Classic description of NMR

Bloch's equations

d _ _ . magnetization State of the spin system
—M(t) =y M(¢t) X B(t)

dt magnetic field Manipulation with magnetization

Evolution in time — rotation of magnetization Everything in a rotating coordinate system

Chemical shift RF pulse
(after subtracting Larmor precession) Rotation around
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_ y-axes

| fi Rotation w1 (pulse phase)
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Zoavis M, cos wit + M, sin w4t
y

o
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N
. X Bl\}
0 M, cos Qt + M,, sin )t

[Valid only for the set of non-interacting spins 1/2]




Modern description of NMR

Quantum description

Liouville-von Neumann Density matrix State of the spin system
d
P = —1i [H, p] Hamiltonian energy operator
Classically E=—[- B = —yf- B = —YBol, = wyl,
Quantum o [H = Wo Iz]
Hamiltonian angular momentum operator

(energy operator)
Larmor frequency

Density matrix Analogy with the classical vector model
* Linear combination of angular momentum set of non-interacting

operators — product operators spins 472
 evolution over time — rotation of product I, — M.

operators I, — M,

1, — M,




Modern description of NMR

DenSity matrix set of non-interacting
 Linear combination of angular momentum L. L. ] spins 1/2
x1 lys 1z
operators — product operators
Equilibrium state Boltzman distribution Zeeman Hamiltonian
__H_ H Byl
pequkBT%]___—:]_ ’Y z
kgT kgT
T Boltzman factor
Peq ™~ 1z (size of magnetization)

 evolution over time — rotation of product operators

Chemical shift RF puIIsci L otation around
Rotation around ‘L axis I,
axis I, w1 (pulse with
phasey)
I, cosw it + I, sinwt




Modern description of NMR

Formalism of Product Operators basis in spin space (assuming all spin-1/2)
Product AN operator operator operator
= 2 X ) X ) X ... X .
operator spin 1 spin 2 spin N
Set of non-interacting spins 1/2 Set of two 1/2 spins with J coupling
N=1 N =2
4 basis operators 16 basis operators
1 1
Loy Ly, 1y, 5 1 -1
Pauli matrices _
populations I, S,
single quantum coherences Iy, Iy’ Sx Sy
21,,S,, 21,S,, 21,Sy, 21,S,
multiple quantum coherences 2L,.S,, ijgy, ZIxSy’ ZIny

two-spin order 21,S,



Product Operators and NMR spectrum

magnetization M(t) = M, cosQt + M,, sinQt
L)
« G
= Density matrix p(t) = I, cos Qt + I, sin Ot
| # z
Quadrature detection e"/,oe ‘99/};9
L . 7r v
to discriminate the sign of frequency '09,7
(sense of rotation of ,,magnetization®)
[ FID =—> Projection of density matrix onto operator [_ ]
t .
s(t) =Tr{l,.p(t)} = My exp {i(ﬂt + @) — T_} I =1, —1,
2
Convention:
90y,

X

O__
+
o

Positive absorption
/ %‘ signal
— Iy

Peq =— L2



Product Operators and NMR spectrum

« Only ,single quantum coherences” lead to NMR signal
» We can assign a corresponding spectrum to these operators

@bsorption signaﬁ

Single spin
—] A absorpcni /' /\QI dispersive
y singlet Ix

I .
singlet
{Q Dispersive signal \/

Pair of spins with J coupling J\ﬁ
N \_ ) dispersion doublet,

J )
-ph
/\ /\absorption doublet, I A I n-phase
-1, | in-phase x Vo, V7
Q I
- dispersion doublet,
/\ J J anti-phase
absorption doublet,
~21,5, . P 2L,.S, A I\

fll[ \/ anti-phase \/Xrll\/



Product Operators and NMR Spectrum

1 =1I,+ I
Pair of spins with J coupling

1
I, =—-(I,—1
2( s)

— 1 —
I, ~I, = _213/515 21,S.
= 1,8, — 1,85 —21,S, = —1,S, + 1,55

absorption doublet,
anti-phase

0 0
absorption doublet,
in-phase




Product operators and RF pulse
_ frequency Hamiltonian
amplitude W
“1 [HRF = wlla]
- . phase a 4
Flip angle duration X, ¥ Xy
= wW1T T, e
¥ tp P Product operator
determining the axis
90, I, of rotation
IZ [ — —]y

oo

Examples
90,
L ——
| 90,

y

Rotation around axis
determined by phase

of the pulse

90 90
I, —— , —2
; 20,, ; 180,
y Z



Product operators and RF pulse

_ frequency Hamiltonian
amplitude w
w rf —
1 [HRF = wlla]
- - phase a p
Flip angle duration X, Yo XY .
Y = wiTp Tp -

Product operator
determining the axis

of rotation
I, 90« I,

IZ [ — —]y

Rotation around axis
determined by phase

Z@ I of the pulse
y

I
Examples
90, 920,, 90,,
L, — I, L, — —I, [, — I,
90 90 180
I, — I, I, —> I, I, — —I,



Product operators and chemical shift
Hamiltonian Hcs = —vBo (1 + dis0) I

[HCS =0 ]Z ] Product operator

"> determining the axis
of rotation

.Y
Rotation frequency

Qt

1] | —— I
zZ

Rotation around the z-axis

Qt
Ly ——
at
Iy
Qt



Product operators and chemical shift
Hamiltonian Hcs = —vBo (1 + dis0) I

[HCS =0 ]Z ] Product operator

"> determining the axis
of rotation

.Y
Rotation frequency

Qt

1] | —— I
zZ

Rotation around the z-axis

Ot

I, —— IycosQt+1,sin(lt
Ot

I, ——— I,cosQt —I,sin(lt
Ot

I, — [



Product operators and J coupling

Hamiltonian

weak J coupling

(=)

~~.. Product operator

2] < AQ Y determining the axis

Rotation frequency of rotation
(rad/s)

Rotation in the appropriate subspace

1. Label axes with components of the single spin
operator, for example I, I, 1,

2. On two axes, add the z-component of the second
spin operator multiplied by 2, that means 25,

3. Axes labels must contain an operator 21,5, and
operator to evolve, for example( L,

L

TJt
I, — Iycosmjt+ 21,5,sinmjt

Original New
operator operator



Product operators and J coupling

t
1 21,8, AR



Product operators and J coupling

tJt
21,5, — 21,5, cosmjt — I, sinmjt
21, S njt -
z Sz E‘} 21,S, —— 21, cosmjt + L, sinmjt
21, S, é
I, 21,5,
I
2L.S, Y
tJt
Sy —— §ycosnjt — 21,5, sinmnjt
21,5, (Lé\ / Only ,single quantum coherences” are evolving \
Ly Ly, Sy, Syy 21,7, 21,,S,, 21,5y, 21, S,
S
21, S, 4 » Other operators do NOT change due to J-couplings

S 2LS;, 25y, 21,5y, 21Sy, 21,y
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