.

Proposition 4.3. For every ε ∈ (0, 1) there exist graphs Gn with n(Gn ) = Θ(n)
verti es and m(Gn ) = Θ(n1+ε ) edges with subgraphs G′n ⊂ Gn su h that
m(G′n ) = (1 − o(1)) m(Gn )
69

and
Proof.

r(G′n) = o( r(Gn )).
Roughly speaking,

Gn

will be the disjoint union of a large graph

G′n

with

low rossing number and a small graph Hn with large rossing number. More
′
′
pre isely, let G = Gn be a disjoint union of graphs G = Gn and H = Hn , where
G′ is a disjoint union of Θ(n1−ε ) omplete graphs, ea h with ⌊nε ⌋ verti es and
H is a omplete graph with ⌊n(3+5ε)/8 ⌋ verti es. We have m(G) = Θ(n1+ε ) and
< 1 + ε. By the rossing lemma (see
m(H) = Θ(n(3+5ε)/4 ) = o(m(G)), sin e 3+5ε
4
(3+5ε)/2
e. g. [PRTT06℄),
(G) ≥
(H) = Ω(n
), but
(G′ ) = O(n1−ε · n4ε ) =
3+5ε
1+3ε
O(n
) = o( (G)), be ause 2 > 1 + 3ε.

r

r

r

r

In the preliminary paper [CKT08℄ we onje tured that we an require that a
′
positive fra tion of all subgraphs G of G with (1 − δ)m(G) edges has rossing
′
number
(G ) ≥ (1 − γ) (G). The following onstru tion shows that the
4/3−Ω(1)
onje ture does not hold in general for graphs with less than n
edges.

r

r

Proposition 4.4. For every ε ∈ (0, 1/3) and δ > 0 there exist graphs Gn with
n(Gn ) = Θ(n) verti es and m(Gn ) = Θ(n1+ε ) edges with the following property.
Let G′n be a random subgraph of Gn su h that we hoose ea h edge of Gn independently with probability p = 1 − δ . Then
r(G′n ) ≤ o( r(Gn ))] > 1 − e−δn

Pr [

Proof.

As in Proposition 4.3, the idea is to build the graph

disjoint graphs

H

Ω(1/3−ε)

K

and

H , where K

is a small graph with large

is a large graph with low

.
G = Gn

from two

rossing number and

rossing number. In addition, deleting a random

onstant fra tion of edges from

H

will break all the

rossings in

H

with high

probability.
Now we des ribe the

γ >0

be a

onstant
1−ε

3ε + 5γ > 1. Let K be a disjoint union of Θ(n )
ε
omplete graphs, ea h with n verti es (we omit the expli it rounding to keep the
1+ε
notation simple). We have m(K) = Θ(n
) and r(K) = Θ(n1+3ε ).
1−2γ
onsists of ve main verti es v1 , v2 , . . . , v5 and n
interThe graph H
γ
nally vertex disjoint paths of length n
onne ting ea h pair vi , vj . The graph
H has n(H) = Θ(n1−γ ) verti es and m(H) = Θ(n1−γ ) edges. We laim that
r(H) = n2−4γ . The upper bound follows from the fa t that the rossing number
of K5 is 1. We take a drawing of K5 with one rossing and repla e ea h edge
e by n1−2γ paths drawn lose to e. For the lower bound, take a drawing of H
minimizing the number of rossings. Let pi,j be a path with the minimum number
of rossings among the paths onne ting vi and vj . By redrawing all the other
paths onne ting vi and vj along pi,j the rossing number of the drawing does not
hange. The paths pi,j together form a subdivision of K5 , therefore at least one
pair pi,j , pk,l of the paths rosses. Due to the redrawing, every path onne ting
vi and vj rosses every path onne ting vk and vl , whi h makes n2−4γ rossings.
1+3ε
By the hoi e of γ , we have n
= o(n2−4γ ), therefore r(G) = Θ( r(H)) and
r(K) = o( r(G)).
′
Let G be a random subgraph of G where ea h edge of G is taken independently
′
′
with probability p = 1 − δ . Let H = G ∩ H . We show that with high probability,
′
′
H is a forest, in parti ular r(H ) = 0. This happens if at least one edge is
su h that

3ε + 4γ < 1

onstru tions more pre isely. Let

and

70

missing from every path

onne ting two main verti es of

H.

The probability of

su h an event is at least
γ

1 − n · (1 − δ)n ≥ 1 − e−δn
It follows that with this probability,

γ +log n

≥ 1 − e−δn

Ω(1/3−ε)

.

r(G′ ) ≤ r(K) ≤ o( r(G)).

onstru tion the number δ does not have to be
γ
onstant: it is enough to delete a random δ = c log n/n fra tion of the edges to
Note that in the previous

get the same

on lusion with probability almost

1.

Balogh, Leanos and Salazar [BLS12℄ extended the
sition 4.4 also to the

ase

ε = 1/3.

The question whether deleting a small random
of a graph

G

onstru tion from Propo-

de reases the

onstant fra tion of the edges

rossing number only by a small onstant fra tion
n4/3 edges. We do not know the answer

remains open for graphs with more than

even to the following weaker version of the question.

Problem 7. Let ε ∈ (0, 2/3) and p ∈ (0, 1) be onstants. Does there exist c(p) > 0
and n0 su h that for every graph G with n(G) > n0 and m(G) > n(G)4/3+ε , a
random subgraph G′ of G with ea h edge taken with probability p has rossing
number at least c(p) · r(G), with probability at least 1/2?
The graphs in Proposition 4.4 have small number of edges responsible for
almost all the

G

to have

rossings. Is this the only way how to for e a random subgraph of

rossing number

o(

r(G))?

Problem 8. Let ε > 0. Does there exist n0 and δ su h that every graph G with
n(G) ≥ n0 and m(G) ≥ n(G)1+ε has a subset F of o(m(G)) edges su h that
every subgraph G′ of G with m(G′ ) ≥ (1 − δ)m(G) and E(G′ ) ⊂ E(G) \ F has
r(G′ ) ≥ (1 − ε) r(G)?
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