FACULTY
OF MATHEMATICS

AND PHYSICS
Charles University

HABILITATION THESIS

Pavel Ruzicka

Representations of
Distributive Algebraic
Lattices

Department of Algebra

Prague, August 2017



To My Parents






Contents

Introduction v
Basic concepts xvii
Chapter 1. Lifting of distributive lattices by locally matricial algebras 1
1. Introduction 2
2. Notation and terminology 3
3. The category aux revised 4
4. The correspondence B: dsem — bool revised 6
5. Representation of distributive lattices revised 8
6. Lifting of the functor € with respect to Id, 13
7. Existence and non-existence of liftings 16
Chapter 2. Distributive congruence lattices of congruence-permutable

algebras 19
1. Introduction 20
2. Preliminaries 22
3. V-distances of type n 23
4. An even weaker uniform refinement property 24
5. Failure of WURP™ in Con. F, for F free bounded lattice 27

6. Representing distributive algebraic lattices with at most N;
compact elements as submodule lattices of modules 31

7. Representing distributive algebraic lattices with at most N
compact elements as normal subgroup lattices of groups 32

8. Representing distributive algebraic lattices with at most Ry
compact elements as f-ideal lattices of /-groups 33
9. Functorial representation by V-distances of type 2 35

Chapter 3. Free trees and the optimal bound in Wehrung’s solution of

the Congruence Lattice Problem 41
1. Introduction 42
2. Diluting functors 43
3. Free Distributive Extension is Diluting 45
4. Free Trees 47
5. The optimal bound in Wehrung’s Theorem 48

Chapter 4. Countable chains of distributive lattices and dimension
groups 53

iii



iv CONTENTS

1. Introduction 54

2. Notation and terminology 55

3. The construction 56
Chapter 5. Construction and realization of some wild refinement

monoids 63

1. Introduction 64

2. Preliminaries 65

3. Partial H-maps and their applications 66

4. Non-cancellative refinement monoids 70

5. The monoid Asg,, Bs,, and Cy, 75

6. Some linear algebra 82

7. The example of Bergman and Goodearl 85

8. Representing the monoids Ba, 91

Chapter 6. Boolean ranges of Banaschewski functions 95

1. Introduction 96

2. Preliminaries 97

3. The lattice 100

4. A Banaschewski function on 8 101

5. The counter-example 102

6. Representing 8 in a subspace lattice 105

7. Non existence of 3-frames 108

8. Coordinatizability 111

9. Maximal Abelian regular subalgebras 115

Acknowledgements 117

Bibliography 119



Introduction



vi INTRODUCTION

All monoids in the thesis are supposed to be commutative. The stable
equivalence on a monoid M, denoted by ~y, is the least congruence on M
such that the quotient My := M/ ~ is cancellative. The congruence is
defined by = ~g y if there exists z € M such that x + z = y + z, for all
x,y € M. The correspondence M — M ¢ extends canonically to a functor
that we denote by (—)s.

Directed Abelian groups

<—>/ (-)*
{ Cancellative monoids
AN
(—)s \

Monoids 1 Id

)
Id { (V, 0)-semilattices g
1
(=)e ! )Id
N

Algebraic lattices

F1cUure 1. Partially ordered Abelian groups, monoids, and
algebraic lattices

There is an universal map (—).: M — M, sending monoids to Abelian
groups. Moreover the algebraic order on a monoid M induces a partial
order on the target Abelian group M ,; such that the image of the monoid
corresponds to the positive cone of M. The construction of the partially
ordered Abelian group M, for a given monoid M is an analogy of the con-
struction of the field of fractions of a given commutative ring. We consider
the set of formal differences between pairs of elements from M and an equiv-
alence relation, say ~,, on them. The equivalence is given by x —y ~, 2 —u
provided that there is w € M such that x + v+ w = z + y + w. The map
(=)« is dermined by z + [z — 0]~,, © € M. Again, the correspondence
is canonically functorial. Notice that the partially ordered Abelian group
M., is directed, that is, it is, as a group, generated by the positive cone. It
is straightforward to see that this is equivalent to the partial order on M,
being upwards directed.

Let GT := {p € G | 0 < p} denote the positive cone of a partially or-
dered Abelian group G. Observing that an order preserving homomorphism
G — H maps the positive cone G of G into the positive cone H' of H,
we see that there is a functor (=)™ from the category of partially ordered
Abelian groups to monoids. Moreover, the composition (—)* o (—), is nat-
urally equivalent to the functor ~y.
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We denote by =< the least congruences on M such that M /< is a (V, 0)-
semilattice and we set V(M) := M /<. As in the previous cases, the corre-
spondence M — V(M) extends a functor.

The ideal lattice Id(8) of a (V,0)-semilattice 8 is an algebraic lattice
and, conversely, compact elements of an algebraic lattice £ form a (V, 0)-
semilattice, denoted by L.. Both the correspondences extend to functors
that are inverse to each other (up to obvious natural equivalences).

Here are more ideal-type functors to consider. Firstly, the functor that
assigns to a monoid M the algebraic lattice Id(M) of all o-ideals of M.
Secondly, the functor G + Id(G™") which assigns to a directed Abelian
group the algebraic lattice of all convex subgroups of G.

All the introduced functors are depicted in Figure 1. Note that the
diagram of functors is commutative (up to natural equivalences).

Directed interpolation groups

(=*

Cancellative refinement monoids

(=)s \
Reﬁnement monoids \ 1d

v

Dlstrlbutlve (\/ 0 -semilattices

\

Distributive algebralc lattices

FIGURE 2. Directed interpolation groups, refinement
monoids, and distributive algebraic lattices

We will be interested in structures that are mapped by the ideal functor
Id to algebraic lattices that are distributive. Starting from the bottom of
Figure 2, these are distributive (V, 0)-semilattice (cf. [27, Section IL.5]). In-
deed, a (V,0)-semilattice is distributive if and only if Id(8) is an algebraic
distributive lattice. Next we consider the class of refinement monoids, i.e,
the conical monoids that satisfy the Riesz refinement property. The maxi-
mal semilattice quotient V(M) of a refinement monoid M is a distributive
(V, 0)-semilattice and the lattice Id(M) of all o-ideals of M is distributive
(cf. [25, lemma 2.4]. Finally, a directed Abelian group G is an interpolation
group if and only if the positive cone G is a refinement monoid [21, Prop.
2.1]. In particular, the lattice Id(G) of all ideals (i.e, convex subgroups) of
a directed interpolation group is again distributive.

There are more structures in the picture as we tried to depict in Figure 3.
Given a ring R, we denote by V(R) the monoid of all isomorphism classes
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Dir. interpol. groups

P

> Regular rings (=)« (=)t

Compl. mod. lattices

Conc

NId ~ Con

Dist. alg. lattices

F1GURE 3. Regular rings, refinement monoids, and distribu-
tive (V, 0)-semilattices

of finitely generated projective right R-modules with addition derived from
direct sums. If the ring R is (Von-Neumann) regular, the monoid V (R) sat-
isfies the Riesz refinement property (see [22, Corollary 2.7]). The partially
ordered Abelian group V (R)., denoted by Ky(R), is called the Grothendieck
group of R. When we limit ourselves unital rings, it is appropriate to assign
to a ring R a partially ordered Abelian group Ky(R) with an order-unit
corresponding to the isomorphism class [ R] and study the category of par-
tially ordered Abelian groups with order units (cf. [22, Chapter 15]). If the
ring R is regular, then Ky(R) is a directed interpolation group.

We denote by L(R) the (V,0)-semilattice of all right finitely gener-
ated ideals of a ring R. For a regular ring, the (V,0)-semilattice £L(R)
is closed under finite meets, therefore £L(R) forms a lattice [22, Theorem
2.3]. Moreover, the lattice £(R) is modular and sectionally complemented
(complemented if R is with an unit element).

Congruences of sectionally complemented modular lattices correspond to
their neutral ideals (see [27, Section I11.3.10]). In particular, if R is a regular
ring, then the lattice Con(£L(R)) is isomorphic to the lattice NId(L(R)) of
all neutral ideals of £L(R). By [78, Lemma 4.2], an ideal of the lattice
L(R) (for a regular ring R) is neutral if and only if it contains with each
aR all principal ideals bR with bR ~ aR. It follows that Con(L(R)) ~
NId(L(R)) ~ Id(R) (see [78, Lemma 4.3]), and so, the lattice Id(R) of two-
sided ideals of a regular ring R is distributive. Moreover, combining [78,
Corollary 4.4 and Proposition 4.6] we get the isomorphisms Con (L (R)) ~



INTRODUCTION ix

V(V(R)) ~ 1d.(R) of distributive (V, 0)-semilattices, for every regular ring
R.

We have seen that a distributive algebraic lattice that is isomorphic to
the lattice of two-sided ideals of a regular ring is at the same time isomor-
phic to the congruence lattice of a modular sectionally complemented lattice.
This brings a connection with the Congruence lattice problem, whether every
distributive algebraic lattice is isomorphic to the congruence lattice of a lat-
tice. The conjecture has an interesting history (see [86]) and remained open
four over sixty years until the counter-example was found by F. Wehrung
[83]. We will discuss the Congruence Lattice Problem in detail in Chapter 3.

In this thesis we study various representation problems, namely for dis-
tributive algebraic lattices (resp. corresponding distributive (V, 0)-semilat-
tices), refinement monoids, or directed Abelian groups. For example, we ask
whether a given distributive algebraic lattice (or any algebraic lattice with
particular properties) is isomorphic to a lattice of all two sided ideals of a
regular ring, respectively, as a lattice of all compact subgroups of a directed
Abelian group. We might also restrict to some class of regular rings as,
for example, locally matricial algebras, or to some class of directed Abelian
groups, for example, dimension groups.

A more complex question is when we seek for a functorial solution, that
is, when we ask not only for representing a single object but for lifting
particular diagrams. Given a diagram A: J — C and a functor ¥: B — C,
a lifting of A with respect to ¥ is a functor ®: J — B such that the
composition ¥ o @ is naturally equivalent to A.

The thesis consists of six chapters, each based on a single paper and
related to a particular realization or lifting problem.

Chapter 1 is based on the paper [66]:

Liftings of distributive lattices by locally matricial alge-
bras with respect to the 1d. functor, Algebra Universalis
55 (2006), 239 — 257.

In the paper we study liftings with respect to the functor Id. from
the category of locally matricial algebras to the category of distributive
(V, 0)-semilattices. The problem goes back to [9]. In the unpublished notes
G. Bergman proved that

e every countable distributive (V, 0)-semilattice,

e every strongly distributive (V, 0)-semilattice (i.e., a (V, 0)-semilat-
tice of all compact elements of the lattice of all hereditary subsets
of a poset),

are isomorphic to the (V,0)-semilattices of all finitely generated two-sided
ideals of locally matricial algebras. In [64] we developed a new construction
and besides reproving the Bergman’s results we have realized every distribu-
tive (V, 0)-semilattices that is closed under finite meets, and so it forms a
distributive lattice, as the (V,0)-semilattice of all finitely generated two-
sided ideals of a locally matricial. In the presented paper [66] we simplify
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the construction from [64] and study possibilities of functorial solutions of
the problem. We construct

e a simple finite subcategory Do of the category DLat of all dis-
tributive (0, 1)-lattices,

e a subcategory D, of DLat corresponding to a partially ordered
proper class, which cannot be lifted with respect to the Id. functor.

On the positive side we prove that every diagram in DLat indexed by a
partially ordered set and the subcategory DLat,, of DLat whose objects
are all distributive (0, 1)-lattices and whose morphisms are (V, A, 0, 1)-em-
beddings can be lifted with respect to the Id. functor.

Let us mention some applications of the results:

o The realization of distributive (V, 0)-semilattices closed under fi-
nite meets by (V, 0)-semilattices of all finitely generated ideals of
locally matricial algebras answers the I'-invariant realization prob-
lem from [17]. Given an uncountable cardinal x we let B, :=
P(k)/ club,, denote the Boolean algebra of all subsets of x mod-
ulo the filter club, generated by all closed unbounded subsets of
k. A O-lattice £ is strongly dense if the poset of its non-zero
elements contains a cofinal strictly decreasing chain. The dimen-
sion of a strongly dense (0, 1)-lattice £ is the minimum length of
a cofinal strictly decreasing chain in £. Given a strongly dense
modular (0, 1)-lattice £ of an uncountable dimension x with a
cofinal strictly decreasing chain A = (a,, | @ < k), we set

E(A) :={a < k|36 € (o, k]: ay is not complemented over ag},

where a,, is complemented over ag if there exists b € £ such that
a,ANb=agand a, Vb = 1. The I'-invariant of the (0, 1)-lattice £
is the block F(A) € B,. The block does not depend on the choice
of the cofinal strictly decreasing chain A (cf. [17]). According to
[17, Theorem 1.3], there is a distributive strongly dense (0, 1)-lat-
tice L5 of dimension x with a [-invariant E, for every E € B,.
Passing to the ideal lattice Id(L), we get a distributive algebraic
strongly dense (0, 1)-lattice of dimension » with the I-invariant E.
Applying [64, Theorem 4.7] or Theorem 7.1 from Chapter 1, we
conclude that the lattice Id(L+) is isomorphic to the lattice of all
two-sided of a locally-matricial k-algebra R, where the field k can
be chosen arbitrarily. Then S := R®y R°P, where R°P denotes the
opposite ring to R, is again a locally matricial k-algebra, due to
[17, Lemma 2.1]. The original k-algebra R is naturally a right S-
module wia the multiplication given by a-(b®c) = cab. Observing
that two-sided ideals of the k-algebra R bijectively correspond
to submodules of the right S-module R, we conclude that each
algebraic distributive lattice that is realized as the lattice of two-
sided ideals of a locally matricial algebra is realized as a submodule
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lattice of a module over a locally matricial algebra. In particular,
all I'-invariants are realized.

e The other application of the result is related to the Congruence
Lattice Problem. In [69] E. T. Schmidt proved that every dis-
tributive O-lattice is an image of a generalized Boolean lattice un-
der a distributive (V,0)-homomorphism, and consequently, it is
isomorphic to Con.(£L) for a lattice £. Later, in [72] (see [71] for
an earlier weaker result), E. T. Schmidt proved that every finite
distributive lattice is the congruence lattice of a complemented
modular lattice. Applying our construction, we infer that every
distributive (0, 1)-lattice is isomorphic to Con.(£L(R)) for a locally
matricial algebra R, hence its ideal lattice is representable as the
congruence lattice of a complemented modular lattice. The unit el-
ement is not essential in the construction, and so we can easily get
every distributive 0-lattice is isomorphic to the (V,0)-semilattice
Con¢ (L) for a sectionally complemented modular lattice £. This
gives the result first obtained by P. Pudldk [61]. The Pudldk’s
approach provides a functorial solution and his results are directly
(and independently) extended by Theorem 7.1.

Let us note that a different approach to the representations of distributive
0-lattices as Id.(R) of locally matricial algebras R, similar to the Bergman’s
constructins [9], is in [57] by M. Plos¢ica.

Chapter 2 is based on the paper [68]:

Distributive congruence lattices of congruence-permutable

algebras, Journal of Algebra 311 (2007), 96 — 116.

The paper is a joint work with Jifi Tuma and Friedrich Wehrung. It closely
follows and extends results from [60] and [74]. In the earlier paper [78] F.
Wehrung defined the congruence splitting property of lattices. The class of
congruence splitting lattices (i.e. lattices satisfying the congruence splitting
property) is closed under direct limits and it contains all sectionally com-
plemented, all relatively complemented lattices, and all atomistic lattices.
The distributive (V,0)-semilattice 8,, (for k > Ny) constructed in [77] is
not isomorphic to the (V, 0)-semilattice of all compact congruences of any
congruence splitting lattice. Since relatively complemented lattices are con-
gruence splitting, the (V, 0)-semilattice 8, (for k > Ng) is not isomorphic to
Con.(L(R)) (and, consequently, to Id.(R)) for any regular ring R.

It was in [78], where a uniform refinement property was used for the
first time. This is an infinite system of join-semilattice (or monoid) equa-
tions based on the Riesz refinement property that are satisfied for a certain
class of join-semilattices, the (V,0)-semilattices of compact congruences of
congruence splitting lattices in this case, and that do not hold for some
(V, 0)-semilattice, here 8,. Similar strategy was applied in [60], [74], and
also in our paper [68].
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The observation that congruence splitting lattices have permutable con-
gruences lays behind [74]. Applying a variant of the uniform refinement
property, J. Tuma and F. Wehrung proved that Con.(Fy(k)), where Fy(k)
denotes the free lattice in a non-distributive lattice variety V with x > Ny
generators, is not isomorphic to the (V,0)-semilattice of all compact con-
gruences of any lattice with almost permutable congruences.

In the presented paper we show, using yet another modification of the
uniform refinement property, that the (v, 0)-semilattice Con.(Fy(x)) is not
isomorphic to the (V, 0)-semilattice of all compact congruences of any alge-
bra with almost permutable congruences. In particular, the algebraic dis-
tributive lattice Con(Fy(k)) is isomorphic neither to the normal subgroup
lattice of a group, nor to the submodule lattice of a module, nor the lattice
of convex subgroups of a lattice-ordered group. These three cases are dis-
cussed separately and in the first two of them, the cardinal bound RNg (for
the set of compact elements of the algebraic distributive lattice) is proved
to be optimal. The negative result is obtained by proving that the algebraic
distributive lattice Con(Fy(k)) is not the range of any distance satisfying
the V-condition of type 3/2.

We also study the functorial solution of the problem. We consider the
category D of all surjective distances with morphisms being pairs of one-to-
one maps and the forgetful functor II from D to the category of (V,0)-semi-
lattice with (V,0)-embeddings. On one side, we prove that the restriction
of the functor II to the V-distances of type 2 (i.e, the distances satisfying
the V-condition of type 2) has a left inverse. On the other hand we find
an unliftable cube by V-ditances of type 3/2. Similar examples are stud-
ied in [74]. The mysterious connection between sizes of counter-examples
for representation problems and dimensions of unliftable cubes was later
ingeniously explained by P. Gillibert and F. Wehrung, see [38].

Chapter 3 is based on the paper [67]:

Free trees and the optimal bound in Wehrung’s theorem,
Fund. Math. 198 (2008), 217 — 228.

Following G. Birkhoff and O. Frink [11], the congruence lattice of a
lattice is algebraic and due to N. Funayama and T. Nakayama [20] it is
distributive. In early forties P. Dilworth observed that every finite distribu-
tive lattice is representable as a congruence lattice of a finite lattice and
conjectured that every algebraic distributive lattice is isomorphic to the
congruence lattice of a lattice. The conjecture, named as the Congruence
Lattice Problem, shortly CLP, turned to be a prominent open problem of
the lattice theory for over sixty years.

Many partial results was obtained, see [27, Appendix C] and the survey
paper [75] until a counter-example was constructed by F. Wehrung [83]. The
Wehrung’s counter-example has N, compact elements. In Chapter 3 we
improve the size of the counter-example construcitng a distributive (V, 0, 1)-
semilattice of size No such that is not the range of a weakly distributive
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(V, 0)-homomorphism from Con, A with 1 in its image, for any algebra A
with either a congruence-compatible structure of a (V,1)-semilattice or a
congruence-compatible structure of a lattice. In particular, our (V, 0)-semi-
lattice is not isomorphic to the (V,0)-semilattice of compact congruences
of any lattice. Thus we provide a conter-example to CLP of the lowest
possible cardinality. The main ingredient of our proof is the modification of
Kuratowski’s Free Set Theorem, which involves what we call free trees.

e Chapter 4 is based on the paper [65]:

Countable chains of distributive lattices as mazimal semi-
lattice quotients of positive cones of dimension groups,
Comment. Math. Univ. Carolin. 47 (2006), 11 — 20.

The Grothendieck group Ky(R) of a regular ring R is a directed pre-
ordered Abelian group with interpolation. If the ring R is unit-regular,
then Ko(R) is partially ordered and the positive cone K (R) corresponds
to the monoid V(R) of isomorphism classes of finitely generated projective
right R-modules.

Recall that a partially ordered Abelian group G is unperforated if np > 0
implies that p > 0 for all p € G. A dimension group is an unperforated
directed partially ordered Abelian group with interpolation. A simplicial
directed Abelian group is a free abelian group of a finite rank n with a
basis, say, pi1,...,pn with the positive cone Z*p; x --- x ZTp,. Dimen-
sion groups are exactly direct limits of simplicial directed Abelian groups
in the category of pre-ordered Abelian groups (with order-preserving group
homomorphisms) [16, Theorem 2.2].

Let us fix a field F. Locally matricial F-algebras are unit-regular and
their Grothendieck groups are dimension groups. Following [22, Chapter
15], we call direct limits of countable chains of matricial F-algebras ultrama-
tricial, and countable dimension groups ultrasimplicial. By [22, Theorem
15.24], every ultrasimplicial group appears as the Grothendieck group of an
ultramatricial F-algebra and the ultramatricial F-algebra is determined by
its Grothendieck group up to the Morita-equivalence [22, Corollary 15.27].
The first part of this correspondence extends to dimension groups of size
Ny, due to [24]. In particular, every dimension group of size at most N; is
represented as the Grothendieck group of a locally matricial F-algebra. On
the other hand, Grothendieck groups of size R; do not determine the locally
matricial algebras up to the Morita equivalence as in the countable case (see
[22, Example 15.28]). In [77] there is constructed a dimension group of size
N9 that is not isomorphic to the Grothendieck group of any regular ring.

As depicted in Figure 1, if R is an unit-regular ring, we have the iso-
morphisms Id(Ky(R)) ~ Id(R). The question, whether every distributive
(V, 0)-semilattice 8 is isomorphic to V(G™) for some dimension group G
was stated as [37, Problem 1]. We solved this problem in [63], where we
constructed a counter-example of size Ny. Since every countable distributive
(V, 0)-semilattice 8 is isomorphic to the maximal semilattice quotient of the
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positive cone of a dimension group (see [37, Theorem 5.2]), only the case
of cardinality N; remained open. This was resolved by F. Wehrung [80],
who constructed a distributive (V, 0, 1)-semilattice 8, of size 8y that is not
isomorphic to V(M) for any Riesz monoid with an order-unit of finite stable
rank. This readily implies that the (V,0,1)-semilattice 8, is not realized
as the maximal semilattice quotient of the positive cone of any dimension
group. As in some previously discussed constructions, he found a variant
of the uniform refinement property, here denoted by URPy;, that holds in
any Riesz monoid M with order-unit of finite stable rank but that is not
satisfied by 8, .

It follows from [80, Corollary 7.2] that every direct limit of a countable
sequence of distributive lattices and (V, 0)-homomorphisms satisfies URPg,
and it was stated as [80, Problem 1], whether such a direct limit is iso-
morphic to V(G) for a dimension group G. Recall that every distributive
(V,0)-semilattice closed under finite meets is isomorphic to Id.(R) for a
locally-matricial algebra R and consequently to V(Ky(R)™") for the dimen-
sion group Ko(R) due to [64]. In Chapter 4 we give a negative answer to
this question by constructing an increasing countable chain of Boolean join-
semilattices, with all inclusion maps being (V, 0, 1)-homomorphisms, whose
union cannot be represented as the maximal semilattice quotient of the pos-
itive cone of any dimension group. Furthermore, we construct a similar
example with a countable chain of strongly distributive bounded join-semi-
lattices.

Chapter 5 is based on the paper [62]:

On the construction and the realization of wild monoids,
to appear in Archivum Mathematicum (Brno).

Many still open problems about the structure of regular rings have re-
formulations in terms of the corresponding monoids V(R) of isomorphism
classe of finitely generated projective right R-modules. Let us say that a
monoid M is realizable (by a regular ring R) if M ~ V(R). According to
[22, Theorem 2.8], all such monoids are refinement monoids. The funda-
mental problem by K. R. Goodearl [23] asks which refinement monoids are
realizable. By [77] there are non-realizable refinement monoids of cardinal-
ity Ng but there is not yet known a non-realizable refinement monoid of size
< Ng. Particularly interesting question is whether all countable refinement
monoids admit realization, indeed, the answer would shed light on a number
of related problems regarding regular rings or C*-algebras.

Some comprehensive positive results were obtained so far, namely the
realization of monoids of row finite quivers [4, Theorems 4.2 and 4.4] and the
realization of finitely generated primitive monoids with all primes free [3,
Theorem 2.2]. These realizations are obtained via direct limit construction
and the monoids can be realized by regular F-algebras over an arbitrary field
F. On the other hand there are countable refinement monoids realizable by



INTRODUCTION xv

regular F-algebras over a countable field F but not over any uncountable
field (see [2, Sec. 4]).

Many positive realization results (in general context) are obtained by
direct limit construction from diagrams of finitely generated (or even finite)
objects, e.g., every distributive (V,0)-semilattice is a direct limit of finite
distributive (V, 0)-semilattices (cf. [61, Fact 4 on p. 100]). This is not the
case of refinement monoids. Following [5] we call a refinement monoid time
provided that it is a direct limit of finitely generated refinement monoids
and wild otherwise. The existence of wild refinement monoids indicates
that the Goodeatl’s fundamental problem is essentially distinct from the
other, seemingly similar, realization problems.

An prominent example of a wild refinement monoid is due to G. Bergman
and K. R. Goodearl [22, Examples 4.26 and 5.10]. We study the example,
develop elementary methods of computing the monoids V(R) for directly-
finite regular rings R, and construct a class of directly finite non-cancellative
refinement (therefore wild) monoids realizable by regular algebras over an
arbitrary field.

Chapter 6 is based on the paper [50]:

A maximal Boolean sublattice that is not the range of a
Banaschewski function, to appear in Algebra Universalis.

This paper is a joint work with Samuel Mokris.

A Banaschewki function on a bounded lattice £ is a map 5: L — £
such that @ < b implies f(b) < f(a) and 1 = a @ S(a), for all a,b € L.
The terminology is motivated by the early result of B. Banaschewski that the
subspace lattice of a vector space admits such a map. Simultaneously we can
define a Banaschewski function on a ring R as a map f: R — Idem(R) such
that aR = f(a)R and aR C bR implies that f(a) < f(b), for all a,b € R.
(Here e < f means that e = ef = fe, for all e, f € Idem(R).) A connection
between these two notions of the Banaschewski function is established by
[84, Lemma 3.5]: An unital regular ring R admits a Banaschewski function
if and only if the complemented modular lattice £(R) does.

A notion replacing Banachewski function for lattices without a maximal
element is a Banaschewski measure [84, Definition 5.5]. Every countable
sectionally complemented lattice has a Banaschewski measure due to [84,
Corollary 5.6].

Yet another notion related to the Banaschewski function and the Ba-
naschewski measure is a Banschewski trace [84, Definition 5.1]. In [84,
Section 6] F. Wehrung discovered a close connection between exitence of
Banschewski traces (resp. Banschewski measures) and coorinatizability of
sectionally complemented modular lattices. This connection is applied in
[85] in order to construct a non-cordinatizable sectionally complemented
modular lattice of size N; with a large 4-frame. The example shows that the
variant of the Jonson’s coordinatization theorem that states that sectionally
complemented modular lattices £ with large n-frames, for n > 4, and with
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a contable cofinal chain is coordinatizable (see [45]) does not hold for larger
cardinalities.

We study ranges of Banaschewski functions on countable complemented
modular lattices. According to [84, Theorem 4.1 and Corollary 4.8], a count-
able complemented modular lattice £ has a Banaschewski function with a
Boolean range and all the Boolean ranges of Banschewski functions on the
lattice £ are isomorphic maximal Boolean sublattices of £. In [84, Prob-
lem 2] it is asked whether every maximal Boolean sublattice of a countable
complemented modular lattice £ appears as a range of some Banaschewski
function and whether the maximal Boolean sublattices of £ are isomor-
phic. We construct a countable complemented modular lattice 8 with two
non-isomorphic maximal Boolean sublattices H and G and we represent the
lattice J as the range of a Banaschewski function on 8. Furthermore, we
prove that the lattice 8 is coordinatizable, in spite of not containing a 3-
frame. We show that the lattices H and G correspond to maximal Abelian
(regular) subalgebras of the regular algebra S realizing the lattice 8.
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xviii BASIC CONCEPTS

We summarize basic concepts, more specific notions will be introduced
in each chapter.

Set theoretic notions. We will use the standard set theoretic notation
and terminology. We denote by P(W) the set of all subsets of a set W.
Furthermore, we denote by [W]<“ the set of all finite subsets of W and
by [W]" the set of all n-element subset of W. We use |W| to denote the
cardinality of the set W.

Given amap f: U — V, we will use the same notation f: P(U) — P(V)
for the map sending X — f(X) = {f(x) | x € X}, for all X C U, and we
denote by f=: P(V) — P(U) the map defined by Y +— {u € U | f(u) € Y},
forallY C V.

We denote by On the class of all ordinal numbers. We identify each ordi-
nal number with the set of its predecessors, in particular, n := {0,...,n—1},
for each finite ordinal (i.e, non-negative integer) n. We denote by w the first
infinite ordinal, and by w, the first ordinal of size N,,, for every positive
integer n. As in [83], we put £(n) :=n mod 2, for every integer n.

We denote by Z, Ny, and N, the set of all, all non-negative, and all
positive integers, respectively. We use Q, and Q*, to denote the set of all
rational numbers, and the set of all positive rational numbers, respectively.
We denote by R the field of real numbers and by Ry := {r € R |0 < r} the
set of all non-negative reals.

Partially ordered sets. Let (P, <) be a partially ordered set. A subset
D of P is dense in P provided that for every p € P, there is d € D with
d < p. Given p,q € P, we write p L ¢ if there is no element of P smaller than
both the elements p and gq. A partially ordered set P is upwards directed
provided that for each finite F' C P, there is p € P such that f < p for all
fevrF.

A subset H of a partially ordered set P is called hereditary (or lower)
provided that p < h implies that p € H, for all h € H and p € P. Dually, a
subset C' of P is called co-hereditary (or upper) provided that ¢ < p implies
peCforallce Candpe P.

For a subset X of a partially ordered set P, we denote by |p(X), (resp.
1p (X)), the least hereditary, (resp. co-hereditary), subset of P containing
X. For a singleton set {z} = X C P we write |p (), (resp. Tp(z)), instead
of [p(X), (resp. Tp(X)).

Let (@, <) be a partial ordered set and P C ). We denote by Her(P, <)
the lattice (necessarily distributive) of all hereditary subsets of P. We will
use the notation Her(P) when the order < is understood.

Category theory. Given a category C and objects a,b € C, we denote
by homcg(a,b) the collection of all morphisms from a to b. The identity
morphism a — a in the category C is denoted by 1,.
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As in [75, Section 5], a diagram in a category C is a functor A: J — C,
where J is a small category. Often the category J will correspond to a
partially ordered set.

Let A:J — C and &: B — C be functors. We say that a functor
U:J — B lifts A with respect to ® provided that the composition ¢ o ¥
is naturally equivalent to the functor © (See Figure 4). In particular, if A
is an inclusion functor, we say that ¥ lifts J with respect to ®. Note that
our definition of the “lifting of functors” corresponds to the definition of
the lifting of diagrams in [75, p. 455].

FIGURE 4. The lifting of a functor

Recall that a directed system in a category C is a diagram A: P — C,
where P is (a category represented by) an upwards directed poset. We will
call a colimit of a directed system a direct limit. We say that a functor
®: C — D preserves direct limits provided that ® maps the direct limit of a
directed system A in C to the direct limit of o A in D (see [10, Definition
7.8.1]).

Congruences and universal algebra. For a subset F' of an algebra
A, we denote by © 4 (F'), or by ©(F) if A is understood, the least congruence
of A that identifies all elements of the set F'. In particular, given elements
x,y € A, we denote by © 4(x,y) (or by O(x,y) if A is understood) the least
congruence of A identifying x and y. Furthermore, in case A is a lattice,
we put ©%(x,y) := ©a(xAy,x). We denote by Con A the lattice of all
congruences of A and by Con. A the (V, 0)-semilattice of all compact (i.e.,
finitely generated) congruences of A.

Let A be an algebra and © € Con A. We say that an n-ary operation ¢
on A is ©-compatible if (x;,y;) € O, for all i =0,...,n — 1, implies that

<¢(X0, e ,Xn_l), ¢(y0, e ,yn_1)> S @,

for all x;,y;, € A, 7 =0,...,n— 1. We say that the n-ary operation ¢ is
congruence compatible provided that ¢ is ©-compatible for all ® € Con A
(cf. [58, 83]). In particular, a semilattice operation V, resp. A, on A is
congruence-compatible if (x,y) € © implies that (x Vz,y Vz) € O, resp.
(x Nz,yANz) €0, forall x,y,z € A and all © € Con A.

We say that the algebra A has permutable congruences provided that
OVE=00d=0006, for all ©,® € Con A.



XX BASIC CONCEPTS

Lattices and join-semilattices. A nonzero element x of a join-semi-
lattice 8 is called join-irreducible if * = y V z implies that x =y or @ = 2
for all y, z € 8. We denote by J(8) the partially ordered set of all join-irre-
ducible elements of a join-semilattice 8.

A (v, 0)-semilattice 8 is distributive if for every a,b,c € 8 satisfying
c < aVb, there are a’ < a and b’ < b such that @’ Vb’ = c. A distributive
(V, 0)-semilattice in which every element is a finite join of join-irreducible
elements will be called strongly distributive.

A join-homomorphism h: 8 — T is called weakly distributive at € 8,
if for all yy,y; € T such that h(x) < y,Vy;, there are xo, x; € 8 such that
x <xoVx and h(x;) <y,, for all i < 2 (see [83]). The homomorphism h
is weakly distributive if it is weakly distributive at every element of 8.

Commutative monoids. All monoids are supposed to be commutative
and they will be written additively. A monoid M is equipped with the
algebraic preordering: x <ps y provided that there is z € M such that
x+ 2z =y, for all z,y € M. We denote by =ps the equivalence relation
induced by the algebraic preordering <ps; that is, x =ps y provided that
x <pryand y <pg x, for all x,y € M. We might drop the subscript ps
when the monoid M is understood.

The class of all (V,0)-semilattices coincides with the class of all com-
mutative monoids with all elements idempotent. On the other hand, for
every commutative monoid M, there exists a least congruence, denoted
by =, on M such that M /< is a (V,0)-semilattice (see [25]). We set
V(M) := M /<. We call the monoid V(M) the mazimal semilattice quo-
tient of M. The correspondence M — V(M) naturally extends to a direct
limits preserving functor from the category of all commutative monoids to
the category of all (V, 0)-semilattices [25]. Given z € M, we denote by =
the corresponding element in V(M).

A monoid M is conical provided that x +y =0 = z =y = 0, for
all z,y € M. A monoid M satisfies the Riesz refinement property provided
that whenever x1+x2 = y1+y2 in M, there are elements z;; € M, 1,j = 1,2,
such that

(0.1) Ti = zi1 + zig and y; = 215 + 22,

for all 4,57 € 1,2. A refinement monoid is a conical monoid satisfying the
Riesz refinement property.

We say that M is a Riesz monoid provided that for all x,y, z € M such
that x < y + z, there are ¥/ < y and 2’ < z in M satisfying x =y + 2’. Ev-
ery commutative monoid satisfying the Riesz refinement property is a Riesz
monoid while the converse is not true in general. Note that for join-sem-
ilattices, i.e., monoids in which every element is an idempotent, these two
properties coincide. Observe also that (V,0)-semilattices satisfying the re-
finement property are exactly distributive (V,0)-semilattices (cf. [27, Sec-
tion I1.5]).
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A monoid M satisfies the interpolation property provided that for all
xi,y; € M, 4,5 = 1,2, with x; <pr y;, for all i,5 € {1,2}, there is z € M
such that x; <ar z <pas y;, for all 4,5 € 1,2. A cancellative conical monoid
is a refinement monoid if and only if it satisfies the interpolation property
[21, Proposition 2.1]. In general, there are refinement monoids that do not
satisfy the interpolation property (cf. [51] and Chapter 4, Section 4).

Rings and modules. A ring R is (von Neumann) reqular' provided
that for every a € R there is b € R such that aba = a. There are many
characterizations of regular rings. Probably the most prominent one is that
a ring R is regular if and only if each right (resp. left) finitely generated
ideal of R is generated by an idempotent [22, Theorem 1.1].

An ideal I of a ring R is regular if for each element a € I, thereis b € I
with a = aba. By [22, Lemma 1.3], an ideal of a regular ring is regular; in
fact, a ring R is regular if and only if both R/I and I are regular, for every
ideal I of R.

An Abelian regular ring is a ring R whose all idempotents are central.
For various characterizations of Abelian regular rings see [22, Theorem 3.2].
A maximal Abelian regular subalgebra of a regular algebra R is an Abelian
regular subalgebra of R that is not properly contained in any Abelian regular
subalgebra of the ring R.

Given a ring R, we denote by FP(R) the class of all finitely generated
projective right R-modules. Given R-modules A and B, the notation A <
B means that A is a submodule of B and A < B denotes that the module
A is isomorphic to a submodule of B. We will use the notation A <% B,
resp. A <% B, to denote that A is a direct summand of B, resp. that A is
isomorphic to a direct summand of B.

An element e of a ring R is an idempotent if e = ee. We denote by
Idem(R) the set of all idempotents in the ring R. Idempotents e and f are
orthogonal provided that ef = fe = 0.

Given aring R and right R-modules A and B, we denote by hompg(A, B)
the set of all R-linear maps A — B. We denote by 0 the zero monoid, the
zero module, the zero vector space, depending on the context.

11t is common to shorten the title by dropping von Neumann and call the von Neu-
mann regular rings just regular (cf. [22]). We will follow this custom.






CHAPTER 1

Lifting of distributive lattices by locally matricial
algebras
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1. Introduction

This chapter follows [64], where we have proved that every distributive
(0, 1)-lattice is, as a join-semilattice, isomorphic to the semilattice of finitely
generated ideals of a locally matricial algebra. Having discussed this result
with Friedrich Wehrung in a Summer School in Kosicka Bela, Slovakia, in
2003, we dealt with the question whether it can be solved functorially, that
is, whether there is a functor from the category DLat of distributive lattices
to the category of locally matricial algebras such that its composition with
the functor Id., which assigns to a locally matricial algebra the lattice of
its finitely generated ideals, is equivalent to the identity functor. It is easily
rejected for the category of all distributive (0, 1)-lattices, however, it still
can be true if we restrict ourselves to its suitable subcategories. One such
restriction was made in [82], where F. Wehrung asked the following:

PROBLEM [82, Problem 3|.. Let F be a field. Does there exist a functor
®, from distributive (0, 1)-lattices with (V, A, 0, 1)-embeddings to locally
matricial algebras over the filed F with F-linear (unital) ring homomorphisms
such that Id. o® is equivalent to the identity?

We are going to prove that such a functor ® exists. Moreover, we prove
that every diagram of the category of distributive lattices can be lifted with
respect to the Id. functor and we illustrate on simple examples that these
results cannot be much improved. Our proofs are based on the result that
a functor to DLat can be lifted with respect to the Id. functor if and only
if it can be lifted with respect to the functor C: Bases — DLat; objects of
Bases are projections 7: X — £ from a set X on a distributive (0, 1)-lattice
L such that the pre-image of every element of £ is infinite and morphisms
are commutative squares

F X x|

m | =

L1 ?52

where f is (V, A, 0, 1)-homomorphism, and f: X; — X» is a map satisfying
the property (5.1) below, and € denotes the forgetful functor which assigns
to an object m: X — £ the distributive (0, 1)-lattice £ and to a morphism
F = (f, f) the (V, A,0,1)-homomorphism f (Corollary 6.3). Proving the ex-
istence of a lifting of a given functor to the category DLat with respect to
the functor € is much easier than proving the existence of its lifting with
respect to the functor Id..

There has already appeared a number of papers related to the problem
of the representation of distributive (V, 0, 1)-semilattices as the semilattices
of finitely generated ideals of a von Neumann ring, in particular, of a lo-
cally matricial algebra. Thus, G. M. Bergman [9] has proved that every
distributive (V,0,1)-semilattice which either is countable or corresponds
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to the semilattice of all compact hereditary subsets of a partially ordered
set is isomorphic to the semilattice of locally matricial algebra. F. Wehrung
proved that every distributive (V, 0, 1)-semilattice is isomorphic to the semi-
lattice of finitely generated ideals of some von Neumann regular ring [79]
but it follows from his results in [81] that we cannot require the ring to be
unit regular, so not even locally matricial. Finally, the results in [77, 78]
give an example of a distributive (V, 0, 1)-semilattice which is not isomorphic
to the semilattice of finitely generated ideals of any von Neumann regular
ring. In [64], we have proved that a distributive (0, 1)-lattice is isomorphic
to the semilattice of finitely generated ideals of a locally matricial algebra.
A different proof, based on similar methods as the Bergman’s constructions
in [9], is given by M. Plos¢ica in [57].

2. Notation and terminology

We will apply a specific construction of direct limits in a category C
of algebras of a finitary type (cf. [10, Lemma 8.1.10]). Given an upwards
directed partially ordered set P and a directed system A = (A,, fpq |
p < q in P) in C, we denote by A’ the disjoint union of the underlying sets
of the algebras A,. Given p,q € P,ac Ay, and b € A,, we write a ~ b if
there is 7 > p, ¢ in P such that the images of a and b in A, coincide. Since
the poset P is upwards directed, the relation ~ is an equivalence on A’.
We denote by [a]. the block of the equivalence ~ containing an element
a € A" and we use A to denote the set of all ~-blocks in A’. For each
p € P, the correspondence a — [a]. defines a map Fj,: A, — A. The set
A together with the maps F),, p € P, form a set-theoretic direct limit of
the directed system A. Since we deal with algebras of a finitary type, the
operations on A,-s induce operations on A, and so we get an algebra A, with
the universe A, such that the maps F), are homomorphisms and (A, F), |
p € P) is a direct limit of the directed system A in the category C (see
the proof of [10, Lemma 8.1.10]). We will denote by Lim this particular
construction, while the direct limit in the categorical sense (determined up
to isomorphisms) will be denoted by hﬂ

We will use the following notation:

e DLat := the category of all distributive bounded lattices (with
(V, A, 0, 1)-homomorphisms),

e DSem := the category of all distributive (V,0,1)-semilattices
(with (V, 0, 1)-homomorphisms),

e dsem := the full subcategory of DSem of all finite distributive
(V, 0, 1)-semilattices,

e bool := the full subcategory of dsem of all finite Boolean (V, 0, 1)-
semilattices.

Let F be a commutative field. We denote by F-Alg the category of all
unital associative algebras over the field F. Let Id. denote the functor from
the category F-Alg to the category of (V, 0, 1)-semilattices which assigns to
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a F-algebra R the semilattice Id.(R) of all finitely generated ideals of R and
to a F-linear ring homomorphism ¢: R — S the (V, 0, 1)-homomorphism
Id.(¢): Id.(R) — Id.(S) given by I — Sp(I)S. It is straightforward to
verify that the functor Id. preserves direct limits.

A matricial F-algebra is an F-algebra of the form My, (F) x - - - x M, (F),
where t1,...,t, are natural numbers and M (F) is the ring of all matrices
of type t x t over the commutative field F. A locally matricial F-algebra is
a direct limit of matricial F-algebras. We denote by F-Loc the category of
locally matricial F-algebras (with unital F-linear ring homomorphisms), and
by F-mat the full subcategory of F-Loc of all matricial F-algebras.

3. The category aux revised

In this section we define an auxiliary category aux. Objects of aux are
finite families B = {B* | i € I} of finite non-empty pairwise disjoint sets.

Let By = {B! |i€,} and By = {B} | j € I} be objects of aux. A
premorphism from Bj to Bo consits from aset h = {h/ | j € Iz} of bijections

W | (A" x B}) — B,
i€y

where A = {47 | i€ I} and j € I} is a family of (possibly empty) fi-
nite sets. We denote the collection of all premorphisms from By to By by
pre(B1, Bs). Premorphlsms h and h from B; to By are equivalent, which

we denote by h ~ h provided that there exist maps ¢g/%: A% — AJsi such
that ' o

h’(a,b) = b’ (¢’"*(a),b)
for all a € A7 and b € B!, as Figure 1 displays.

Uier, (A% x BY)

. h;
Uie]l(gJ,ZXIBi)\L \

Uie[l (A]J X B]Z_)

By

i
F1GURE 1. The equivalence of premorphisms

It is easy to see that the relation ~ is an equivalence on pre(B1, Bs), in
particular, all the maps ¢’ are bijections.

We define morphisms in aux to be the blocks of the equivalence ~.
The symbol [h] denotes the block containing the premorphism h. Given
objects By, B2, Bs in aux and premorphisms h; € pre(Bi,Bs) and hy €
pre(Bs, B3), we put

A= | ] (A5 x A
J€l2
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and

hk((a27 al)v b) :== h’2€<a27 h’jl(alﬂ b))

for all b € Bi, a; € A7, and ay € A¥7. The family h = {h* | k € I3} forms
a premorphism h from B; to Bs which we denote by hs o hy and which
we call the composition of premorphisms hy and hy. It is proved in [64,
Lemma 2.2.] that the equivalence class h does not depend on the choice of
the representatives of the classes hy and hq and so we can define the com-
position of morphisms in aux by [he] o [hi] = [he o h1]. The composition
of premorphisms is depicted in Figure 2. In [64, Section 2] we have veri-
fied that aux is a category. Recall, that the identity morphism at an object
B = {B" | i € I} in aux corresponds to the equivalence class of the collection
of maps h': {i} x B® — B, (i,b) — b.

Ujer, (Ag’j X (Uieh (A" x B@)) = Uien, (Uj612 (A57 x A]") XB%)

Ak,

Uje]2 (]'Ag,j Xh’{)

Ujelg (Ay7 x B3)

h

h

Bf
FI1GURE 2. The composition of premorphisms

To every object B = {B' | i € I} of aux, we have assigned the Boolean
semilattice A(B) := (P(I),U) and given a morphism [h] € aux(Bi, Bs),
the correspondence

JH{jeIZIUAj”'#@},

e

where J € P(I;), determines a (V,0,1)-homomorphism A([h]): A(By) —
A(B3). Thus we have defined a functor A from the category aux to the cate-
gory bool of finite Boolean join-semilattices. Further, given a commutative
field IF, we have defined a functor A: aux — F-mat so that there is a natu-
ral equivalence 1: Id.oA — A. As the consequence of [64, Lemma 2.9], we
get that

ProPOSITION 3.1. The functor A: aux — F-mat lifts, via the natural
equivalence n: Id. oA — A, the functor A with respect to 1d. (see Figure 3).
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aux S S F-mat

ACA

bool
F1cURE 3. The lifting of A by Id. oA

4. The correspondence B: dsem — bool revised

In [64, Section 1], we have defined a correspondence B: dsem — bool
as follows: For 8 € dsem we define B(8) to be the finite Boolean ({),U)-
semilattice P(J(8)) (recall that J(8) denotes the set of join-irreducible ele-
ments of the (V, 0, 1)-semilattice 8. Given a homomorphism f: 8; — 82 in
dsem, we define its image B(f): B(81) — B(82) to be the map sending

X s {j e J82) |5 < fO\/ X))

for all X C J(81). The correspondence B preserves the composition of mor-
phisms but the image of the identity morphism at 8 may not be the identity
morphism at B(8). Indeed, B(1s) = 1gs) if and only if the (V, 0, 1)-semi-
lattice 8 is Boolean.

For every 8 € dsem denote by ug and vg the (V, 0, 1)-homomorphisms
defined by

us :B(S) = 8 vs :8 — B(8)
(4.1) X*—>\/X v {jeJ(8)|j< )

Observe that for every 8§ € dsem, ugovg = 1g, and for every homomorphism
f:81 = 8 in dsem, vg, o f oug, = B(f), that is, the following diagrams

(4.2) Y s — 71 s,
o\ e us: |5
B(8 B(81) —— B(8
(8) (81) ) (82)
commute.

LEMMA 4.1. Let P be an upwards directed partially ordered set without
mazimal elements and (8, fp.q | P < ¢ in P) a directed system in dsem. If

(8.F, | pe P) = liny ),

D5
then

(4.3) (8, Fyous, |p€ P) :hﬂ<3(sp)73(fp,q) | p < qin P).

PRrROOF. We denote by @ the Cartesian product P x {0,1} partially
ordered by (p,i) < (q,7) if and only if p < ¢q. For every p € P we put
Spo) = 8p and 8, 1y := B(8,). For every ordered pair p < g in P we set
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J9.0).@0) = foar f1p.0).(01) = Va°Spas Jip.1),40.0) = JpaOUp, and fip 1) (q.1) =
B(fp.q)- It follows dlrectly from the Commutatwity of diagrams (4.2) that

(S(p.iy» fmiviiay | (0,7) < (g, J) in Q)

is a directed system in dsem.
We set f,0) = Fp: 8 — 8 and f, 1y = Fy oup: B(§p) — 8, for all
p € P. We get readily from the definitions that

fw0y = Fp = fq.0 foa = Fia,0) © p,0),(0,0)
for all p < ¢ in P. We conclude that

(S, fip0) | P € P) =1m(8,0), fip,0),(g0) | P < qin P)

due to the assumption of the lemma.
Given p < ¢ in P, we compute using (4.2) that

fip0y = Fp = fq0 fog=fqouqg0vq0 fpq= Fig1)° [1p0),(a.1)>
fway = Fpoup = fg 0 fpq0up= Ffig0) © fip1),q0)
fp,l) fqo fpqoup = fgougovgo frgoup= fgougoB(fyg)

= fig1) © fip,1),(g1)-

Since P has no maximal element, P x {0} is cofinal in @ = P x {0, 1}, hence

(8 fip.y | p € Prand i € {0,1}) = im(8 3y, fip.).(q.) | (Pr1) < (¢,]) In Q).

Since P x {1} are cofinal in Q = P x {0, 1}, we conclude that

8, fip1y |pEP) = lig<8<p,1>, gy | P <gin P),
which is (4.3). 0

Lemma 4.1 coincides with [64, Proposition 1.1]. Its proof is straightfor-
ward but it requires numbers of tedious verifications. Therefore we present
another shorter proof here. The proof is based only on the commutativity
of diagrams (4.2), and so it can be generalized for a similar situation in
an arbitrary category. However, we shall need it only in the presented form.

The proof of the following lemma is simple and we leave it to the reader.

LEMMA 4.2. Let C be a category with direct limits. Let P and Q) be
upwards directed partially ordered sets, (Ap, fp.q | P < q in P), and (Bp, gp.q |
p < q in Q) directed systems in C, and (A, F, |p € P), (B,gq | q € Q) their
direct limits, respectively. Suppose that for every p € P, there exists p* € ()
and a homomorphism hy: A, — By« such thatif p < q in P andp*, ¢* < r in
Q, then gyx rohy = qg= rohgo fpq. Then there exists a unique homomorphism
h: A — B such that ho F, = gy o hy, for all p € P.
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5. Representation of distributive lattices revised

We denote by Bases the category whose objects are projections 7: X —
L of a set X onto a distributive (0, 1)-lattice £, and whose morphisms are
commutative diagrams

Fox, - x,

=) | =

L1 ?52

)

where m1: X7 — L1 and m: X9 — Lo are objects of the category Bases,
f: L1 — Lois a (V,A,0,1)-homomorphism, and f: X; — Xo is a map
satisfying

(5.1) f(x) = fly) = m(f(z) =m(f(y) =0,

for all x # y in X1, with the obvious composition of morphisms and identi-
ties.

As before, we denote by C: Bases — DSem the forgetful functor, which
assigns to an object m: X — £ the lattice £ and to a morphism F' = (f, f)
the (V, A, 0,1)-homomorphism f.

Further we denote by bases the full subcategory of the category Bases
whose objects are projections of a finite set on a finite distributive lattice.

We shall now define a functor [E] from the category bases to the cate-
gory aux: Given an object m: X — £ in the category bases and an element

a € L, we set
a":={zxe X |n(x)>a}.

and given a morphism F' = (f, f) in hompages(71, m2) and an element a € £,
we define a® := f(a™).

Given a set X, we denote by To(X) the set of all total orders on X.
Given a total order @ € To(X), we denote by Her(X, ) the set of all
hereditary subsets (including the empty set) of X with respect to a.. Given
a subset Y C X and a € To(X), we denote by ¢ | Y the restriction of the
total order o to Y.

Let X be a finite n-element set, a: apg < -+ < ap_1, B: o < -+ < Bn_1
total orders on X, and Y C X. We write a ~y 3 provided that for every
1 < n, o; # [B; implies that «;, 8; € Y. Thus we have defined the equivalence
relation ~y on the set To(X). We denote by [a ]y the equivalence class
containing the total order ae € To(X).

Let X1, X5 be finite sets and f: X; — X5 a one-to-one map. Given

a:ap << apq € To(Xy)
we denote by fa the total order
fa: flao) <--- < flom-1) € To(f(X1)).
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DEFINITION 5.1. Let w: X — £ be an object of the category bases.
For every a € J(£L) we set
E(m)®*:={a € To(a™) | b" ¢ Her(a™, ) for all b € J(L) with a < b},
and [Z] (7) :={2(m)* | a € J(L)}.
Let
FioX - X,

m | |

L= Lo

be a morphism in bases, a € J(£1), and b € J(L2). If f(a) # b, we put
dom ZE(F)b := (). If f(a) > b, then o’ C b™, and we denote by dom Z(F)*b
the set of all classes [,Bl]aF, where v € To(b™), satisfying the following
properties:

(E1) o’ € Her(b™ N f(X1),7);

(Z2) ™ ¢ Her(b™,~), for every c € J(£3) satisfying b < ¢ < f(a).

Observe that the validity of (£1), (E2) does not depend on the choice
of the representative of the class [v],r. As in [64], our construction makes

use of the following well-known property of lattice homomorphisms (cf. [49,
Exercise 2.63.10]).

LEMMA 5.2. Let £1 and Lo be finite distributive lattices and f: L1 —
Lo a (V,A,0,1)-homomorphism. Then for each b € J(L9) there is ¢ €

J(L1) such that £~ ( 1z, (b)) =1z, (c).

COROLLARY 5.3. Let m;: X; — L;, 1 = 1,2, be objects in bases, F =
(f, f): m1 — w2 a morphism in bases, and b € J(Ls). Then f~1(b™2) = c™,
for some c € J(Ly1).

LEMMA 5.4. Let
Fi XX,

m | |

S
be a morphism in bases and b € J(L3). Then the correspondence
<[ﬂ]aF ’a> =,
where v € To(b™) is such that v ~,r B and ~ | a” = fa, defines a map

(5.2) =F": (domE(F)a’b x z(m)a) — ().
acJ(Lq)

PROOF. Let a € J(£1) and b € J(Ls). If f(a) # b, then dom Z(F)** =
(. Suppose that f(a) > b, and let [§],r € domZ(F)*" and a € Z(m)*.
It follows from (5.1) that f | @™ is one-to-one, and so we can define fa.

[1



10 1. LIFTING BY LOCALLY MATRICIAL ALGEBRAS

According to [64, Lemma 4.1], there is a unique v € To(b™) satisfying
~ ~yr 8 and v | af” = fa.

We prove that v € E(ﬂg)b . Towards a contradiction suppose that there
is d € J(L2) such that b < d and d™ € Her(b™,~). It follows from
Corollary 5.3 that there is ¢ € J(£1) satisfying f~!(d™) = ¢™. There-
fore ¢! = d™ N f(X;), and so c!" € Her(b™ N f(X1),v). Applying (Z1) we
get that af” € Her(b™ N f(X1)),d), hence af” € Her(b™ N f(X1)),~). It
follows that either ¢ - af” or o' C F , hence either a < cor ¢ < a in L.

If a < ¢, then v | af’ = fa and ¢ € Her((b™ N f(X1)),v). This
implies that ¢™ € Her(a), which is in a contradiction with @ € Z(mq)®.
If ¢ < a, then d < f(a), that is, a¥ C d™. By our assumption d™ €
Her(b™2, ). Since al” € Her(b™ N f(X1),68) and v [,r §, we conclude that
d™ € Her(b3,d). This contradicts (=), since then b < d < f(a) and
d™ € Her(b3,96). O

LEMMA 5.5. The map Z(F)®, defined by (5.2), is a bijection.

PROOF. First we prove that Z(F)? is onto. Let 3 be an arbitrary element
of Z(m2)?. By Corollary 5.3, there exists ¢ € J(L1) with f~1(b™) = ™. It
follows that b™2 N f(X;) = ¢, Since the set

A={d € J(L1) | " € Her(b™ N f(X1),8)}

contains ¢, it is non-empty. It is easy to see that the set {a'" | o’ € A} is
totally ordered by inclusion. We denote by a the element of A corresponding
to the minimum a" and we denote by a the total order of a™ such that
fa =B 1 af. Observe that o € Z(71)%.

We prove that [3],r € domZ(F)*°. Since a € A, we have that af” €
Her(b™ N f(X1),B). Let d € J(L9) satisfy b < d < f(a). Then, since
B € Z(m2), we conclude that d™ ¢ Her(b™2, 3).

Finally we prove that the map Z(F)® is one-to-one. Let 3 € dom Z(72)
and let a € J(L1), a € Z(m1)* be as in the previous paragraph. Suppose
that

b

E(F)([B] e ) =B,

for some a € J(£L1), & € Z(m)?, and [B]aF € dom Z(F)®". From property
(Z1) we infer that af” € Her(b™ N f(X1)),B). Since B ~,r B, we have that
al’" € Her(b™ N f(X1),B), and so @ € A. By the definition, fa = 3 | a”,
and so it follows from the properties of Z(F)? that @ is a minimal element
of the set {a'F | a’ € A}, totally ordered by inclusion. We conclude that
a = a. Now it is easy to see that &@ = a and [B]aF = [B]QF =[B8],r. O

COROLLARY 5.6. Let F' be a morphism in the category bases. Then
E(F) is a premorphism in the category aux.
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DEFINITION 5.7. We say that a morphism

Fi XX,

m| |

L Lo

in bases is efficient if for every b € J(L2), there exists x € Xy \ f(X1) with
7T2(33) =b.

LEMMA 5.8. Let
Foox - x,

m |

La—= Lo

be an efficient morphism in bases. Then domZ(F)** # 0 if and only if
b< f(a), foralla € J(L1), be J(L2).

ProoF. The implication “<” follows directly from the definition. We
prove the opposite one. Let a € J(£1) and b € J(L2) satisfy b < f(a). Since
the morphism F' is efficient, there is z € Xy \ f(X1) with ma(z) = b. Let
a € E(m)?* We choose B: By < -+ < B € To(b™) such that x = [y and
ol € Her(b™ N f(X1),B). It is straightforward that [3],r € domZ(F)*°

and Z(F)*(([B],r , ) = B O

COROLLARY 5.9. If F = (f, f): m1 — m2 is an efficient morphism, then

A[E)]) =B(f)
LEMMA 5.10. Let

F X, x, and G Xy - X
| o
Ll?LQ 52?53

be morphisms in bases. Then [E(Go F)] =[Z(G)]o[Z(F)].

PRrROOF. According to the definition of the composition of premorphisms
in the category aux,

dom(Z(G) o Z(F))*¢ = U dom Z(G)%¢ x dom Z(F)*?,
beJ(L2)
for all a € J(£L£1),¢ € J(L3). The composition (E(G) o Z(F))¢ is a map

defined by the correspondence

([ e+ [8]ards @) = ZE) ([V ]yo  EEI (B ] ).
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In order to prove that [E(G) o Z(F)] = [E(G o F)], we define maps g™
from dom(Z(G) o Z(F))* to dom Z(G o F)*¢ by

ga7c (<[7,}bc’ [B,}CLF>) - [7”]0,G°F’
where 4" € To(c™) satisfies v ~c 7' and v | bY ~,cor gB'. Again, it is
easily seen that these properties determine 4" uniquely.

Let a € J(£L1), b€ J(L2), and ¢ € J(L3)) satisfy f(a) > band g(b) > c.
Let [v']yc € domE(G)be, [B’]aF € domZ(F)** and a € E(m)*. We
verify that
E@) EEN ([ 4o [8]ar) @) =
2@ F) (9" ([ ]ye s [B]ar) @) -

First we evaluate the left hand side of the equality (5.3):
(E(G) o EE) (([V]ye: [B ]4r) ) =
2G) ([ ]y EE([ 8], v0)) =
=@ ([ ],0. )

where 3 € To(b™) satisfies 3 ~,» B and 3 | a’’ = fa, and
E(G)([V ] e B) =

where ~ € To(c™) satisfies v ~,¢ v/, and v | b = gB.
Now we compute the right hand side of (5.3):

2(G o F)" (g™ ([ ]ye [8']or) @) =
E(G o F)™ ([v"] jeor »0¥)
where 4" € To(c™) satisfies v ~yc 4" and 4" | b ~, cor gB', and
E(G 0 F)G,C ([’Y//}QGOF 7a) = 67

where § € To(c™) satisfies § ~,cor ¥ and (go flae =6 | a®°F.

It remains to compare  and . Since f(a) > b, we have that a@°f" C p¥.
The equality 8 | a’’ = fo implies g8 | a®F = (go f)a, and since v | b =
9B, we infer that ~ | a®°F = (v [ b%) | a%F = (go f)a. Now ~ | b = g3
and B ~,r B, thus v | b% ~ cor gB', and since v ~yc 4, we conclude that
~ ~acor ". This together with the equality (go f)a = ~ | a®°F implies
that § = ~. O

(5.3)

LEMMA 5.11. The equality [E(17) | = 1z(5) holds true for all m € bases.

PROOF. Let
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be the identity morphism at an object 7w in bases. Note that by the defini-
tion of morphisms in the category bases, the equality 1x = 1, holds true.
Let a,b € J(L). If a # b, then dom Z(1,)%" = () by the definition. If a > b,
then dom E(1,)*" is a set of all [B'] ., satisfying a™ = a'~ € Her(X, ')
and ¢™ ¢ Her(X,3), for all ¢ € J(L) satisfying b < ¢ < a. It follows that
a = b, hence B ~,1. B for all B',3" € To(b™), whence dom =Z(1,)*® is
a one-element set. This proves that [E(1)] = 1z(x). O

COROLLARY 5.12. Let w be an object of a category bases and F' a mor-
phism in bases. We set [E](m) := E(7) and [E](F) := [E(F)]. Then
the assignment [Z] forms a functor bases — aux.

The situation we have got at the moment is illustrated in Figure 4.
The arrow B: dsem — bool is dotted since B is not a functor; it only
preserves the composition of morphisms. The trapezium on the left is not
commutative but it commutes if we restrict ourselves to efficient morphisms.

bases L> aux S S F-mat

LN

dsem > bool

FIGURE 4

6. Lifting of the functor C with respect to Id.

Given an object m: X — £ in Bases, we set Fin(w) := {p € bases |
p C m}, ie, Fin(m) denotes the set of all “finite” sub objects of . Given
m: X — L € Bases, and objects p C o in Fin(n), we denote by ¢, , the
inclusion morphism from p to ¢. Similarly, given 7: X — £ € Bases, and
p € Fin(m), we denote by ¢, the inclusion morphism p < 7. Observe
that a composition of efficient morphisms is again efficient. Therefore we
can define an order relation “C” on the set Fin(w) as p C o if p C 0 and
the inclusion morphism ¢, , is efficient.

Given an object m € bases, we put u,; := ue, and v, := ve,. Observe
that u, and v, are the morphisms defined by (4.1).

We denote by m the composition A o [E]: bases — F-mat. Recall
that [Z] is a functor due to Corollary 5.12. Now we show how to extend
the functor m to a functor M : Bases — F-Loc.

Let m: X — £ be an object in Bases. Then the set Fin(r), partially
ordered by the relation C, is upwards directed, and (7, ¢, | p € Fin(7))
is a direct limit of the directed system (p,t,, | p C o in Fin(7)) in the
category Bases. We set M(m) := Lim(m(p),m(p,s) | p E o in Fin(m))
and we define M (¢, ») to be the corresponding limit morphisms.
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Let F': m — mo be a morphism in Bases. For every p € Fin(m) we
select p* € Fin(my) so that the image of F' | p is contained in p*, and denote
by F, the morphism in hompases(p, p*) that coincides with the restriction
F | p. Tt is straightforward that if p C ¢ in Fin(m;) and p*,0* C 7 in
Fin(msy), then
(6.1) L r 0 Fy =tgr s 0 Fz 01, 5.

Thus M (tpx 7)om(F),) = M (1g+ r)om(F,)oM (i, ), and, by Lemma 4.2,
there exists a unique F-linear ring homomorphism h: M (7)) — M (m3) sat-
isfying
(6.2) hoM (tpmr )= Mty r,)0om(F,),
for every p € Fin(my).

LEMMA 6.1. The map h does not depend on the choice of the elements
P

PROOF. For every p € Fin(m;) we select another p** € Fin(mg) so that
the image of F' [ p is contained in p**, and we denote by F}; the morphism
in Bases(p, p**) which coincides with the restriction F' [ p. Then, as above,
there exists a unique F-linear ring homomorphism A* such that

h*o M(Lpﬂrl) = M(/’p**ﬂrz) © m(F;)7

for every p € Fin(w). Now, for each p € Fin(m), we select p! € Fin(my)
such that p*, p** C pf, and denote by F;r the morphism in Bases(p, p')
corresponding to the restriction F' [ p. Since

Lp*’pf e} Fp = pr,
we have that
M(Lp*,ﬂ'Q) 0 m(FP) = M(LpT’WQ) o M(Lp*,pT) o M(FP) = M(LpTJrg) © m(F2)7
whence the map h satisfies the equality

ho M(LPJH) = M(LpTJrz) o m(FpT)v

for every p € Fin(m). Similarly we get that h* satisfies

h* © M<LPJF1) - M(LpT,Trz) © m(FpT)?

for all p € Fin(m;). From the unicity of such a map we deduce that h =
h*. O

We set m(F') := h. It is straightforward that M : Bases — F-Loc is
a direct limits preserving functor.

We denote by w-Bases the full subcategory of the category Bases whose
objects are 7: X — £ such that 7—!({a}) is infinite for every a € £, and
we set € := € | w-Bases.

PROPOSITION 6.2. The functor M lifts the functor C1 with respect to
the functor 1d..
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PrROOF. We have defined (Id.oM)(p) = (Id.oA)([Z](p)), for all p €
Bases, and so 7[z(,) is an isomorphism from (Id.oM)(p) to B(C(p)). We
abbreviate the notation putting 7, := nzj(,). Let F': 1 — 72 be a mor-
phism in Bases. By Corollary 5.9 we have that B(C(F)) = A([Z(F)]).
Since n: Id.o[Z] — A is a natural equivalence, we conclude that

(6.3) B(C(F)) = (N, o (IdcoM)(F) o 1,
Let m: X — £ be an object in Bases. By the definition
<M(p), M(Lp,ﬂ)>p€Fin(7r) = Iﬂ(M(p), M(Lp,a»pga in Fin(n)-
Since the functor Id. preserves direct limits, we infer that that
<IdC M(ﬂ—)a Idc M(LP,W)>p€Fin(7r)

is the direct limit

lim((1d, oM ) (p), (1. M) (1,,0) | p € o in Fin(r)).
It follows from (6.3) that the directed system

(1d. M) (p), (1. oM)(1p0) | p € o in Fin(r))
is isomorphic, via the isomorphisms {7, | p € Fin(m)}, to the directed system
(B(E()), B(€(1p0)) | p o in Fin(m)).

Since m € Bases, we infer that the partially ordered set Fin(w) has no
maximal elements. By Lemma 4.1 we get that

(C(7), Clepx) 0wy | p € Fin(m))
is the direct limit
lim(B(€(p)), B(€(tp,0)) | p E o in Fin()).
The isomorphisms {7, | p € Fin(7)} induce a unique isomorphism
s (Ide oM)(m) — €()
such that
(6.4) Nr 0 (Ide oM ) (tpx) = Cpx) 0 Up 0 1)p.
for all p € Fin(m).
Let F': m; — mo be a morphism in Bases. As above we select objects

p* € Fin(m) and we define the morphisms F),, for all p € Fin(m). It follows
from (6.1) that

B(C(1pr7)) 0 B(C(F))) = B(C(to+.7)) © B(E(Fy)) 0 B(Clep.0));

for all p C o in Fin(m) and all 7 € Fin(me) with p*,0* T 7. Applying
Lemma 4.2, we get that there is a unique homomorphism h: C(m) — C(m2)
such that

(6.5) hoClpm )0 tp = Ctprm) 0 upr 0 BC(F)),
for all p € Fin(m). Now, it follows from (6.2) that
(6.6) (IdeoM)(F)o (IdeoM)(tpx) = (Ide oM )(tp* x,) © (Idc oM )(F}).
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Applying (6.4) we derive from (6.6) that
(6.7) (Id. OM)(F)On;lloe(%,m)ouponp = n;gloe(bp*,ﬂz)oup*OB(G(Fp))Onp'

Composing (6.7) with 7, from the left and with 7, 1 from the right, we get
that

Ny © (Ide oM )(F) 0 77;11 o G(Lp,m) CUp = G(Lp*,frz) O Upx © B(G(Fp))>

which, according to Lemma 4.2, implies that 7, o (Id. oM)(F) o n! = h.
Finally, since by the definition F' o ¢ x; = tp* x, 0 F}, for all p € Fin(n),
we have that

C(F) 0 Clp,m) 0 up = Clpr my) 0 upr 0 B(C(F))).

We conclude that 7, o (Id;oM)(F) o ;! = h = C(F), which proves the
proposition. O

COROLLARY 6.3. Let ®: C — DSem be a functor whose image s in
DLat. The functor ® can be lifted with respect to the functor € if and only
if it can be lifted with respect to the functor Id..

PROOF. (=) Let ¥: C — Bases be a functor that lifts ® with respect
to to the functor Cf. According to Proposition 6.2, we have that

Id,oMo ¥ ~ Cl o U ~ &,

whence the composition M oW lifts the functor ® with respect to the functor
Id..

(<) Suppose that a functor © lifts the functor ® with respect to the
functor Id.. Given a ring (in particular a locally matricial F-algebra) R, we
denote by RaR the two sided ideal of R generated by an element a € R.
We define a functor ¥: C — Bases as follows:

e Given an object ¢ € C, we set ¥(c): O(c) x w — (Id. 00)(c) to be
the map given by (a,n) — RaR;

e Given a morphism f: ¢; — ¢3 in C, we define ¥(f) to be the map
given by the commutative diagram

U(f): O(c1) xw OU)xe O(c2) X w
v v
(Ide 0O)(cq1) (Id. 0O)(e2)

(Idc 0®)(f)

It is straightforward that the functor W lifts the functor ® with respect to
the functor Cf. O

7. Existence and non-existence of liftings

We denote by DLat,, the category whose objects are distributive (0, 1)-
lattices and whose morphisms are one-to-one (V, A, 0, 1)-homomorphisms.
We apply Corollary 6.3 to prove that the category DLaty, as well as every
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diagram in DLat has a lifting with respect to the functor Id.. We will start
with the category DLaty,.

THEOREM 7.1. The category DLaty, has a lifting with respect to the
functor 1d..

PROOF. In accordance with Corollary 6.3 it suffices to find a functor ®
of the category DLat,, with respect to the functor €. It is easy, we only
have to guarantee that its image is in Bases. Let X be an infinite set. Given
a distributive (0, 1)-lattice £, we define ®(£) to be the map £ x X — £
defined by (a,z) — a. Given a (V,A,0,1)-embedding f: £; — Ly, we
define ®(f) to be the morphism

fX1x

O(f): Ly xX Lo x X
B(e)| o)
Ly Lo
in the category w-Bases. ([

As opposed to Theorem 7.1, even a simple finite subcategory of the cat-
egory DLat cannot be lifted with respect to Id., which is demonstrated in
Example 7.1. Before that, we define the notion of a (0, 1)-lattice homomor-
phism that separates zero.

DEFINITION 7.2. We say that a (0, 1)-lattice homomorphism f: £ —
Lo separates zero provided that f(a) > 0 for all 0 # a € £;.

Observe that if Id.(yp) separates zero for ¢: Ry — Ry in F-Alg, then
the F-algebra homomorphism ¢ is one-to-one.

For an ordinal number o we denote by €, a well-ordered chain of all
ordinals < . Given ordinal numbers a and 3, we denote by f, 3: €, — Cg
the zero separating (0, 1)-lattice-homomorphism

1 :v>0,
fa,ﬁ(’Y)_{O iy =0,

for all v € €,. Let Do be the diagram displayed in Figure 5.

f3,3 s
& e3re
N T
le

3

Ficure 5. The diagram D,

ExaMpLE 7.1. There is no lifting of the diagram D, with respect to
the functor Id,.
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PROOF. Assume that there is a lifting & of D, with respect to the
functor Id.. Since f3 5 separates zero, ®(f32) is one-to-one. It follows that

D(f320f33) = ®(f32)0P(f33) # P(f32) 0 P(1cy) = ©(f3201c,) = P(f32),
while f320 f33 = f32. This is a contradiction. O

THEOREM 7.3. Let J be a partially ordered set and D: J — DLat a dia-
gram in DLat. Then the diagram D has a lifting with respect to the functor
Id,.

ProOF. Again, by Corollary 6.3, it suffice to find a lifting E of D with
respect to C. Let {X; | j € J} be a collection of infinite pairwise disjoint
sets. For every j € J we set

;= |J D@ xX,
i<j in J
and we let E(j): Y; — D(j) be the map sending (a, ) € D(i) x X; to D(i —
j)(a) (observe that the map is onto because the maps D(j) x X; — D(j)
are onto). Given j <k in J, we let E(j — k) to be the morphism

IN

EGi—j): Y Yi
5G| =0
D(j) DGR D(k)
in w-Bases. U

The last example represents the diagram (viewed as a subcategory) D
of the category DLat corresponding to the partially ordered class (« runs
through the class of all ordinals) that cannot be lifted with respect to Id.
(see Figure 6) .

Ca

TN

Cy C3 C. (QSQEOD)

FiGURE 6. The subcategory D

ExaMpLE 7.2. We denote by D, a subcategory of DLat whose objects
are lattices {€, | 2 < a € On}. Non-identity morphisms in D, are {fa2 |
a € On}. The subcategory D, has no lifting with respect to the functor
Id,.

PROOF. Assume that there is a lifting ® of D, with respect to the func-
tor Id.. Assume the contrary. Let « be an ordinal number whose cardinality
is bigger than |®(Cy)|. Since f, 2 separates zero, ®(fa2): ®(Cq) — P(C2)
is an embedding. This contradicts that |®(Cn)| > | > |P(C2)]. O
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1. Introduction

Representing algebraic lattices as congruence lattices of algebras of-
ten gives rise to very hard open problems. The most well-known of those
problems, the Congruence Lattice Problem, usually abbreviated CLP, asks
whether every distributive algebraic lattice is isomorphic to the congruence
lattice of some lattice, see the survey paper [75]. This problem has been
solved by the third author! in [83]. For algebraic lattices that are not neces-
sarily distributive, there are several deep results, one of the most remarkable,
due to W.A. Lampe [47], stating that every algebraic lattice with compact
unit is isomorphic to the congruence lattice of some groupoid. This result is
further extended to join-complete, unit-preserving, compactness preserving
maps between two algebraic lattices [48]. Although some of our methods are
formally related to Lampe’s, for example the proof of Theorem 9.1 via Propo-
sition 4.6, we shall be concerned only about distributive algebraic lattices.
This topic contains some not so well-known but also unsolved problems, as,
for example, whether every distributive algebraic lattice is isomorphic to the
congruence lattice of an algebra in some congruence-distributive variety.

If one drops congruence-distributivity, then one would expect the prob-
lems to become easier. Consider, for example, the two following problems:

CGP: Is every distributive algebraic lattice isomorphic to the nor-
mal subgroup lattice of some group?

CMP: Is every distributive algebraic lattice isomorphic to the sub-
module lattice of some module?

The problem CGP was originally posed for finite distributive (semi)lattices
by E.T. Schmidt as [70, Problem 5]. A positive solution was provided by
H. L. Silcock, who proved in particular that every finite distributive lattice
D is isomorphic to the normal subgroup lattice of some finite group G (see
[73]). Later P.P. Pélfy proved that G may be taken finite solvable (see
[55]). However, the general question seemed open until now. Similarly, the
statement of CMP has been communicated to the authors by Jan Trlifaj,
and nothing seemed to be known about the general case.

A common feature of the varieties of all groups and of all modules over
a given ring is that they are congruence-permutable, for example, any two
congruences of a group are permutable. Thus both CGP and CMP are, in
some sense, particular instances of the following question:

CPP: Is every distributive algebraic lattice isomorphic to the con-
gruence lattice of some algebra with permuting congruences? [70,
Problem 3]

Although the exact formulation of [70, Problem 3] asked whether every Ar-
guesian algebraic lattice is isomorphic to the congruence lattice of an algebra

g, Wehrung
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with permutable congruences, it was mentioned there that even the distribu-
tive case was open. Meanwhile, the Arguesian case was solved negatively by
M. D. Haiman in [40, 39], however, the distributive case remained open.

Recall that an algebra A has almost permutable congruences (see [74]),
ifOVP = ©odUP0O, for all congruences O, P € Con A (where the notation
O0® stands for the usual composition of relations). The three-element chain
is an easy example of a lattice with almost permutable congruences but not
with permutable congruences. On the other hand, it is not difficult to verify
that every congruence almost permutable variety of algebras is congruence
permutable. The last two authors of the present paper? obtained in [74]
negative congruence representation results of distributive semilattices by
lattices with almost permutable congruences, but nothing was said there
about arbitrary algebras with permutable congruences. Furthermore, our
attempts based on the “uniform refinement properties” introduced in that
paper failed, as these properties turned out to be quite lattice-specific.

In the present paper, we introduce a general framework that makes it
possible to extend the methods of [74] to arbitrary algebras, and thus solving
CPP—and, in fact, its generalization to algebras with almost permutable
congruences — negatively. Hence, both CGP and CMP also have negative
solutions. In fact, the negative solution obtained in CGP for groups extends
to loops, as the variety of all loops is also congruence-permutable. Another
byproduct is that we also get a negative solution for the corresponding prob-
lem for lattice-ordered groups.

Our counterexample is the same as in [60] and in [74], namely the con-
gruence lattice of a free lattice with at least Ny generators in any non-
distributive variety of lattices. We also show that the size N, is optimal, by
showing that every distributive algebraic lattice with at most N; compact
elements is isomorphic to the submodule lattice of some module, and also to
the normal subgroup lattice of some locally finite group, see Theorems 6.1
and 7.3. We also prove that every distributive algebraic lattice with at most
countably many compact elements is isomorphic to the f-ideal lattice of
some lattice-ordered group, see Theorem 8.3.

In order to reach our negative results, the main ideas are the following.

(i) Forget about the algebraic structure, just keep the partition lattice
representation.

(ii) State a weaker “uniform refinement property” that settles the neg-
ative result.

For Point (1), we are looking for a very special sort of lattice homomor-
phism of a given lattice into some partition lattice, namely, the sort that is
induced, as in Proposition 3.2, by a semilattice-valued distance, see Defini-
tion 3.1. For a (V,0)-semilattice 8§ and a set X, an 8-valued distance on
X isamap 0: X x X — 8 satisfying the three usual statements charac-
terizing distances (see Definition 3.1). Every such ¢ induces a map ¢ from

2J. Tiima and F. Wehrung
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8 to the partition lattice of X (see Proposition 3.2), and if § satisfies the
so-called V-condition, then ¢ is a join-homomorphism. Furthermore, the V-
condition of type n says that the equivalences in the range of ¢ are pairwise
(n+ 1)-permutable. Those “distances” have been introduced by B. Jénsson
for providing a simple proof of Whitman’s Theorem that every lattice can
be embedded into some partition lattice, see [43] or [27, Theorems IV.4.4
and IV .4.8].

While it is difficult to find a suitable notion of morphism between par-
tition lattices, it is easy to do such a thing with our distances, see Defini-
tion 3.1. This makes it possible to define what it means for a commutative
diagram of (V, 0)-semilattice 8 to have a lifting, modulo the forgetful func-
tor, by distances. In particular, we prove, in Theorem 9.2, that the cube
De considered in [74, Section 7| does not have a lifting by any diagram of
V-distances “of type 3/2”, that is, the equivalences in the ranges of the corre-
sponding partition lattice representations cannot all be almost permutable.
This result had been obtained only for lattices in [74].

The original proof of Theorem 9.2 was our main inspiration for getting
a weaker “uniformrefinement property”, that we denote here by WURP™
(see Definition 4.1). First, we prove that if 6: X x X — 8 is an 8-valued
V-distance of type 3/2 with range generating 8, then the (V, 0)-semilattice
Ssatisfies WURP™ (see Theorem 4.3). Next, we prove that for any free lat-
tice F with at least N generators in any non-distributive variety of lattices,
the compact congruence semilattice Con, F does not satisfy WURP™ (see
Corollary 5.8). Therefore, Con &F is not isomorphic to Con A, for any algebra
A with almost permutable congruences (see Corollary 5.7).

On the positive side, we explain why all previous attempts at finding
similar negative results for representations of type 2 (and above) failed. We
prove, in particular, that for every distributive (V,0)-semilattice 8, there
exists a surjective V-distance dg: Xg x Xg — 8 of type 2, which, moreover,
depends functorially on 8(see Theorem 9.1). In particular, the diagram
Dy considered in [76], which is not liftable, with respect to the congruence
lattice functor, in any variety whose congruence lattices satisfy a nontrivial
identity, is nevertheless liftable by V-distancesof type 2.

2. Preliminaries
The following statement of infinite combinatorics is due to C. Kuratowski
[46].

THE KURATOWSKI'S FREE SET THEOREM [46]. Let n be a positive
integer and X a set. Then |X| > n if and only if for every map ¢: [X]" —
[ X ]=, there exists U € [ X "™ such that u ¢ ¢(U \ {u}), for any u € U.

As in [60, 78], only the case n = 2 will be used.
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3. V-distances of type n

DEFINITION 3.1. Let 8 be a (V, 0)-semilattice and let X be a set. A map
0: X x X — 8is an 8-valued distance on X, if the following statements hold:
(i) 6(z,z) =0, for all x € X.
(i) 6(z,y) = 0(y,x), for all z,y € X.
(iii) 0(x,z) < d(z,y) Vi(y,2), for all z,y,z € X.
The kernel of § is defined as {(z,y) € X x X | 6(x,y) = 0}. The V-condition
on ¢ is the following condition:

Forall x,y € X and all a,b € 8 such that §(z,y) < aVb,

there are n € w\ {0} and = = zp, 21, ..., 2p+1 = y such

that for all i < n, §(z;, zi+1) < a in case i is even, while

0(2i, zi+1) < b in case i is odd.
In case n is the same for all z,y, a, b, we say that the distance § satisfies the
V-condition of type n, or is a V-distance of type n.

We say that ¢ satisfies the V-condition of type 3/2, or is a V-distance of
type 3/2, if for all z,y € X and all a,b € 8 such that d(z,y) < a V b, there
exists z € X such that either (§(z,2) < a and §(z,y) < b) or (6(z,2) <b
and §(z,y) < a).

We say that a morphism from A: X x X =+ 8 to u: Y XY — J is a pair
(f, f), where f: 8 — J is a (V, 0)-homomorphism and f: X — Y is a map
such that f(\(z,y)) = u(f(x), f(y)), for all z,y € X. The forgetful functor
sends A: X x X — 8 to 8 and (f, f) to f.

Denote by Eq X the lattice of all equivalence relations on a set X. For a
positive integer n, we say as usual that ag, a1 € Eq X are (n+1)-permutable,
if the compositions o; o 1_j 0 @; 0+ -+ 0 A1y mod 2 Of length n + 1, are for
i = 0,1 equal. In particular, 2-permutable is the same as permutable. With
every distance is associated a homomorphism to some Eq X, as follows.

PROPOSITION 3.2. Let 8 be a (V,0)-semilattice and let 6: X x X — 8
be an S-valued distance. Then one can define a map p: 8 — EqX by the
rule p(a) = {(z,y) € X x X | 0(z,y) < a}, for all a € 8. Furthermore,

(i) The map ¢ preserves all existing meets.

(ii) If 6 satisfies the V-condition, then ¢ is a join-homomorphism.
(iii) If the range of § join-generates 8, then ¢ is an order-embedding.
(iv) If the distance ¢ satisfies the V-condition of type n, then all equiv-
alences in the range of ¢ are pairwise (n + 1)-permutable.

Any algebra gives rise to a natural distance, namely the map (x,y) —
O(x,y) giving the principal congruences.

PROPOSITION 3.3. Letn be a positive integer and let A be an algebra with
(n + 1)-permutable congruences. Then the semilattice Cone, A of compact
congruences of A is join-generated by the range of a V-distance of type n.

PROOF. Let 6: A x A — Con, A be defined by 0(x,y) = ©a(x,y), the
principal congruence generated by (x,y), for all x,y € A. The assumption
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that A has (n + 1)-permutable congruences means exactly that J is a V-
distance of type n. O

Of course, A has almost permutable congruences if and only if the canon-
ical distance 4: A x A — Con. A satisfies the V-condition of type 3/2.
We shall focus attention on three often encountered varieties all members of
which have permutable (i.e., 2-permutable) congruences:

e The variety of all right modules over a given ring R. The congru-
ence lattice of a right module M is canonically isomorphic to the
submodule lattice Sub M of M. We shall denote by Sub. M the
(V, 0)-semilattice of all finitely generated submodules of M.

e The variety of all groups. The congruence lattice of a group G
is canonically isomorphic to the normal subgroup lattice Sub G of
G. We shall denote by Sub. G the (V,0)-semilattice of all finitely
generated normal subgroups of G.

e The variety of all ¢-groups (i.e., lattice-ordered groups), see [1].
The congruence lattice of an ¢-group G is canonically isomorphic
to the lattice Id* G of all convex normal subgroups, or f-ideals, of
G. We shall denote by Id’ G the (V,0)-semilattice of all finitely
generated f-ideals of G. Hence we obtain immediately the follow-
ing result.

COROLLARY 3.4.
(i) Let M be a right module over any ring R. Then Sub. M is join-
generated by the range of a V-distance of type 1 on M.
(ii) Let G be a group. Then Sub. G is join-generated by the range of
a V-distance of type 1 on G.
(iii) Let G be an L-group. Then IdﬁG 1s join-generated by the range of
a V-distance of type 1 on G.

The V-distances corresponding to (i), (ii), and (iii) above are, respec-
tively, given by d(x,y) = (x — y)R, §(x,y) = [xy!] (the normal subgroup
of G generated by xy '), and §(x,y) = G(xy!) (the /-ideal of G generated
by xy~1).

The assignments M +— Sub. M, G — Sub.G, and G — IdﬁG can
be canonically extended to direct limits preserving functors to the category
Semy of all (V, 0)-semilattices with (V, 0)-homomorphisms.

4. An even weaker uniform refinement property

The following infinitary axiom WURPT is a weakening of all the various
“uniform refinement properties” considered in [60, 74, 78]. Furthermore,
the proof that follows, aimed at obtaining Theorem 5.6, is very similar to
the proofs of [60, Theorem 3.3] and [74, Theorem 2.1].

DEFINITION 4.1. Let e be an element in a (V, 0)-semilattice 8. We say
that 8 satisfies WURP™ (e), if there exists a positive integer m such that for
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all families (a; | i € I) and (b; | i € I) of elements of 8§ such that e < a; V b;
for all i € I, there are an m-sequence (I, | u < m) of subsets of I such that
Uuem Iu = I and a family (c;; | (i,7) € I x I) of elements of 8 such that
the following statements hold:
(i) ¢,y <a;Vajand c;j <b;Vbj, forall u <m andalli,je€ I,.

(ii) e <a; Vb; Ve, for all u < m and all 4,j € I,,.

(iii) Cik < Cij Ve, for all 4,5,k € 1.
Say that 8 satisfies WURP™, if 8 satisfies WURP™(e) for all e € 8.

The following easy lemma is instrumental in the proof of Corollary 5.7.

LEMMA 4.2. Let 8 and T be (V,0)-semilattices, let f: 8 — T be a weakly
distributive (V, 0)-homomorphism, and lete € 8. If 8§ satisfies WURP~ (e),
then T satisfies WURP~(f(e)).

THEOREM 4.3. Let 8 be a (V,0)-semilattice and 6: X x X — 8 a V-
distance of type 3/2 with range join-generating 8. Then 8 satisfies WURP™.

PROOF. Let e € 8. As 8 is join-generated by the range of §, there
are a positive integer n and elements xy,y, € X, for £ < n, such that
e =\{d(xp,ye) | £ <n}. Forallie I and all £ < n, from §(z¢,y¢) < a; V b;
and the assumption on ¢ it follows that there exists z; o € X such that

either 6(zy, 2 ¢) < a; and 6(z;¢,y¢) < b;

4.1
(4.1) or 0(zy, zig) < b; and (2, yr) < a;.

For all ¢ € I and all ¢ < n, denote by P(i,¢) and Q(i,¢) the following

statements:
P(i,0): §(xg, zig) < a; and 6(z;¢,ye) < by;

Q(i,€): 6(we, 2i0) < b; and 0(zi0,yr) < @
We shall prove that m = 2n is a suitable choice for witnessing WURP ™ (e).
We put
I,:={iel|(Vlecu)P(if) and (V¢ € n\ u)Q(i,{)}, for all u € P(n).

We claim that I = |J{I, | u € P(n)}. Indeed, let i € I, and put u = {£ < n |
P(i,0)}. It follows from (4.1) that Q(i,¢) holds for all £ € n \ u, whence
1 € I,. Now we put
Cij = \/ 020, 2j,0),
I<n

for all 4, j € and we prove that the family (¢; ; | (z,7) € I x I) satisfies the
required conditions, with respect to the family (I,, | u € U) of 2™ subsets of
I. So, let i,j,k € I. The inequality ¢; < ¢;; V c¢; i holds trivially. Now
suppose that ¢,j € I, for some v € U. Let ¢ < n. If £ € u, then

0(2i0, 2j0) < 6(2i0,0) V 0(20, 250) < @; V ay,
8(ze,ye) < 6(xe, 2j0) V 6(2j0, 2i0) V 0(2i0,ye) < aj Veij Vb,
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while if £ € n \ u,

0(2i0, 2j0) < 6(2i0,y0) vV 0(ye, 2j0) < @iV aj,
e, ye) < 0(xe, 2ie) V 6(2ig, 2j0) VO(zj0,ye) < bi VeV a;.

whence both inequalities 0(z; ¢, zj¢) < a; V aj and 6(z¢,y) < a; Vb V ¢
hold in any case. It follows that ¢;; < a; Va; and e < a; V b; V ¢; ;.
Exchanging = and y in the argument leading to the first inequality also
yields that ci; < b,V bj. O

COROLLARY 4.4. Let A be an algebra with almost permutable congru-
ences. Then Con. A satisfies WURP™ .

REMARK 4.5. In case the distance 0 satisfies the V-condition of type
1, the statement WURP™ in Theorem 4.3 can be strengthened by taking
m = 1 in Definition 4.1. Similarly, if A is an algebra with permutable
congruences, then Con. A satisfies that strengthening of WURP™. In par-
ticular, as any group, resp. any module, has permutable congruences, both
Sub, G, for a group G, and Sub. M, for a module M, satisfy the strength-
ening of WURP™ obtained by taking m = 1 in Definition 4.1.

As we shall see in Theorem 5.6, not every distributive (V, 0)-semilat-
tice can be join-generated by the range of a V-distance of type 3/2. The
situation changes dramatically for type 2. It is proved in [26, Appendix 7]
that any modular algebraic lattice is isomorphic to the congruence lattice of
an algebra with 3-permutable congruences. This easily implies the following
result; nevertheless, we provide a much more direct argument, which will be
useful for the proof of Theorem 9.1.

PROPOSITION 4.6. Any distributive (V,0)-semilattice is the range of
some V-distance of type 2.

PROOF. Let 8 be a distributive (V, 0)-semilattice. We first observe that
the map ug: 8 x 8 — 8 defined by the rule

xVy, ifx ,
(4.2) ps(a.y) = 2V Y BT
0, ife=y

is a surjective 8-valued distance on 8. Now suppose that we are given a
surjective 8-valued distance 0: X x X — 8, and let z,y € X and a,b € 8
be such that §(z,y) < a V b. Since 8 is distributive, there are a’ < a and
b’ < b such that §(x,y) = a’ V. We put X' = X U {u,v}, where v and v
are two distinct outside points, and we extend § to a distance ¢’ on X’ by
putting ¢'(z,u) := §(z,z)Va' and §'(z,v) := §(z,y) Va/, for all z € X, while
8 (u,v) = b'. Tt is straightforward to verify that ¢ is an 8-valued distance
on X’ extending §. Furthermore, §'(z,u) = a’ < a, §(u,v) = b’ < b, and
8 (v,y) = @’ < a. Tterating this construction transfinitely, taking direct
limits at limit stages, yields an 8-valued V-distance of type 2 extending
0. O
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5. Failure of WURP™ in Con.¥F, for F free bounded lattice

The main proof of the present section, that is, the proof of Theorem 5.6,
follows the lines of the proofs of [60, Theorem 3.3] and [74, Corollary 2.1].
However, there are a few necessary changes, mainly due to the new “uni-
form refinement property” not being the same as the previously considered
ones. As the new result extends to any algebra, and not only lattices (see
Corollary 5.7), we feel that it is still worthwhile to show the main lines of
the proof in some detail.

From now on until Lemma 5.5, we shall fix a non-distributive lattice vari-
ety V. For every set X, denote by By(X) (or B(X) in case V is understood)
the bounded lattice in V freely generated by two-element chains s; < t;, for
i € X. Note that if Y is a subset of X, then there is a unique retraction
from B(X) onto B(Y), sending each s; to 0 and each t; to 1, for every
i € X \'Y. Thus, we shall often identify B(Y") with the bounded sublattice
of B(X) generated by all s; and t; (i € Y'). Moreover, the above mentioned
retraction from B(X) onto B(Y) induces a retraction from Con, B(X) onto
Con. B(Y'). Hence, we shall also identify Con, B(Y") with the corresponding
subsemilattice of Con, B(X).

Now we fix a set X such that | X| > Ny. We denote, for all i € X, by a;
and b; the compact congruences of B(X) defined by

(5].) a; = @(0, Si) V @(ti, 1); b, := @(Si,ti).

In particular, note that a; V b; = 1, the largest congruence of B(X).

Now, towards a contradiction, suppose that there are a positive integer n,
a decomposition X = (J{X}, | k < n}, and a family (¢; ; | (i,j) € X x X) of
elements of Con. B(X) witnessing the statement that Con. B(X) satisfies
WURP™(1), where 1 denotes the largest congruence of B(X). We pick
k < n such that |Xi| = |X|. By “projecting everything on B(Xj)” (as in
[74, page 224]), we might assume that X; = X.

Since the Con functor preserves direct limits, for all i,5 € X, there
exists a finite subset F'({7,j}) of X such that both ¢;; and c;; belong to
Cone B(F({i,7})). By Kuratowski’s Theorem, there are distinct elements
0,1,2 0of X such that 0 ¢ F'({1,2}),1 ¢ F({0,2}), and 2 ¢ F({0,1}). Denote
by m: B(X) — B({0,1,2}) the canonical retraction. For every i € {0, 1,2},
denote by ¢’ and i” the other two elements of {0,1,2}, arranged in such a
way that i < ”. We put d; := (Conc 7)(cy i), for all ¢ € {0,1,2}.

Applying the semilattice homomorphism Con, 7 to the inequalities sat-
isfied by the elements c; ; yields

(5.2) dg Cai1Vaz, by Vby; di CagVag,byVby; dyCagVay,byVbi;
(5:3) doVay Vb =diVasVby=dyVaVby=1;

(5.4) diy CdyV ds.
As in [60, Lemma 2.1], it is not hard to prove the following.
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LEMMA 5.1. The congruence d; belongs to Cone B({3',i"}), for all i €
{0,1,2}.

Since V is a non-distributive variety of lattices, it follows from a classical
result of lattice theory that V contains as a member some lattice M €
{M3,N5}. Decorate the lattice M with three 2-element chains x; < y; (for
i €{0,1,2}) as in [60], which we illustrate on Figure 1.

y1=1 yr =1

Yo =D Y2 =71 r1 =20

ZL'():{L‘Q:O IL‘OZl’QZO

FIGURE 1. The decorations of M3 and Ns.

The relevant properties of these decorations are summarized in the two
following straightforward lemmas.

LEMMA 5.2. The decorations defined above satisfy the following inequal-
ities
oAyt <13 y1 S 21 VYo T1AYo < To; Yo < ToVYi;
Ty ANY2 S w25 Y2 S T2VY T2AYL ST Y1 S a1V Y,

but o ﬁ zo V 1Yo.

LEMMA 5.3. The sublattice of M generated by {x}, .y}, y!'} is distribu-
tive, for all i € {0,1,2}.

Now we shall denote by D be the free product (i.e., the coproduct) of two
2-element chains, say ug < vg and u; < vi, in the variety of all distributive
lattices. The lattice D is diagrammed on Figure 2.

The join-irreducible elements of D are wug, u1, vo, v1,uy := ug A v, U} ==
u1 Avg, and w := vgAvy. Since D is finite distributive, its congruence lattice
is finite Boolean, with seven atoms p := Op(ps,p), for p € J(D) (where p,
denotes the unique lower cover of p in D), that is,

ug = @%(uo,vl)' u; = @%(ul,vo);
vy = (vo,uo Vr); = @%(vl,ul V vo);
uj = (uo A1, ur); u) = @%(ul A Vo, Up);
w = Op((ug A1) V (ug Avg),vo Avy).

For all 7 € {0, 1,2}, let m;: B({¢',i"}) — D be the unique lattice homo-
morphism sending s;; — ug, t;7 — vg, s;# — uq, and t;» — v1. Furthermore,
denote by p: B({0,1,2}) — M the unique lattice homomorphism sending
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s; — x; and t; — y; (for all 4 € {0,1,2}); denote by p; the restriction of p
to B({i',"}).

We shall restate [60, Lemma 3.1] here for convenience.

LEMMA 5.4. Let L be any distributive lattice, let a,b,a’, b be elements
of L. Then the equality ©f (a,b) NOL(a/,b') =OL(aNd' bV ) holds.

Now we put e; := (Cone m;)(d;), for all ¢ € {0,1,2}.

oV =1

() U1

uQ Uy

up Aup =0

F1GURE 2. The distributive lattice D.
LEMMA 5.5. The containments e~ C e; C e™ hold for all i € {0,1,2},
where we put
e~ = 0% (ug Avi,ur) V OF(v1,u1 V),
e" = 0% (ug Avi,ur) VO (v, ur Vvg) V OL (ur Avg,ug) V OF (vo, up V vr).

PRrOOF. Applying Con, 7; to the inequalities (5.2) and (5.3) yields the
following inequalities:

(5.5) e; € 0(0,u0) v O(0,u1) VO (vp, 1) VO (v, 1),
(5.6) e; C @(UO,U()) V @(’U,l,’l)l),
(5.7) ei\/@(O,ul)\/@(vl,l)\/@(uo,vo) =1.

By using Lemma 5.4 and the distributivity of Con D, we obtain, by meeting
(5.5) and (5.6), the inequality e; C e™. On the other hand, by using (5.7)
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together with the equality
©(0,u1) VO (v1,1) VO(ug,vg) = uo Vuy VaulVogVw,
(see Figure 2), we obtain that e~ = uj V v C e;. O
Now, for all 7 € {0, 1,2}, it follows from Lemma 5.3 that there exists a

unique lattice homomorphism ¢; : D — M such that p;om; = p;. Since Con,
is a functor, we get from this and from Lemma 5.5 that for all ¢ € {0, 1,2},

(Cong p)(d;) = (Cone pi)(ei) < (Cone p;)(e™) =
(Cone ;) (0% (ug A vr,ur) VO™ (v, ur V vg)V
(5.8) O (u1 A vg, ug) VO™ (vg,up V1)) =
OF (zy Ay, zir) V O (yyr, w4 Vi )V
OF (i Ayir, i) V OF (yir, s V yir).
while
(Cone p)(di) = (Conc ¢i)(ei) 2 (Cone ¢i)(e”)
(5.9) = (Cone ;)(07 (ug A vy, ur) VO (v1,u1 Vvg))
= 0" (i Ny, xin) NV OF (ypm, zin V yir).
In particular, we obtain, using Lemma 5.2,
(Cone p)(do) = 0,
(Cone p)(d2) = 0,
while (Cone p)(d1) D OF (zg Ay, x2) VO (32,22 V yg) # 0.
On the other hand, by applying Con. p to (5.4), we obtain that
(Cone p)(dy) C (Cone p)(dp) V (Conc p)(da),

a contradiction. Therefore, we have proved the following theorem.

THEOREM 5.6. Let V be any non-distributive variety of lattices, let X
be any set such that | X| > Wy. Denote by By(X) the free product in V of
X copies of a two-element chain with a least and a largest element added.
Then Cone By(X) does not satisfy WURP™ at its largest element.

A “local” version of Theorem 5.6 is presented in Theorem 9.2.

Observe that Con, By(X), being the semilattice of compact congruences
of a lattice, is distributive.

As in [60, Corollary 4.1], we obtain the following.

COROLLARY 5.7. Let £ be any lattice that admits a lattice homomor-
phism onto a free bounded lattice in the variety generated by either Mz or N
with Vo generators. Then Cong L does not satisfy WURP™. In particular,
there exists no V-distance of type 3/2 with range join-generating Cone L.
Hence there is no algebra A with almost permutable congruences such that

ConL ~ Con A.
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PROOF. The first part of the proof goes like the proof of [60, Corollary

4.1], using Lemma 4.2. The rest of the conclusion follows from Theorem 4.3.
O

COROLLARY 5.8. Let V be any non-distributive variety of lattices and
let F be any free (resp., free bounded) lattice with at least Ny generators in
V. Then there exists no V-distance of type 3/2 with range join-generating
Cone F. In particular, there is no algebra A with almost permutable congru-
ences such that ConF ~ Con A.

By using Cor 3.4, we thus obtain the following.

COROLLARY 5.9. Let V be a non-distributive variety of lattices, let F be
any free (resp., free bounded) lattice with at least Ro generators in 'V, and
put D := Con F—a distributive, algebraic lattice with Ny compact elements.
Then there is no module M (resp., no group G, resp. no £-group G) such
that Sub M ~ D (resp., SubG ~ D, G ~ D).

Hence, not every distributive algebraic lattice is isomorphic to the sub-
module lattice of some module, or to the normal subgroup lattice of some
group. However, our proof of this negative result requires at least Ny com-
pact elements. As we shall see in Sections 6 and 7, the Ny bound is, in both
cases of modules and groups, optimal.

6. Representing distributive algebraic lattices with at most N;
compact elements as submodule lattices of modules

In this section we deal with congruence lattices of right modules over
rings.

THEOREM 6.1. Every distributive (V,0)-semilattice of size at most N1 is
isomorphic to the submodule lattice of some right module.

PROOF. Let 8 be a distributive (V, 0)-semilattice of size at most N;. If
8 has a largest element, then it follows from the main result of [79] that
8 is isomorphic to the semilattice Id.(R) of all finitely generated two-sided
ideals of some (unital) von Neumann regular ring R.

In order to reduce ideals to submodules, we use a well-known trick.
As R is a bimodule over itself, the tensor product R = R°® @ R can be
endowed with a structure of (unital) ring, with multiplication satisfying
(a®b) - (d@V) = (d'a)®(bV') (both a’a and b’ are evaluated in R). Then
R is a right R-module, with scalar multiplication given by x - (a®b) = axb,
and the submodules of Rz are exactly the two-sided ideals of R. Hence,
Sub. R = Id.(R) ~ 8.

In case 8 has no unit, it is an ideal of the distributive (V, 0, 1)-semilat-
tice 8 = 8 U {1} for a new largest element 1. By the previous paragraph,
8’ ~ Sub. M for some right module M, hence 8 ~ Sub. N where N is
the submodule of M consisting of those elements x € M such that the
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submodule generated by x is sent to an element of 8 by the isomorphism
Sub, M ~ §'. O

The commutative case is quite different. For example, for the ideal
lattice of a commutative von Neumann regular ring R is finite, then, as
it is distributive and complemented; it must be Boolean. In particular, the
three-element chain is not isomorphic to the ideal lattice of any commutative
von Neumann regular ring. Even if regularity is removed, not every finite
distributive lattice is allowed. For example, one can prove the following
result: A finite distributive lattice D is isomorphic to the submodule lattice
of a module over some commutative ring if and only if D is isomorphic to
the ideal lattice of some commutative ring, if and only if D is a product
of chains. In particular, the square 2 x 2 with a new bottom (resp., top)
element added is not isomorphic to the submodule lattice of any module
over a commutative ring.

7. Representing distributive algebraic lattices with at most N;
compact elements as normal subgroup lattices of groups

Every nonabelian simple group is “neutral” in the sense of [19]. Hence,
the direction (1) = (5) in [19, Theorem 8.5] yields the following well-known
result, which holds despite the failure of congruence-distributivity in the
variety of all groups.

LEMMA 7.1. Let n < w and (G; | i < n) be a finite sequence of simple
non-abelian groups. Then the normal subgroups of [],., Gi are exactly the
trivial ones, namely the products of the form [[,_, H;, where H; is either

G or {1g,}, for all i < n. Consequently, Sub (H G<) ~ 27,

<n ¢

We denote by J the class of all finite products of alternating groups of
the form A,,, for n > 5. For a group homomorphism f: G — H, we denote
by Sub f: SubG — Sub H the (V, 0)-homomorphism that with any normal
subgroup X of G associates the normal subgroup of H generated by f(X).
The following square amalgamation result is crucial. It is an analogue for
groups of [28, Theorem 1] (for lattices) or [79, Theorem 4.2] (for regular
algebras over a division ring).

LEMMA 7.2. Let Gy, G1, Gy be groups in F and let f1: Gy — G1 and
fo: Gog — Go be group homomorphisms. Let B be a finite Boolean semilat-
tice, and, fori € {1,2}, let g;: SubG; — B be (V,0)-homomorphisms such
that

(7.1) g1 ©Sub f1 = gy o Sub fo.

Then there are a group G in F, group homomorphisms g;: G; — G, for
i € {1,2}, and an isomorphism a: SubG — B such that g1 o fi = g2 0 f2
and e o Sub g; = g; for all i € {1,2}.
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OUTLINE OF PROOF. We follow the lines of the proofs of [28, Theorem
1] or [79, Theorem 4.2]. First, by decomposing B as a finite power of 2, ob-
serving that F is closed under finite direct products, and using Lemma 7.1,
we reduce to the case where B = 2, the two-element chain. Next, denot-
ing by h the (V,0)-homomorphism appearing on both sides of (7.1), we
put Gj = {z € Gy | h([x]) = 0} (where [z] denotes, again, the normal
subgroup generated by ), and, similarly, G, = {z € G; | g;([z]) = 0}, for
i € {1,2}. So G} is a normal subgroup of G;, for all i € {0,1,2}, and
replacing G; by G;/G’ makes it possible to reduce to the case where both
g, and g, separate zero while both f; and f5 are group embeddings.

Hence the problem that we must solve is the following: given group
embeddings f;: Gy — Gy, for i € {1,2}, we must find a finite, simple, non-
abelian group G with group embeddings ¢;: G; — G such that g; o f; =
g2 o fa. By the positive solution of the amalgamation problem for finite
groups (see [53, Section 15]), followed by embedding the resulting group
into some alternating group with index at least 5, this is possible. O

Now every distributive (V, 0)-semilattice of size at most ¥ is the direct
limit of some direct system of finite Boolean (V,0)-semilattices and (V, 0)-
homomorphisms; furthermore, we may assume that the indexing set of the
direct system is a 2-ladder, that is, a lattice with zero where every interval
is finite and every element has at most two immediate predecessors. Hence,
by imitating the method of proof used in [28, Theorem 2| or [79, Theorem
5.2], it is not difficult to obtain the following result.

THEOREM 7.3. Every distributive (V,0)-semilattice of size at most ¥y
is isomorphic to the finitely generated normal subgroup semilattice of some
group which is a direct limit of members of F.

Reformulating the result in terms of algebraic lattices rather than semi-
lattices, together with the observation that all direct limits of groups in F
are locally finite, gives the following.

COROLLARY 7.4. Fvery distributive algebraic lattice with at most Ny
compact elements is isomorphic to the normal subgroup lattice of some locally
finite group.

8. Representing distributive algebraic lattices with at most N
compact elements as /-ideal lattices of /-groups

The variety of f-groups is quite special, as it is both congruence-distri-
butive and congruence-permutable. The following lemma does not extend
to the commutative case (for example, Z x Z cannot be embedded into any
simple commutative ¢-group).

LEMMA 8.1. Every £-group can be embedded into some simple £-group.
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PRrOOF. It follows from [56, Corollary 5.2] that every f-group G embeds
into an ¢-group H in which any two positive elements are conjugate. In
particular, H is simple. O

The following result is a “one-dimensional” analogue for f-groups of
Lemma 7.2.

LEMMA 8.2. For any £-group G, any finite Boolean semilattice B, and
any (V,0)-homomorphism f: IdﬁG — B, there are an L-group H, an £-
homomorphism f: G — H, and an isomorphism a: IdﬁH — B such that
f=aold.

PROOF. Suppose first that B = 2. Let G(x) denote the ¢-ideal gen-
erated by z. Observing that I := {x € G | f(G(z)) =0} is an ¢-ideal of
G, we let H be any simple ¢-group extending G/I (see Lemma 8.1), we
let f: G — H be the composition of the canonical projection G - G/I
with the inclusion map G/I — H, and we let ac: Idﬁ H — 2 be the unique
isomorphism.

Now suppose that B = 2", for a natural number n. For each i < n, we
apply the result of the paragraph above to the i*" component f,: Idﬁ G—2
of f , getting a simple ¢-group H;, an {~-homomorphism f;: G — H;, and
the isomorphism o;: IdS H; — 2. Then we put H := L, Hi, fr: 2~
(fi(x) | i < n), and we let a: Id% H — 2" be the canonical isomorphism. [J

THEOREM 8.3. Ewvery distributive at most countable (V,0)-semilattice
is isomorphic to the semilattice of all finitely generated (-ideals of some (-

group.

Equivalently, every distributive algebraic lattice with (at most) count-
ably many compact elements is isomorphic to the f-ideal lattice of some
{-group.

ProOF. It follows from [12, Theorem 3.1] (see also [25, Theorem 6.6])
that every distributive at most countable (V,0)-semilattice 8 can be ex-
pressed as the direct limit of a sequence (B, | n < w) of finite Boolean
semilattices, with all transition maps f,: B, — B, and limiting maps
g,,: By — 8 being (V, 0)-homomorphisms. We fix an ¢-group Gy with an
isomorphism ay: Idﬁ Gy — By. Suppose having constructed an ¢-group G,
with an isomorphism o, : Idﬁ G, — B,. Applying Lemma 8.2 to f,, o a,
we obtain an f-group G,+1, an f~-homomorphism f,: G, — G,+1, and an
isomorphism 41 : Idﬁ Gp+1 — Bn+ 1 such that f,, o, = apg10 Idﬁ fn-
Defining G as the direct limit of the sequence

Gt By, |

an elementary categorical argument yields an isomorphism from Idﬁ G onto
the direct limit 8 of the sequence (B, | n < w). O
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9. Functorial representation by V-distances of type 2

Observe that the argument of Proposition 4.6 is only a small modification
(with a more simple-minded proof) of B. Jénsson’s proof that every modular
lattice has a type 2 representation, see [43] or [27, Theorem IV.4.8]. It
follows from Corollary 5.7 that “type 2” cannot be improved to “type 1”.
In view of Proposition 3.2, this is somehow surprising, as every distributive
lattice has an embedding with permutable congruences into some partition
lattice. This illustrates the observation that one can get much more from
a distance than from an embedding into a partition lattice. We shall now
present a strengthening of Proposition 4.6 that shows that the construction
can be made functorial. We introduce notations for the following categories:

(1) DSemy,, the category of all distributive (V,0)-semilattices with
(V, 0)-embeddings.

(2) Dist, the category of all surjective distances of the form d: X x
X — 8 with kernel the identity and 8 a distributive (V, 0)-semi-
lattice, with morphisms (see Definition 3.1) of the form

(f, f): XXX&YXY

/\i |

T

with both f and f one-to-one.
(3) Distg, the full subcategory of Dist of all V-distances of type 2.

Furthermore, denote by II: Dist — DSemy, the forgetful functor (see
Definition 3.1).
THEOREM 9.1. There exists a direct limits preserving functor
®: DSem,, — Distoy
such that the composition Il o ® is equivalent to the identity.

Hence the functor ® assigns to each distributive (V,0)-semilattice 8§ a
set Xg together with a surjective 8-valued V-distance dg: Xg x Xg — 8 of
type 2.

ProoF. The proof of Proposition 4.6 depends of the enumeration order
of a certain transfinite sequence of quadruples (x,y, a, b), which prevents it
from being functorial. We fix this by adjoining all such quadruples simulta-
neously, and by describing the corresponding extension. So, for a distance
§: X x X — 8, we put 8 =8\ {0}, and

H(0) ={{z,y,a,b) € X x X x8 x 8 |(x,y) =aVb}.

For ¢ := (x,y,a,b) € H(J), we put xg =z, :c% =y, ag = a, and be = b.
Now we put X’ := XU{ué | € € H(d)} and i € {0,1}, where the elements ué
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are pairwise distinct symbols outside X. We define a map §: X' x X’ — 8
by requiring ¢’ to extend §, with value zero on the diagonal, and by the rule

agVayVi(zg, ), fLFn,
5/(ué, z) = 5'(2,%) = 5(,2,332) Vag,
for all £, € H(d), all 4,5 € {0,1}, and all z € X.

It is straightforward, though somewhat tedious, to verify that §’ is an
8-valued distance on X', that it extends §, and that its kernel is the identity
of X’ in case the kernel of ¢ is the identity of X (because the semilattice
elements a¢ and bg are non-zero). Furthermore, if 8 is distributive, then
every V-condition problem for ¢ of the form §(z,y) < a Vb can be refined to
a problem of the form d(z,y) = a’ V¥, for some a’ < a and b’ < b (because
8 is distributive), and such a problem has a solution of type 2 for ¢’. Namely,
in case both a’ and b’ are non-zero (otherwise the problem can be solved in
X), put &€ := (x,y,a’,b'), and observe that &'(z,u?) = a, 5’(ug,u%) =b,
and 5'(ué, y)=ad'.

Hence, if we put (Xg,d) := (X,0), then (X,41,0n+1) = (X],0.),
for all n < w, and finally X := |J,., X, and 6 = Un<w On, the pair
U((X,6)) = (X,68) is an 8-valued V-distance of type 2 extending (X,4).
Every morphism (f, f): (X,\) — (Y, ) in 8 extends canonically to a mor-
phism (f’, f): (X', N) = (Y, /) (the underlying semilattice map f is the
same), by defining

f'(ug) == uke, for all € € H(A) and all i < 2,
where we put, of course,

Hence, by an easy induction argument, (f, f) extends canonically to
a morphism V((f, f)) = (f, f): (X,\) — (Y, 1), and the correspondence
(f, )~ (f, f) is itself a functor. As the construction defining the corre-
spondence (X, §) — (X', ') is local, the functor W preserves direct limits.

It remains to find something to start with, to which we can apply V.
A possibility is to use the distance pg, given by (4.2), introduced in the
proof of Proposition 4.6. The correspondence 8§ — pug defines a functor,
in particular, if f: 8 — J is an embedding of distributive (V,0)-semilat-
tices, then the equality pg(f(x), f(y)) = f(ps(z,y)) holds, for all z,y € 8.
The desired functor ® is given by ®(8) = V((8, us)), for any distributive
(V,0)-semilattice 8. O

In contrast with the result of Theorem 9.1, we shall isolate a finite,
“combinatorial” reason for the forgetful functor from V-distances of type
3/2 to distributive (V,0)-semilattices not to admit any left inverse. By
contrast, we recall that for V-distances of type 2, the corresponding result is
positive, see Theorem 9.1. In order to establish the negative result, we shall
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use the example D, of [74, Section 7], and extend the corresponding result
from lattices with almost permutable congruences to arbitrary V-distances
of type 3/2.

We recall that Dy, is the (commutative) cube of finite Boolean semilat-
tices represented on Figure 3, where P(X) denotes the powerset algebra of
aset X and e, f, g, ho, h1, and hy are the (V,0)-homomorphisms (and, in
fact, (v, 0,1)-embeddings) defined by their values on atoms as follows:

e(1) ={0,1},
{0y 0,1}, [{o} e {0,2},
Ve zsn 7 - (s
{0} — {0,4, 7}, {0} — {0,4,5,7}, {0} — {0, 4,6},
L= sel L e a6t {1 {157
Y2 {2,561, {2y = {2,567 0 1 {2}— {3,5,7),
(3} = {1,4,7}, (3} — {3,4,5,6), (3} = {2,4,6),

/hl\

PO

P2)  P@)
A
\e/

2

P(4)

2

FIGURE 3. The cube D, unliftable by V-distances of type 3/2.

THEOREM 9.2. The diagram D, has no lifting, with respect to the forget-

ful functor, by distances, surjective at level 0 and satisfying the V-condition
of type 3/2 at level 1.

PROOF. Suppose that the diagram of Figure 3 is lifted by a diagram of
distances, with distances A\: X x X — 2, \j: X; x X; — P(2), p;: Vi xY; —
P(4), and p: Y x Y — P(8), for all i € {0, 1,2}, see Figure 4.

We assume that A is surjective and that \; is a V-distance of type 3/2,
for all ¢ € {0,1,2}. Denote by f 1 the canonical map from U to V given by
this lifting, for U below V among X, Xq, X1, X2, Yy, Y1, Y2, Y. After having
replaced each of those sets U by its quotient by the kernel of the corre-
sponding distance, and then by its image in Y under fyy, we may assume
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FIGURE 4. A commutative diagram of semilattice-valued distances

that fyy is the inclusion map from U into V, for all U below V among
XaXOaleX%YbaYla}/QaY'

Since A is surjective, there are x,y € X such that A(x,y) = 1. For all
i€{0,1,2},

Ai(z,y) = e(Mz,y)) = e(1) = {0,1} = {0} U{1},

thus, since \; satisfies the V-condition of type 3/2, there exists z; € X; such
that
either \;(z, z;) = {0} and A\;(z;,y) = {1} (say, P(i))

or )\z(xa ZZ) = {1} and )\z(Z@,y) = {0} (Sa}va(Z))
So we have eight cases to consider, according to which combination of P
and @ occurs in (9.1) for i € {0,1,2}. In each case, we shall obtain the
inequality
(9.2) 1(20, 22) & p(20, 21) U p(z1, 22),
which will contradict the triangular inequality for pu.

Case 1. P(0), P(1), and P(2) hold. Then pa(z0,2z) = f(Mo(z,20)) =
{071} and /LQ((E,Zl) = g()‘l(xvzl)) = {072}7 whence MQ(Z(),Zl) - {07 172}
Similarly, replacing by y in the argument above, pa(zo,vy) = f(Ao(20,v)) =

{273} and M?(y7zl) = g()‘l(zhy)) = {173}7 whence M?(z():zl) - {17273}
Therefore, p2(z0,21) C {1,2}. On the other hand, from

(9.1)

p2(z, 20) U pa(zo0, 21) = pa(w, 21) U pi2(20, 21)

the converse inclusion follows, whence ua(zo,21) = {1,2}. Similar compu-
tations yield that p1(29,22) = po(z1,22) = {1,2}. Hence, we obtain the
equalities

11(z0, 21) = hapa(z0,21) = {1,3,5, 7},

11(z0, 22) = hap(z0, 22) = {1,2,4,5,6,7},

f1(z1, 22) = hopo(21, 22) = {2,3,5,6}.
Observe that 4 belongs to p(zo, z2) but not to p(zo, z1) U pu(z1, 22).
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Case 2. P(0), P(1), and Q(2) hold. As in Case 1, we obtain
p2(z0,21) = {1,2} and p1 (20, 22) = po(z1, 22) = {0, 3},

thus p(z0,21) = {1,3,5,7}, u(z0,22) = {0,3,4,5,6,7}, and u(z1,22) =
{0,1,4,7}, which confirms (9.2) and thus causes a contradiction.

Case 3. P(0), Q(1), and P(2) hold. We obtain u2(20, 21) = po(z1, 22) =
{0,3} and pi(z0,22) = {1,2}, thus p(zo,22) = {1,2,4,5,6,7}, u(z0,21) =
{0,2,4,6}, and u(z1,22) = {0,1,4,7}.

Case 4. P(0), Q(1), and Q(2) hold. We obtain
,UQ(ZOa Zl) = IUI(Z(), 22) = {07 3} and MO(Zla 22) = {17 2}7

thus p(zo0,22) = {0,3,4,5,6,7}, u(z0,21) = {0,2,4,6}, and u(z1,22) =
(2,3,5,6).

Case 5. Q(0), P(1), and P(2) hold. We obtain
p2(z0, 21) = pi1(20, 22) = {0, 3} and po(z1, 22) = {1,2},

thus /,L(Z(),Zl) = {0727476}7 IU’(ZO7Z2) = {07374757677}7 and IU’(Z17Z2) =
(2,3,5,6).

Case 6. Q(0), P(1), and Q(2) hold. We obtain
p2(z0,21) = po(21, 22) = {0,3} and p1(20, 22) = {1,2},

thus M(Zoazl) = {0327476}7 :U’(ZO722) = {1a2a4a57637}7 and :U’(ZDZZ) =
{071a4a 7}

Case 7. Q(0), Q(1), and P(2) hold. We obtain
p2(z0, 21) = {1,2} and g1 (20, 22) = po(z1, 22) = {0, 3},

thus w(z0,21) = {1,3,5,7}, p(zo0,22) = {0,3,4,5,6,7}, and p(z1,22) =
{0,1,4, 7).

Case 8. Q(0), Q(1), and Q(2) hold. We obtain
p2(20,21) = pa(zo, 22) = po(21, 22) = {1, 2},
thus u(z0,21) = {1,3,5,7}, p(zo0,22) = {1,2,4,5,6,7}, and pu(z1,22) =

{2,3,5,6}. In all cases, we obtain a contradiction. O

A “global” version of Theorem 9.2 is presented in Theorem 5.6. The
following corollary extends [74, Theorem 7.1] from lattices to arbitrary al-
gebras.

COROLLARY 9.3. The diagram Dg. has no lifting, with respect to the
congruence lattice functor, by algebras with almost permutable congruences.

About other commonly encountered structures, we obtain the following.

COROLLARY 9.4. The diagram D,. has no lifting by groups with respect
to the Sub functor, and no lifting by modules with respect to the Sub functor.
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The following example offers a significant difference between the situa-
tions for groups and modules.

EXAMPLE 9.1. The diagonal map 2 < 22 has no lifting, with respect to
the Sub functor, by modules over any ring. Indeed, suppose that A — BxC
is such a lifting, with A, B, and C simple modules. Projecting on B
and on C yields that A is isomorphic to a submodule of both B and C,
whence, by simplicity, A, B, and C are pairwise isomorphic. But then,
B x C ~ B x B has the diagonal as a submodule, so its submodule lattice
cannot be isomorphic to 22.

By contrast, every square of finite Boolean (V,0)-semilattices can be
lifted, with respect to the Sub functor, by groups, see Lemma 7.2.
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1. Introduction

Congruence lattices of universal algebras correspond to algebraic lattice.
By the theorem of N. Funayama and T. Nakayama [20], the congruence lat-
tice of a lattice is, in addition, distributive (see also [27, II. 3. Theorem 11]).
On the other hand, R. P. Dilworth proved that every finite distributive lat-
tice is isomorphic to the congruence lattice of a finite lattice (the result was
first published in Grétzer’s and Schmidt’s [29]) and he conjectured that
every distributive algebraic lattice is isomorphic to the congruence lattice
of a lattice (see again [29]). This conjecture, referred to as the Congru-
ence Lattice Problem, despite many attempts (see surveys [27, Appendix C]
and [75]), remained open for over sixty years until, recently, F. Wehrung
disproved it in [83].

The Wehrung’s solution involves a combination of new ideas, see, in par-
ticular, Lemmas 4.4, 5.1, and 6.2 in [83], and methods developed in earlier
papers, which originated in [77] and were pursued further in [59, 60, 68,
74, 78]. In these papers, counterexamples to various problems related to the
Congruence Lattice Problem were obtained. The optimal cardinality bound
for all these counterexamples is Ny, however Wehrung’s argument requires
an algebraic distributive lattice with at least N, 11 compact elements. In
the present paper, we improve Wehrung’s result by proving that there is a
counterexample of size No. As in the related cases, Ny turns out to be the
optimal cardinality bound for a negative solution of the Congruence Lattice
Problem. Our proof closely follows Wehrung’s ideas. The main difference
consists in an enhancement of Kuratowski’s Free Set Theorem by a new
combinatorial principle which involves finite trees.

The Wehrung’s construction in [83] uses a ” free” distributive extension
of a (V,0)-semilattice; a functor that assigns to every (V,0)-semilattice a
distributive (V,0)-semilattice, constructed previously by M. Plos¢ica and
J. Tuma in [59]. The main features of this construction for the refutation of
the Congruence Lattice Problem are extracted in the so-called Evaporation
Lemma [83, Lemma 4.4]. We generalize this idea by defining a diluting
functor whose properties are sufficient to prove the Evaporation Lemma,
and we prove that the free distributive extension of a (V,0)-semilattice is,
indeed, a diluting functor.

Further, we modify Kuratowski’s Free Set Theorem, the combinatorial
essence of the above mentioned counterexamples. Given a set W and a map
¢: [W]Y — [W]<¥, we define a free k-tree (with respect to ¢), for every
positive integer k, which is a k-ary tree with some combinatorial properties
derived from the Kuratowski’s Free Set Theorem. We prove that a free k-
tree exists whenever the cardinality of the set W is at least Ni_1, and we
apply the existence of a free 3-tree in every set of cardinality at least Ny to
attain the optimal cardinality bound in the Wehrung’s result.
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2. Diluting functors

We denote by Semyg the category of (V, 0)-semilattices (with (V, 0)-ho-
momorphisms).

DEFINITION 2.1. An ezpanding functor on Semy is a pair (¥, ), where
U is an endofunctor Semg — Semg and ¢ is a natural transformation from
the identity functor on Semg to ¥ such that tg: 8§ — ¥(8) is an embedding,
for every (V,0)-semilattice 8. We shall denote the expanding functor above
by ¥ once the natural transformation ¢ is understood, and we shall identify
tg(x) with x, for all x € 8.

An expanding functor ¥: Semg — Semyg is a diluting functor, pro-
vided that for all (V,0)-semilattices 8 and J and every (V,0)-homomor-
phism f:8 — T, the following property is satisfied: for all v € ¥(8), and
up,u; € ¥(T), the inequality ¥(f)(v) < up V u; implies that there are
xo,x1 € U(8) and y € 8 such that

fly) <wugVur, Y(f)(x;)<wu;, foralli=1,2, and v <xyVxVy.
Let U, V be subsets of a (V, 0)-semilattice 8. We shall use the notation
UVvV:={uVov|uecUandveV}

LEMMA 2.2. Let 8 be a (V,0)-semilattice and 8;, i = 0,1, (V,0)-subse-
milattices of 8 such that 8 = 8¢ V 81 and there are retractions r;: 8 — §;,
for i =0,1. Put s; = V(r;), for every i = 0,1. Let u; € ¥(8;), i = 0,1,
be such that s;(u1—;) = 0, for all i = 0,1. Then for every y € 8 such that
y <wugVuy, there are y; € 8;, 71 =0,1, such that y <y, Vy; and y; < u;,
for alli=0,1.

PrROOF. We put y; := 7;(y), for all i = 0,1. Since 8 = 8§,V 81, there are
elements y; € 8;, 7 = 0,1, such that y = y; V). Since the maps r;, i = 0,1,
are retractions, ¥} < r;(y) = y;, for all i = 0,1, whence y < y, V y;.

It remains to prove that y; < wu,, for all i = 0,1. We fix i € {0,1}.
Since s; | 8 = r; and s;: ¥(8) — U(§;) is a retraction, s;(u;) = u;. Since
si(u1—;) = 0, according to the assumption, we conclude that

(2.1) Yy, = Si(y) < si(up Vur) = si(uo) Vsi(ur) = si(u;) = u,.
]

We define W0 to be the identity functor and, inductively, ¥ = Wo W™,
for all positive integers n. By our assumption, the inclusion map defines a
natural transformation from the identity functor on Semg to ¥, therefore
we can define U*°(8) = J,,c,, ¥V"(8) and ¥*°(f) = U, e, ¥"(f), for every
(V,0)-semilattice 8, and every (V,0)-homomorphism f:8 — T, respec-
tively. again, the inclusion map defines a natural transformation from the
identity functor on Semg to ¥°°. In particular, if ¥ is an expanding functor
on Semyg, then the functor ¥ is expanding as well.
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LEMMA 2.3. Let ¥ be a diluting functor on Semg. Then the functor
U s diluting as well.

PRrROOF. Let 8 and J be (V,0)-semilattices, and let f: 8§ — T be a
(V, 0)-homomorphism. Let v € ¥*°(8) and ug, u; € V*°(T) be such that
Ue(f)(v) < upVu. We are looking for xg,x; € ¥°(8) and y € 8 such
that

fly) <uwoVu, Y°(f)(x;) <uy foralli=1,2, and v < xgVa Vy.

We shall argue by induction on the least natural number n such that v €
U™(8). If n = 0, we put &y = 1 = 0, y = v, and we are done. Suppose that
v € U"H(8), for some positive integer n, and that the property is proved
at stage n. Let k > n be a positive integer such that ug,u; € UF1(T).
Denote by g the composition of the (V,0)-homomorphism ¥"(f) and the
inclusion map ¥™(T) < U*(T). By applying the assumption that ¥ is a
diluting functor to the (V, 0)-homomorphism g: ¥ (8) — U¥(T), we obtain
elements x{), | € ¥"T1(8) and y’ € ¥™(8) such that

9g@) <wuyVuy, Y(g)(z)) <uy, foralli=0,1, and v <z[VaiVy.
The inequality g(y’) < woVu; implies that U°(f)(y’) < ugVu;. Therefore,

by the induction hypothesis, there are elements x(, z/ € U>°(8) and y € 8
such that

fly) <wugVuy, T2(f)(z]) <uy, foralli=0,1, and y' <z Vi Vy.

Now it is easy to conclude that x; = «, V &/, for i = 0,1, and y are the
desired elements. U

Let Set denote the category of all sets. Similarly as in [83], we denote
by A: Set — Semyg the functor which assigns to a set W the (V, 0, 1)-semi-
lattice A(W) defined by generators 1, and afj, af, for x € W, subjected to
the relations

(2.2) agVaji=1, foralxeW,
and which assigns to a map f: X — Y the unique (V, 0, 1)-homomorphism
A(f): A(X) = A(Y) such that A(f)(a}) = alf(x), for all x € X and all
1=0,1.

Given a finite subset A of W and a map ¢: A — 2, we put aé =
Viea ai (@) By the coming Corollary 3.2, the following lemma is a general-

ization of Wehrung’s original “Evaporation Lemma” [83, Lemma 4.4].
LEMMA 2.4. Let ¥ be a diluting functor on Semg. We set & := Wo A.
Let W be a set, Ay, Ay finite disjoint subsets of W, and w € W\ (AgU Ay).
Let v € ®(W \ {w}), ¢i: Ai — 2 be maps, and u; € (W \ A1_;), for all
i=0,1. If
v <ugVu and u; < aéﬁ?,a%", for alli=0,1,

then v = 0.
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PRrROOF. We denote by f the inclusion map W \ {w} < W. Observe
that A(f) corresponds to the inclusion map A(W \ {w}) < A(W). Since
the functor ¥ is diluting, there are elements xgp,x; € ®(W \ {w}) and
y € AW\ {w}) such that

y<wugVu, PO(f)(x;) <wuy foralli=0,1, and v <xoVa;Vy.

Fix i € 0,1. There is a unique retraction p;: A(W) — AW\ {w}) satisfying
p;i(ay) =0 and p;(a}’_;) = 1. Set q; := V(p;): (W) — (W \ {w}), and
observe that g; is a retraction of ®(f). Since x; € ®(W \ {w}), the equality
q;(®(f)(x;)) = x; holds true. Since g;(a}’) = 0, by our assumptions, and
O(f)(xi) < u; < a, we conclude that x; = 0.

Let r;: A(W) — A(W \ A;_;) be the unique retraction satisfying the
equality ri(agfjf) = 0. We put s; = ¥(r;). From u;_; < af,‘lljf, it follows
that s;(u1—;) = 0. By Lemma 2.2, there are y,; € A(W\ A1) with y; < uy,
for all j = 0,1, such that y < y,Vy;. Since y; < u; < aﬁj,a;-” and w € Aj,
we conclude that y; = 0, for all j =0, 1. O

3. Free Distributive Extension is Diluting

We summarize the main properties of the construction of the extension
A(8) of a (V,0)-semilattice 8 (see [59, Section 2]) referring to the outline
in [83, Sections 3,4]. We shall prove that the functor A is diluting. For a
(V, 0)-semilattice 8, we set T'(8) = {(a,b,c) € 8 | ¢ < a VvV b}. We say that
a finite subset v of I'(8) is reduced, if the following properties are satisfied:

(i) the subset v contains exactly one triple of the form (a,a,a); we
define 7(v) := @ and v* :=v \ {{a,a,a)}.
(ii) if both (a@,b,c) € v and (b,a,c) € v, then a = b = ¢, for all
a,b,ceS.
(iii) if (a, b, c) € v*, then a,b,c £ w(v), for all a,b,c € 8.
Observe that if v is a reduced subset of I'(8) and u C v*, then the subset
u U {(0,0,0)} is reduced as well.
We denote by A(8) the set of all reduced subsets of I'(8). By [59,
Lemma 2.1] (see also [83, Corollary 3.2]), A(8) is a (V, 0)-semilattice with
respect to the partial ordering < defined by

(31 wv<u €L (Va,b,e) € v\ u) cither a < 7(u) or ¢ < 7(u))

and the assignment v — {(v,v,v)} is a (V, 0)-embedding from 8 into A(8).
As in [83], we use the symbol g to denote the elements of A(8) defined
by

c if eithera=borb=0or c=0,
g (a,b,c) : =10 ifa=0,
{{(0,0,0), (a,b,c)} otherwise ,
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for all (a,b,c) € I'(8). Recall that
(3.2) x = \/<l>43 (a,b,c) | (a,b,c) € x), for all x € A(S).

due to [83, formula (3.3)]. By [83, Proposition 3.5], every (V, 0)-homomor-
phism f:8 — J extends to a unique (V, 0)-homomorphism A(f): A(8) —
A(T) such that

(33) A(f) (s (@, b,¢)) = <5 (f(a), f(b), f(c)), for all (a,b,c) € I'(8),

and the assignments 8 — A(8) and f — A(f) define a functor Semgy —
Semyg. It follows that if f: 8 — J is a (V,0)-homomorphism, v € 8§, and
u € T, then

(34)  A(f)@) <u ifandonly if s (f(a), £(b), () < u,
for all (a,b,c) € v.

LEMMA 3.1. The functor A is diluting.

PROOF. Let 8§ and J be (V, 0)-semilattices and f: 8 — I a (V,0)-ho-
momorphism. We have to verify that for every v € A(8) and every ug, u; €
A(T) such that A(f)(v) < ug V uy, there are elements xg, x; € A(8) and
y € 8 satisfying

fy) <ugVui, A(f)(xi) <wuy, foralli=0,1, and v <axoyVx Vy.
For all + = 0,1 we set

z; :={(a,b,c) cv | (f(a), f(b), f(c)) € u;} U{(0,0,0)}.

Observe that xg, o1, as subsets of v* U {(0,0,0)}, are reduced. Therefore
we have that xg,x1 € A(8). It follows from (3.3) that A(f)(x;) < w,, for
all i = 0,1. An easy application of [83, Lemma 3.1] yields that (uoVu1)* C
ul U uj, and so g (a,b,c) < xg V x1, for every (a,b,c) € v such that
(f(a), f(b), f(c)) € (w0 Vur)*™.

We define

ola,b,c) = {a if f(a) < m(uo V u),

¢ otherwise ,

and we put

y:=\/(ola,b,c) | {a,b,c) cvand (f(a),f(b), f(e)) & (uoVui)"),

for all (a,b,c) € v. Clearly, y € 8, and, by (3.1), <3 (a,b,c) < y, for all
(a,b,c) € v such that (f(a), f(b), f(c)) ¢ (uoV u1)*. Thus we have proved
that <t (a,b,e) < xg Va1 Vy, for all (a,b,c) € v,and sov < xyVxVy,
due to (3.2).

Since A(f)(v) < wug V uy, it follows from (3.1) that f(o(a,b,c)) <
m(uo V up), for every (a, b, c) € v such that (f(a), f(b), f(c)) & (up V u1)*.
We conclude that f(y) < up V u;. O
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Observe that A(8) is distributive “relatively to” the (V,0)-semilattice
8, that is, for every a,b,c € 8 with ¢ < a V b, there are @’ < a, b’ < b in
A(8) such that ¢ = a’ v b'. Tt follows that the (V,0)-semilattice A>®(8) is
distributive. Applying Lemma 2.3 we conclude that

COROLLARY 3.2. The functor A* is diluting. Moreover, A>(8) is a
distributive (V,0)-semilattice, for every (V,0)-semilattice 8.

Note that the functor A® corresponds to the functor D from [83].

4. Free Trees

DEFINITION 4.1. Let k be a positive integer and W a set. Given a map
¢: [W]E=1 — [W]<, we say that a k-element subset A of W is free (with
respect to the map ¢) provided that a ¢ ¢(A\ {a}), for all a € A.

THE KURATOWSKI'S FREE SET THEOREM [46]. Let k be a positive
integer, W a set, and ¢: [W]¥~! — [W]<% a map. If [IW| > R;_1, then there
is a k-element free subset of W.

Let 0 < n and 0 < k be integers. Given an integer 0 < m < n and a
map g: {m,...,n— 1} — k, we shall put
Tree, (g9) == {f: n — k| f extends g}.
In particular, we will use the notation
Treey, ; := Tree, x(0) = {f | f: n — k}.
Given integers 0 <m <n,0<i< k,and amap g: {m+1,...,n—1} = k,
we shall use the notation
Treep, (g,9) = {f € Tree,1(g) | f(m) =i},
Treey, (g9, i) := {f € Tree, (g) | f(m) # i}.
DEFINITION 4.2. Let W be a set and ¢: [W]<¥ — [W]<“ a map. Let

0 < k and 0 < n be integers. We say that a one-to-one map 7: Tree, ;, — W
is a free k-tree of height n (with respect to the map ¢) provided that

(41) T(Treen,k(ga Z)) N ¢(T(Treen,k(gv _'Z))) = ®7

forall 0 <m < n,all 0 <i <k, and all maps g: {m+1,...,n— 1} — k.
We call the set rng 7 := 7(Tree, 1) the range of T.

LEMMA 4.3. Let W be a set and ¢: [W]<Y — [W]<“ a map. Let k and n
be positive integers. Then each A C W with |A| > Rg_1 contains the range
of a free k-tree of height n.

PRrROOF. We fix k and argue by induction on n. If n = 0, we pick 7(0)
to be an arbitrary element of the set A. Suppose that the statement holds
up to an integer n > 0. We shall prove that the set A contains the range
of a free k-tree, say 7, of height n + 1. We cut up the set A as a union
of pairwise disjoint subsets A, for w < wyi_1, each of cardinality at least
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N _1. By the induction hypothesis, each of the sets A, contains the range
of a free tree T, of height n. We define a map 9: [wrp_1]* ! = [wp_1]<* by

(4.2) $(X) = (v < wp—1 | mgT, N | mgTw) #0),

weX

for all X € [wk_l]kfl. Since the sets rng T, are pairwise disjoint and finite,
Y(F) is finite, for all F' € [wy_1]*~!. By Kuratowski’s Free Set Theorem
there is a k-element free subset, F' := {wo,...,wp_1} C A, with respect to
the map . We set 7(f) = Tuw,,, (f [ n), forall f: (n+1) — k. We claim
that 7: Tree, 1 — A is a free k-tree with respect to ¢. In order to prove
the claim, we fix 0 > m <n+ 1 and amap g: {m+1,...,n} — k.

If m = n, the only possibility is g = (). Then

T(TreenJrl,k(g? Z)) = IME T, and

T(Treen-‘rLk(gv _'2)) = U mgTw;,
J<k, j#i
for all ¢ < k. Since F' is a free set with respect to ¢, we have that
I Ty, B( U mg ij) =0,
j<k, j#i
by (4.2).
Suppose that m < n and set ¢ :=¢g [ {m+1,...,n —1}. Let i < k.
Then the equalities
T(Treent1,£(9:7)) = Tuw,, (Treen k(g 1)),
T(Treept1%(g, 7)) = Twy(m) (Tree, x (g, —i)).

hold true. Since T, is a free k-tree with respect to ¢, we conclude that

g(n)

wy(ny (Treen k(9" 4)) N G(T ) (Treen k(g', —i))) =0,

due to (4.1). O

T

5. The optimal bound in Wehrung’s Theorem

Let ¥ be an expanding functor on Semg satisfying the following prop-
erties:

e For all (V,0)-semilattice 8 and all families (8; | i € I) of (V,0)-
subsemilattices of 8, the equality

(5.1) M) = w(ﬂs)
i€l iel

holds true.
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e For all nonempty upwards directed posets P and all families (8, |
p € P) of (v, 0)-semilattices such that 8, is a (V, 0)-subsemilattice
of 8, whenever p < ¢ in P, the equality

(5.2) U (s, = \If( U sp)

peP peP
holds true.

We put ® := ¥ o A. Then for every set W and every family (U; | i € I)
of subsets of W, we have that

oW = (I)<ﬂUi)7

icl iel
and for every nonempty upwards directed poset P and every family (U, |
p € P) of subsets of W such that U, C U,, whenever p < ¢ in P, the equality

U (Up) = ‘I’< U Up)
peEP peP
holds true.

It follows that given a set W and an element a € ®(W), there is a
smallest finite F* C W such that a € ®(F). We shall call F' the support of
aand denote it by supp(a) (see [83]). Now we are ready to rephrase [83,
Theorem 6.1]:

THEOREM 5.1. Let W be a set of cardinality at least o, ¥ a diluting
functor satisfying properties (5.1) and (5.2), and let A be an algebra having
either a congruence-compatible structure of a (V,1)-semilattice or a congru-
ence compatible structure of a lattice. Then there does not exist a weakly
distributive (V,0)-homomorphism Cone A — (Vo A)(W) containing 1 in its
range.

PROOF. As above, we put ® := ¥ o A. We assume for a contradic-
tion that there is a weakly distributive (V, 0)-homomorphism h: Con. A —
®(W) having 1 in its range. Since 1 is in the range of h, there is a finite sub-
set F' of A such that h(©a(F)) =1. We set a := 1, respectively, a := \/ F,
if A has a congruence-compatible structure of a (V,1)-semilattice, respec-
tively, a lattice. We can without loss of generality assume that a € F'. Then
we have that

\/ h(©a(a,x)) =h(\/ Oa(a,x)) =h(Oa(F)) = 1.
xeF xeF
We pick an arbitrary element w € W. Since the homomorphism h is weakly
distributive, there are congruences Oy, ©} € Con. A such that
\/ O4(a,x) <OF VO and h(0}) < a}’, for all i =0, 1.
xEF
In particular, we have that © 4(a,x) < ©f vV O, for all x € F.
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We fix an element x € F'. Since O 4(a,x) < Of'VOY, there are a positive

integer n, and elements x = zf’,z{,...,z, = ain A, such that

(5.3) h(©a(z{,z{ 1)) < afy), for all i <ny.

(Recall that €(i) =4 mod 2.)

If A has a congruence-compatible structure of a (V, 1)-semilattice, we
replace each z}" with z§ Vv --- Vv z’ and if A has a congruence-compatible
structure of a lattice, we replace each z’ with a A (z V ---V 2z?). In both
the cases we obtain an increasing chain x = zf <z{ <--- <z, =ain A
such that (5.3) remains satisfied.

Let X be a subset of the algebra A. As in [83, Section 6], we denote
by Con.X A the (V,0)-subsemilattice of Con. A generated by all principal
congruences ©4(x,y), where x,y € X. We denote by 8y the join-sub-
semilattice of A generated by the set {z}' | u € U and 0 < i < n,}, and we
put

(5.4) $(U) = | J{supp(h(©)) | © € Con SV A},

for all U € W. Observe that if the subset U is finite, then both 8y and
»(U) are finite.

Since the size of the set W is at least N9, there are a positive integer
n and a subset U of W of cardinality at least Ny such that n, = n, for all
u € U. The following crucial claim is analogous to [83, Lemma 6.2], giving
another illustration of the “erosion method”.

Cram 1. Let 7: Tree, 3 — U be a free 3-tree with respect to the map ¢
defined by (5.4). Then

(5.5) Oa(a,\/{z ), | f € Treens(g)}) =0,
for all integers 0 < m < n and all maps g: {m,...,n—1} — 2.

Proor oF CLAIM 1. We shall argue by induction on m. If m = 0, then
the equality (5.5) is trivially satisfied for all maps g: {m,...,n — 1} — 2.
Let 0 <m <n,g: {m+1,...,n—1} — 2, and suppose that (5.5) is satisfied
at stage n. We put

yi = \/{znY) | | f € Treena(g.0)},
for all i = 0,1. We fix i € {0,1}. It is straightforward that
h(©a(a,y:)) = h(Oa(a \/{z;"), | | f € Treen(g,1)})) <
(Vir(©alz; D), 1,270 | ] € Treena(g, i)} )V

h(©a(a, \/{z,Y), | f € Treen2(g.1)})).
We set
vi=h(Oa(a,\/{z; ), | f € Treen(9)})) = h(©a(ayo V y1)),
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Ui ={7(f) | f € Tree,2(g,7)}, and we let ¢;: U; — 2 be the constant map
with the value e(n — m — 1). By the induction hypothesis we have that

h(©a(a \/{z"), | f € Treeqs(g.1)}) =0,

and from (5.3) we conclude that

—m—1’ “n—m

h(@A(ZZ(f) 270 ) < a;’((f)
for all f € Tree, 2(g,4). It follows that

h(©a(ayi) < \/{alll, || f € Tree,a(g,i)} = all.
Let u € U be arbitrary. Applying the Erosion Lemma [83, Lemma 5.1],

we infer that there are u; € ConijU{“} A such that v < ug V u; and both
u; < a) and uj < h(©4(a,y;)), for all j =0, 1. It follows that u; < al
and u; < agjf, for all j =0, 1.

Now suppose that v = 7(f), for some f € Tree,3(g,2). It follows
from (5.4) that supp(v) € ¢({T(f) | f € Treen2(9)}) = ¢(Up U Uy) and
supp(u;) C ¢(U;U{u}), for all j =0, 1. Since T is a free 3-tree with respect
to ¢, we have that u € ¢(UpUU;) and Ur—;Ne(U;U{u}) =0, for all j = 0, 1.
It follows that v € ®(W \ {u}) and u; € (W \ U;—;), for all j = 0,1. By
our assumptions the functor ¥ is diluting. Therefore applying Lemma 2.4,
we conclude that v = 0 as desired . O Claim 1.

According to Lemma 4.3 there is a free 3-tree 7: Tree, 3 — U. Applying
Claim 1, we get that

Oa(a, \/{z ), | f € Treens(9)}) =0,

for all 0 < m < n and all maps g: {m,...,n—1} > 2. f m=nand g =10
we have that

Az | f € Treena(9)} = \/{zg | f:n— 2} = x,

hence ©4(a,x) = 0 for all x € F. Therefore \/,.r©4(a,x) = 0, which
leads to a contradiction. O

The functor A™ is diluting due to Corollary 3.2 and it satisfies both
(5.1) and (5.2) due to [83, Lemma 3.6]. We put ® := A® o A.! Since the
(V, 0)-semilattice A*°(8) is distributive for all (V, 0)-semilattices 8, we get
that

COROLLARY 5.2. Let W be a set of cardinality at most Ry. Then there is
no lattice £ such that the (V,0)-semilattice ®(W) is isomorphic to Cone L.

INote that this is the same ® as in [83].
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A.P. Huhn [41, 42] (see also [27, Theorem 13 in Appendix C]) proved
that every distributive (V, 0)-semilattice of size at most ¥ is isomorphic to
Con. L, for some lattice £. Moreover, the lattice £ can be taken sectionally
complemented and modular [79, Corollary 5.3] or relatively complemented,
locally finite, and with zero [28]. In particular, in any of these cases, the
lattice £ has permutable congruences (cf. [15]).
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1. Introduction

Given a ring R, we denote by FP(R) the class of all finitely generated
projective right R modules. We denote by [ A] the isomorphism class of
a module A € FP(R) and by V(R) the monoid of all isomorphism classes of
modules from FP(R), with the operation of addition defined by [A]+[B] =
[A® B]. If the ring R is von Neumann regular, then the monoid V(R)
satisfies the Riesz refinement property and the semilattice £L(R) of finitely
generated two-sided ideals of R is isomorphic to the maximal semilattice
quotient of V(R) [78, Proposition 4.6].

Modules A, B € FP(R) are said to be stably equivalent provided that
there exists C' € FP(R) such that A& C ~ B & C. We denote by [A];
the stable equivalence class of A € FP(R), and by V (R) the quotient
monoid {[A]; | A € FP(R)} of V(R) modulo the stable equivalence. We
set

Ko(R) :={[A]s - [B]s| A,B € FP(R)}
and we define a binary operation on Ky(R) by
([Als=[Bl)+(Cls-[D]s)=[AeC]s-[B& D]..

This makes Ko(R) be an abelian group equipped with the preorder < deter-
mined by the positive cone V4(R), in particular, ([A]s — [B]s) < ([C]s —
[D]s) if and only if there is E € FP(R) such that A®@ D& E ~C @ B.

If the ring R is unit-regular, then the equivalence and the stable equiva-
lence of modules from FP(R) coincide, V(R) = V4(R), and Ky(R) is a par-
tially ordered abelian group. Moreover £(R) is isomorphic to the maximal
semilattice quotient of V/(R) (denoted by V(V(R))). The monoid V(R)
satisfies the Riesz refinement property and it generates Ko(R). If the ring
R is a direct limit of von Neumann regular rings whose primitive factors are
artinian, in particular, if R is a locally matricial algebra (over a field), then
Ky(R) is in addition unperforated [22, Theorem 15.12], that is, Ko(R) is
a dimension group (see [21, 16]).

Our study of representations of distributive (V, 0)-semilattices in maxi-
mal semilattice quotients of dimension groups is motivated by the study of
representations of distributive (V, 0)-semilattices as semilattices of two-sided
ideals of locally matricial algebras. G.M. Bergman [9] proved that every
countable distributive (V, 0)-semilattice is isomorphic to the join-semilattice
of finitely generated ideals of some locally matricial algebra. By [24, The-
orem 1.1], a dimension group of size at most 8y is isomorphic to Ky(R) of
some locally matricial algebra. It follows that a distributive (V, 0)-semilat-
tice of size Wj is isomorphic to the semilattice of finitely generated ideals
of a locally matricial algebra if and only if it is isomorphic to the maximal
semilattice quotient of the positive cone of some dimension group (such a
group, if it exists, can be always taken of size at most V).

It follows from a direct construction in [79] that a distributive (V,0)-
semilattice of size < N is isomorphic to the (V,0)-semilattice Id.(R) of all
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finitely generated two sided ideals of a von Neumann regular ring R. On
the other hand, the construction of F. Wehrung [81] gives an example of
a distributive (V,0)-semilattice of size R; not isomorphic to the maximal
semilattice quotient of the positive cone of any dimension group, and there-
fore not isomorphic to the semilattice of finitely generated two-sided ideals
of any locally matricial algebra. The key idea of his construction consists
of the formulation of a semilattice property, denoted by URPg, [81, Defini-
tion 4.2], that is satisfied by the maximal semilattice quotient of the positive
cone of any dimension group, and the construction of a distributive (V, 0)-
semilattice S, of size N; that does not satisfy this property. In the same
paper [81] F. Wehrung proved that a direct limit of a countable chain of
distributive lattices and join-homomorphisms satisfies URPg, [81, Section 7]
and asked whether

PrROBLEM 1 [81]. Let 8§ = lim _ Dy with all Dy-s being distribu-
tive lattices with zero and all transition maps being (V, 0)-homomorphisms.
Does there exists a dimension group G such that 8§ ~ V(G™)?

We solve this problem by constructing a union of a countable chain of
Boolean semilattices, resp.strongly distributive (V, 0, 1)-semilattices (such
that all inclusions are (V, 0, 1)-homomorphisms), not isomorphic to the max-
imal semilattice quotient of any Riesz monoid in which every nonzero ele-
ment is anti-idempotent, and therefore not isomorphic to the maximal semi-
lattice quotient of the positive cone of any dimension group.

2. Notation and terminology

We say that an element e of a monoid M is anti-idempotent provided
that 2ne £ ne (equivalently, (n 4+ 1)e € ne), for every positive integer n.

We say that a subset D of a (V,0)-semilattice 8 is dense in 8, if D is
a dense subset of the poset 8 \ {0}.

Let G be a partially ordered abelian group. We will use the notation
G' = {z € G| z >0} for the positive cone of G. The partially ordered
abelian group G is unperforated if nx > 0 implies x > 0 for every positive
integer n and all z € G, and it is directed provided that each of its element is
the difference of a pair of elements from G. It is easy to see that a partially
ordered abelian group is directed if and only if it is directed as a partially
ordered set. Furhermore, G is an interpolation group provided that for all
xo, T1, Yo, and yi in G with z; < y;, for all 4,5 € {0,1}, there exists
z € G such that x; < z < y;, for all ¢, j € {0,1}. A partially ordered abelian
group is an interpolation group if and only if its positive cone is a refinement
monoid [21, Proposition 2.1]. A dimension group is an unperforated directed
interpolation group.

By an ordered vector space we mean a partially ordered vector space
over the field of rational numbers such that the multiplication by positive
scalars is order-preserving. A dimension vector space is an ordered vector
space which, as a partially ordered abelian group, is a dimension group.
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Given a Boolean algebra B and an element b € B, we denote by B [ b
the Boolean algebra with the universe {& € B | < b} and join and meet
operations inherited from B.

3. The construction

Let B be a Boolean algebra, F' a filter of B, and I the dual ideal of the
filter F'. Given a distributive (V, 0)-semilattice 8, we set

SxpB:=(8~{0})x F)u ({0} xI)C8xB

(see [63] and [81]). One readily sees that 8 x g B is a join-subsemilattice of
the cartesian product 8 x B. It could be proved similarly as [63, Lemma 3.3]
that if 8 is a distributive (V,0)-semilattice, then 8 x g B is distributive as
well. We are going to reprove this fact by presenting the (V,0)-semilattice
8 X B as the union of a directed system of distributive (V, 0)-semilattices.

LEMMA 3.1. Let B be a Boolean algebra, F a filter of B and I the ideal
dual to F'. If 8 is a distributive (V, 0)-semilattice, then the (V,0)-semilattice
8 x g B is distributive.

PROOF. Let X C B be such that I =|x (B). We set
8e :={(0,b) | beBJatU{{x,bV(—a))|xc8~{0}and be B |a},
for all @ € X. It is easy to see that 8 is a (V, 0)-subsemilattice of 8§ xp B
isomorphic to 8 x (B [ a).

We prove that 8 xg B is a directed union of the distributive (V,0)-
semilattices 84-s. Trivially we have that {0} x I C (J,cx 8a. Let = be
a nonzero element of 8 and b € F. Then —a < b, for some a € X, hence
(aAb)V(—a) = b, whence (x,b) € 8. Therefore (8§~ {0})x F C J,cx Sa,
and so we have proved that 8§ xp B = (J,cx S8a- We get readily from
the definition that @ < ¢ in X implies that 8, C 8., which implies that
the union is directed. This completes the proof. ([

REMARK 3.2. Let
F:={X Cw|w)\X is finite}.
denote the Fréchet filter on P(w). Then
8 x5z P(w) :h$<8 xP(n+1)|new),
with the transition maps f,, ,, being (V, 0)-embeddings

(a, FU{n+1,....m}) if0<a,

Fam((@. F)) = { ) 00

where n < m in w, @ € 8, and F C {0,...,n}. In particular, if the (V,0)-
semilattice 8 is Boolean or strongly distributive respectively then 8 x g P(w)
is a directed union of a countable chain of Boolean (V,0)-semilattices or
strongly distributive (V,0)-semilattices. Furthermore if 8§ has a greatest
element, then the transition maps are (V, 0, 1)-homomorphisms.
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We modify some notation from [63]. Let x,y be elements of a monoid
M. We set

Q(z/y) :={n/m | n,m € N and kny < kmx for some k € N}.

Observe that the set Q(z/y) forms a lower interval in Q. Indeed, if n’/m’ <
n/m and n/m € Q(x/y), then kny < kma for some k € N, whence knn'y <
kmn'z < knm/z. We define (x/y) := sup Q(z/y).

LEMMA 3.3. Let x, y, and z be elements of a monoid M. Then the
following hold true:

(i) (na/y) =n(z/y) for alln € N.
(ii) (z+y/2) = (x/2) + (y/2).
(iii) Suppose that M is a Riesz monoid and that y A z = 0. Then z <
x +y implies that z < x. In particular, we have that (x +y/z) =
(x/z) (cf. [63, Corollary 2.5]).

PRrROOF. Property (i) follows from n//nm € Q(x/y) if and only if n'/m €
Q(nz/y), for all n’,;m € N.

(ii) It is obvious that if k/n € Q(z/z) and I/n € Q(y/z), then k/n+1l/n €
Qz +y/z).

(iii) Suppose that z < z 4+ y in M. Since M is a Riesz monoid, there
are ' <z and y' < y satisfying z = 2/ +¢/. From y A z = 0, it follows that
y' = 0, whence z < z. For the equality (x + y/z) = (x/z), it suffices to check
that (z +y/2) < (z/z). If m,n,k € N are such that kmz < kn(z +y) =
knz + kny, then kmz < knz. This proves that (z +y/2z) < (z/z). O

We denote by RY and Rf) respectively the monoid of all maps from
w — Ry and the monoid of all maps from w — R with a finite support,
and we let R denote the quotient R = RY /Rf). Furthermor, for every
f € RY we denote by ]?the image of f in R and by f the corresponding
clement of V(R).

Let 8 be a (V, 0)-semilattice, M a monoid, and h: 8 x5 P(w) — V(M)
an isomorphism. We fix Q := {¢; | i € w} C M such that q; = h((0, {i})),
for alli € w, and amap f,: w — QT given by the correspondence i — (z/g;),
for all x € M.

LEMMA 3.4. Let M be a Riesz monoid. Suppose that the set Q = {q; |
i € w} consists of anti-idempotent elements from M. Then (x/q;) < 0o, for
allt € w and all x € M. Therefore f, is a map w — Ry, for allx € M.

PROOF. We fix i € w and z € M. Let (a, A) € 8 x5 P(w) be such that
x = h({(a, A)). Pick y € M such that y = h({a, A~ {i})). Then x < yVgq,,
hence = < ny + ng;, for some positive integer n. We prove that (z/q;) < 2n.
Suppose otherwise. Then 2nkq; < kz, for some k¥ € N. It follows that
2nkq; < kny + kng;. Since y A g¢; = 0, we get from Lemma 3.3(iii) that
2nkq; < kng;, which contradicts the assumption that g; is anti-idempotent.
Therefore (z/q;) < 2n. O
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LEMMA 3.5. If = h({(a, A)) and y = h({a, B)), then f, = ?y, for all
a,be M.

PROOF. There exists a finite ' C w such that AUF = BUF. We
pick z € M satisfying z = h((0,F)). As follows, we get that (a, A) <
(a,B)V(0,F) in 8 xg P(w), hence x < yV z, whence x < n(y+ z) for some
n € N. Since z A g; =0, for all i € w \ F', we have that

fe(1) < fae) (@) = (ny + nz/q) = n(y/q:)) = nfy(i),

due to Lemma 3.3. It follows that ;‘x < }y. Similarly we prove the opposite
inequality }y < ?x O

Lemmas 3.4 and 3.5 entitle us to define a monotone map ¢pq: & —

~

V(R) as follows: Given x € 8, we pick A C w such that (a, A) € 8 x5 P(w),
we put « := h((a, A)), and we define pp, o(a) := f,.

LEMMA 3.6. Let M be a Riesz monoid, 8 a distributive (V,0)-semilat-
tice, and h: 8 xz P(w) — V(M) an isomorphism. Let Q := {q; | i € w} be
a set of anti-idempotent elements of M satisfying q; = h({0,{i})), for all
i € w. Finally, let a € 8 . {0} and {by, | w e W} be an uncountable set
of elements of 8 \. {0} such that by, < a, for allw € W, and b, A b, = 0,
for all v in W\ {w} (we will call {b,, | w € W} a decomposition under a).
Then there exists w € W with pp, o(byw) < ¢no(a).

PRrROOF. Let z, and y,, w € W, be elements of M such that x =
h({(a,w)) and y,, = h({(by,w)), for all w € W. Since b,, < a, we have that
Y, < x, for all w € W, and so there are positive integers m,,, w € W, such
that y,, < myx, for all w € W. Since the set W is uncountable, there are
a positive integer m and an uncountable V' C W such that m, = m, for all
v € V. We can replace the element a with its multiple ma. Therefore we
can without loss of generality assume that m = 1.

Since the map ¢p, o is monotone, we have that ¢p o(by) < ¢po(a), for
all v € V. Suppose for a contradiction that the equality ¢p o(by) = ¢no(a)
holds for all v € V. Then there are positive integers n, and finite subsets
F, Cw, v eV, such that f,(j) < nyfy,(j), for all j € w~ F,. Since the set
V is uncountable, there are n € N and an infinite! U C V such that n, = n,
for all w € U. Let ug,...,u, be distinct elements from U. According to
[81, Lemma 2.3] there are a finite F' C w and an element gr € M with
gr = h((0, F)) satisfying

n
Zyui <z+gqr.
=0

1Observe that we can pick U uncountable.
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According to Lemma 3.3(ii), we have that

n

Z(yui/%) < (Z yui/qj)v
=0

i=0
hence
(3-1) nyul(J) < fm—i-qp(j),
i=0

for all j € w. For all j € w\ F, the equality

( +qr/q;) = (x/q;)
holds due to Lemma 3.3(iii), hence we infer from (3.1) that

(3.2) > Fo, G) < £20).
=0

Since (F U}, Fy,) is finite, we can pick j € w \ (FUU},Fy,). We
conclude from (3.2) that

nfo(§) =0y, (G) =Y nfy, (G) = (n+ 1) f2(3),
=0 =0
hence f,(j) = 0, whence (z/v;) = 0. This contradicts (0,{j}) < (a,w). O

DEFINITION 3.7. Let » be an infinite cardinal. We define the following
properties of a partially ordered set P:

(A,,) Every decreasing sequence of elements of P of length at most s
has a nonzero lower bound.

(B) For every p € P, there exists an uncountable {p,, | w € W} C P

such that p,, < p for all w € W and p, L py, for all v # w in W.

LEMMA 3.8. For every infinite cardinal », there exists a Boolean algebra
B, of size 2* such that B, ~ {0} satisfies both (A,.) and (B).

PRrROOF. Given an ordinal number «, we denote by *W the set of all

maps o — W. We set
P, = U “W,
w<a<sxt

and we define an order on the P,, by reverse inclusion, that is, f < g, if f
is an extension of g, for all f,g € P,.. It is easy to see that P, is a tree of
cardinality 2” satisfying both (A,,) and (B). We denote by £,, the sublattice
of Her(P,,) generated by P,,. Denote by B,, the Boolean algebra R-generated
by £, [27, IL4. Definition 2].> Observe that for every a # b in £,,, there
is f € P, such that f < b and f Aa = 0. By [27, I1.4. Lemma 3] there
are @ < b in L,, such that b —a < ¢, for all ¢ € £,,. We pick f € P,, with
f<band f Aa =0. It follows that f < ¢, and so P, is a dense subset of

2B% is generated by £, as a ring and both B, and £, have the same bounds.
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B... We conclude that B, ~ {0} satisfies both properties (A,,) and (B). It
is straightforward that the cardinality of B,, is 2*. O

PROPOSITION 3.9. Let 3 be an infinite cardinal and 8 a distributive
(V,0)-semilattice such that the partially ordered set 8 \ {0} satisfies both
(A..) and (B). Suppose that there is an isomorphism h: 8 xzP(w) — V(M),
where M a Riesz monoid and there are anti-idempotent elements q;, 1 € w,
in M such that q; = h({0,{i})), for alli € w. Then the (V,0,1)-semilattice

V(R) contains a strictly decreasing sequence of length .

PROOF. By transfinite induction up to ", we define a sequence (a, |
a < »T) of elements of 8§ \. {0} inducing a strictly decreasing sequence
(pha(aq) | a < xt) of elements of V(R). We pick ag to be any non-
zero element of 8. Suppose now that the sequence (a, | a < f) is de-
fined for an ordinal 8 < s*. Since the poset 8 \ {0} satisfies property
(B), there is a decomposition {b, | w € W} under ag. It foolows from
Lemma 3.6 that ¢po(ag) > ¢no(by) for some w € W, and therefore we
can define agyq := by. Let B < ' be a limit ordinal and suppose that we
have already defined a sequence (a, | & < ) such that (ppo(aq) | @ < B)
is strictly decreasing. According to (A,,) there is a lower bound ag of
{an | @« < B} in 8 \ {0}. Since the map ¢p o is monotone, we conclude
that ¢po(aa) > ¢no(@at1) > pralag), for all a < § < »". O

We denote by A the supremum of the lengths of all strictly decreasing
sequences in V(R).

THEOREM 3.10. There is a directed union D of a countable chain of
Boolean join-semilattices (with (V,0,1)-preserving inclusion maps), of car-
dinality 2*, which is not isomorphic to V(M) for any Riesz monoid M in
which every nonzero element is anti-idempotent.

PrROOF. We set D := B) xzP(w). As we have discussed in Remark 3.2,
the (V, 0, 1)-semilattice D is the direct limit of a countable chain of Boolean
lattices and one-to-one (V, 0, 1)-preserving transition maps. It follows from
Lemma 3.8 that the poset B ~\ {0} satisfies both (A)) and (B). Since
M is a Riesz monoid in which every nonzero element is anti-idempotent,
the assertion follows from Proposition 3.9. It is straightforward that |D| =
|By x5 P(w)| = 2*. O

REMARK 3.11. This result contrasts with the answer to the analogue
of [81, Problem 1] for (V, 0)-semilattice of compact congruences of lattices:
Every direct limit of a countable sequence of distributive lattices with zero
and (V,0)-homomorphisms is isomorphic to the semilattice Con. £ of all
compact congruences of some relatively complemented lattice £ with zero
[80, Corollary 21.3].

THEOREM 3.12. There is a union H of a countable chain of strongly
distributive (V,0, 1)-semilattices (with (V,0,1)-preserving inclusion maps)
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which is not isomorphic to the maximal semilattice quotient of any Riesz
monoid in which every nonzero element is anti-idempotent.

PROOF. Let ' denote the (V,0)-semilattice of all compact elements of
Her(Py). Similarly as in the proof of Theorem 3.10, we set H = H' x5 P(w).
The (V, 0)-semilattice 3 is a direct limit of a countable chain of strongly dis-
tributive (V, 0, 1)-semilattices and one-to-one (V, 0, 1)-preserving transition
maps due to Remark 3.2. We argue as in the proof of Theorem 3.10. ([

Recall that a monoid M is said to be conical provided that z +y = 0
if and only if z = y = 0, for all x,y € M. Since 2ne + x = ne implies
that 2(ne + ) = ne + z, for all x € M, the conical monoids without
nonzero idempotent elements are exactly conical monoids with all elements
anti-idempotent. Notice that the positive cone of a dimension group forms
a conical monoid without nonzero idempotent elements satisfying the Riesz
refinement property.

COROLLARY 3.13. There is the union of a countable chain of Boolean
join-semilattices, respectively, the union of a countable chain of strongly
distributive (V,0, 1)-semilattices, with (V,0,1)-preserving inclusion maps,
not isomorphic to V(M) for any conical Riesz monoid M without nonzero-
idempotent elements. In particular, it is not isomorphic to the mazximal
semilattice quotient of the positive cone, V(G™), for any dimension group

G.

Recall (e.g. from [81]) that a monoid M is strongly separative provided
that = + y = 2y implies that x = y for all z,y € M. An element e of
a monoid M has finite stable rank if there is a positive integer k such
that ke + x < e + y implies that z < y, for all z,y € M. Observe that
every element of a strongly separative monoid has finite stable rank. In
a conical monoid, every nonzero idempotent element has infinite stable rank.
Therefore, we can replace the assumption that the monoid M has no nonzero
idempotent elements by any of the following statements:

e every element of M has finite stable rank,
e the monoid M is strongly separative

(compare to [81, Corollary 5.3]). We derive from Corollary 3.13 similar
consequences to the ones obtained from [81, Corollary 5.3] in [81, Section 6.
In particular, neither the (V, 0, 1)-semilattice D nor the (V, 0, 1)-semilattice
H (defined in Theorem 3.10 and Theorem 3.12, respectively) is isomorphic
to the join-semilattice of all finitely generated ideals of a strongly separative
von Neumann regular ring or the join-semilattice Con. £ of all compact
congruences of a modular lattice £ of locally finite length.

REMARK 3.14. Observe that every element f € V(IAI) is represented by
a map with rational values. It follows that the cardinality of V(IA%) is 280
and so we have the estimate X; < \ < 2%, Of course, if 2% — N; and
281 = Ny, then 2* = Ny. On the other hand, Ry < 281 implies that Ry < 27,
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1. Introduction

The commutative monoid V' (R), assigned to a unital associative ring
R, consists of all isomorphism classes of finitely generated projective right
R-modules, with the operation induced from direct sums. Alternatively,
the monoid V(R) is defined as Murray-von Neumann equivalence classes of
idempotent w X w-matrices with finitely many nonzero entries over R.

For a von Neumann regular ring R, the monoid V' (R) faithfully reflects
the structure of the ring. Not surprisingly, many of direct sum decompo-
sition problems of von Neumann regular rings have reformulation in terms
of the corresponding refinement monoids. Let us mention the separativity
problem whether there are non-isomorphic finitely generated projective right
R-modules M, N such that M & M ~ M & N ~ N @& N as a prominent
example (cf. [22, Problem 1]).

If R is a von Neumann regular ring or a C'*-algebra with real rank zero,
then the monoid V' (R) satisfies the Riesz refinement property. The realiza-
tion problem [23] asks which refienement monoids are realized as V(R) of
von Neumann regular rings. As shows an example of F. Wehrung [77, Corol-
lary 2.12], not all of them. But the size of the Wehrung’s counter-example
is > Ny, which leaves the realization problem open for refinement monoids
of smaller cardinalities. The countable case is particularly important for
the direct sum decomposition problems of von Neumann rings are usually
reduced to realization problems of certain countable refinement monoids.

There are classes of refinement monoids for which the realization problem
has a positive solution. The monoids M (F) associated to row-finite directed
graphs (cf. [7]) are realized functorially in [4]. The method used in [4] is
extended in [3], where finitely generated primitive monoids are realized. We
refer to [2] for a survey on this result.

The refinement monoids obtained by these canonical constructions have
a common feature; they are direct limits of finitely generated refinement
monoids. Such refinement monoids are called tame in [5]. The remaining
ones are wild. Two examples of wild monoids M and M are studied in
detail in [5] and realized in [6].

The refinement monoid M is non-cancellative but admits faithful state,
consequently, it cannot be realized as V(R) for any von Neumann regular
algebra over an uncountable field [3, Proposition 4.1]. Surprisingly, M is
realized by an exchange algebra over any field with involution [6, Theorem
4.10] as well as a regular algebra over a countable field [6, Theorem 5.5].
Note that the first such example goes back to [14].

The monoid M is a factor of M by an o-ideal and it is isomorphic to
V(S) for a regular algebra S invented by Bergman and Goodearl [22, Ex-
ample 5.10]. It is in some sense a canonical example of a wild monoid. the
modification of this construction was used by Moncasi who constructed a
directly finite regular Hermite ring such that Ky(R) is not a Riesz group
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[61], in particular, the monoid V' (R) does not satisfy the Riesz interpola-
tion property. Modifications of the Bergman-Goodearl construction play a
crucial role also in this paper.

The chapter consists of three parts. Firstly, we develop quite elementary
but useful methods of computing the monoid V(R) for a regular ring R.
We define a partial H-map from a hereditary subset H of a monoid and
we understand when the partial H-map map uniquely extends to a monoid
isomorphism. This idea leads to Lemma 3.5 that allows us to compute
the monoid V(R) of a regular ring R knowing the structure of the partial
monoid of its finitely generated right ideals. We refine Lemma 3.5 in Corol-
lary 3.9, which is designed to compute V (R) of directly finite regular rings
R; in this case it suffices to describe the ordered set of traces of idempotents
of the ring R.

In the second part of the chapter, consisting of Sections 4 and 5, we
construct a class of directly finite non-cancellative refinement monoids. In
Sections 4 we aim to construct a class of refinement monoids rich enough
to provide interesting examples with potential of further applications. In
Section 5 we restrict ourselves to particular refinement monoids Ba,, n € N,
obtained by the previous construction. We prove that the monoids By, for
n > 2, do not satisfy the Riesz interpolation property.

The remaining Sections 6-8 are devoted to construction of regular rings
Ry, and the proof that V(Rg,) ~ Bay,, for all positive integers n. The
auxiliary Section 6 is elementary linear algebra. In Section 7 we recall the
Goodearl’s modification [22, Example 5.10] of the Bergman’s example, de-
noted by Ry, and we prove that By ~ V(Rz). In the final Section 8, we
generalize the constructions of Bergman and Goodearl. This results in rings
Ry, such that V(Rg,) ~ Ba,.

2. Preliminaries

A subset H of a monoid M is called hereditary provided that y € H
and x <ps y implies that x € H, for all z,y € M. Given a subset X of the
monoid M, we set

IM(X)={reM|JyecX:z<py}

Thus |ar (X) is the least hereditary subset of M containing X. A hereditary
submonoid of the monoid M will be called an o-ideal of M. We will denote
by O(X)ps the least o-ideal of M containing the set X, i.e.,

OX)m:={reM|3y,....yn€X:x<pry1+-+yn}

When X = {x} is a singleton set, we will write shortly |as (z) and O(z)as.
An element uw € M is an order unit of M provided that O(u)pr = M;
equivalently, there is a positive integer A such that =z <ps; Au, for each
rze M.
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3. Partial H-maps and their applications

Let M, N be monoids and H a hereditary subset of M. A partial
H-map is a one-to-one map «: H — IN such that for all z € H and all
u,v € N, the equality a(z) = w + v holds true if and only if there are
(necessarily unique) z,y € H such that a(z) =u, a(y) =vand z +y = z.

By induction we readily prove that if «: H — N is a partial H-map,
then for all x € M, alln € Nand all uy,...,u, € N: a(x) =uj+---+uy, if
and only if x = 1+ - -+x,, for (necessarily unique) z; € H,i € {1,2,...,n},
such that u; = a(x;) for all i = {1,2,...,n}.

LEMMA 3.1. Let M, N be monoids and let H be a hereditary subset of
M. If a: H— N is a partial H-map then for all x,y,z € H:

z=z+y <= a(z) =a(z) + aly).

PRrROOF. If z = x+y, then a(z) = a(z)+a(y) readily by the definition of
a partial H-map. Conversely, the equality a(z) = a(z) + a(y) implies that
there are 2/,y’ € H such that z = 2’ + ¢/, a(z) = a(2’) and a(y) = a(y').
Since a partial H-map is by definition one-to-one, we conclude that z = 2’
and y = /. O

Keeping the setting of Lemma 3.1, we get by induction that for every
n € Nand all z,vy1,...,y, € H:
n n
(3.1) r = Zy, = ar) = Za(yi).
i=1 i=1
LEMMA 3.2. Let M, N be refinement monoids and H a hereditary sub-

set of M. Then every partial H-map o: H — NN extends to a unique
isomorphism f: O(H)pr — O(a(H)) N -

PROOF. By the definition, for every @ € O(H)ps there are n € N and
Yly- -, Yn € H with  <pgp y1 + -+ + yp. Since M is a refinement monoid,
there are x; <pg v, 1 = 1,...,n, such that x = x1 + -- - + x,,. We define a
map 3: O(H)pr — N by x — a(z1) + -+ + alzy).

CrLAM 2. The map B is a well-defined monoid homomorphism.

Proor or Cram 2. Let z1+---+xy, = y1+- -+, for some m,n € N
and x1,...,ZTm,Y1,---,Yn € H. Since M is a refinement monoid, there are
zij € H such that z; = 22:1 zij for all i < m and y; = Y /", z; for all
j < n. By (3.1) we have that a(z;) = Y%, a(z;y) for all i < m and
a(y;) = Yoty a(z;) for all j < n. It follows that

m m n n m n
D alm) =) alzy) => ) alz) =Y aly;)
i=1 i=1 j=1 j=1i=1 j=1

Thus the map : O(H)pr — N is well-defined. It is straightforward that it
is a monoid homomorphism. O Claim 2.
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CLAIM 3. The homomorphism (3 is one-to-one.

ProOOF OF CLAIM 3. Suppose that 3(x) = S(y) for some z,y € O(H ).

By the definition, there are m,n € N and «i,...,2},,v},...,y, € H such
that @ <ar 2} +---+ 2}, and y <pr y] +--- +y,,. Since M is a refinement
monoid, there are x; <pr 2}, i = 1,...,m, and y; <ps y§~, 7=1,...,n,in

H such that xt =21 + -+ + 2z, and y = y1 + - - + yp. Since 5(z) = B(y),
we get that Y 1", a(z;) = X%, a(y;). Since N is a refinement monoid,
there are w; ; € N such that a(x;) = E?:l w; j, for all i = 1,...,m, and
a(y;) = Yot w;j, for all j = 1,...,n. Since « is a partial H-map, there
are elements z; ; € H such that

(3.2) wij = ozj), forallie {1,2,...,m}, j€{1,2,...,n},

and
n

zi= 2, forallie{1,2,...,m}.
j=1
Applying that « is a partial H-map again, we infer that there are elements
z; ; € H such that

(3.3) w;; = a(z ), forallie {1,2,...,m}, j€{1,2,...,n},

and
m

y; = Zzé’j, for all j € {1,2,...,n}.
i=1
Since the map a: H — N is by definition one-to-one, we get from (3.2) and
(3.3) that z;; = z; ; for alli € {1,2,...,m} and j € {1,2,...,n}. It follows
that

m m n n m n
S IE 9 RS 9 DIED SR
i=1 i=1 j=1 j=1i=1 j=1
This proves that [ is one-to-one. O Claim 3.

CLAM 4. The equality S(O(H)pr) = O(a(H))n holds true.

PrOOF OF CLAIM 4. As we have shown above, each z € O(H)ps is
a sum of elements from H. It follows that S(O(H)ar) € O(a(H))n. It
is straightforward to see from the definition of a partial H-map, that the
image a(H) is a hereditary subset of IN. Since IN is a refinement monoid,
each element of O(a(H))n is a sum of elements of |n («(H)). Therefore
O(a(H))N is a submonoid of N generated by a(H). From H C O(H)ps we
infer that o(H) C B(O(H)ar). Since B(O(H)nr) is a submonid of N, we
conclude that O(a(H))n C B(O(H)nr)- O Claim 4.

The three claims prove the lemma. [l

COROLLARY 3.3. Let M, N be refinement monoids, uw € M, and
a: Iy (w) = N a partial [pr (w)-map. If w is an order unit in M
and a(w) is an order unit in N, then « extends to a unique isomorphism

B: M — N.
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Let R be aring. Given a finitely generated right R-module A, we denote
by [A] the isomorphism class of the module A, and by V(R) the monoid
of all isomorphism classes of finitely generated projective right R-modules
with the operation of addition defined by

[A] +[B] = [A© B,

for all A, B € FP(R). As above, we will use <y (g) to denote the algebraic
preorder on V(R) and =y (g) to denote the corresponding equivalence re-

lation. If the ring R is regular, then V(R) is a refinement monoid due to
[22, Theorem 2.8].

LEMMA 3.4. Let R be a ring and A, B finitely generated right R-
modules. Then [A] + [B] <y (r) [R] if and only if there are orthogonal
idempotents e, f € R such that [eR] = [A] and [fR] = [B].

PROOF. («=) Let e, f be orthogonal idempotents such that eR ~ A and
fR ~ B. Since the idempotents e and f are orthogonal, R=eR & fR &
(1 —e— f)R. Therefore A® B <% R, hence [A] + [B] <y (gr) [R]. (=) By
the assumption [A] + [B] <y (g) [R], hence A ® B <% R. It follows that
R=A"® B @ C for some A’ ~ A and B’ ~ B. The projection R — A’
with the kernel B’@C corresponds to a left multiplication by an idempotent,
say e. Similarly, the projection R — B’ with the kernel A’ @ C corresponds
to a left multiplication by an idempotent, say f. As the composition of these
projections, in whatever order, is the zero endomorphism, the idempotents
e and f are orthogonal. Clearly eR = A’ ~ A and fR = B’ ~ B, hence
[eR] = [A] and [fR] = [B]. O

LEMMA 3.5. Let R be a regular ring, N a refinement monoid, and
~v: Idem(R) — N a map satisfying:
(i) v(e) =7(f) < [eR] = [fR], for all e, f € Idem(R).
(ii) The equality x +y = v(g) holds true for some x,y € N and g €
Idem(R) if and only if there are orthogonal idempotents e, f € R
such that y(e) =z, v(f) =y, and e+ f = g.
(iii) v(1) s an order unit in N .
Then the map a: {[eR] | e € Idem(R)} — N given by the correspondence
[eR] — 7(e) extends to a (unique) isomorphism B: V(R) — N.

PrOOF. Put M := {[eR] | e € Idem(R)}. It follows from (1) that the
a: M — N given by [eR] — ~y(e) is a well-defined one-to-one map. In view
of Lemma 3.4 property (2) implies that « is a partial |y (g} ([R])-map.
Property (3) says that «([R]) is an order unit in N and since [R] is clearly
an order unit in V([R]), the map « extends to a (unique) isomorphism
B: V(R) — N due to Corollary 3.3. O

We set

trr(b) := {abc | b,c € R} = | | abR = | J Rac,
a€R cER
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for every b € R.
LEMMA 3.6. Let e and f be idempotents of a ring R. Then
(3.4) [eR] < [fR] < trg(e) C trr(f).

PROOF. (=) Suppose that [eR] < [fR]. Then eR <% fR, by the
definition. It follows that there is a surjective homomorphism ¢: fR — eR.
Since f is an idempotent, ¢ extends to a homomorphism &: R — eR.
The homomorphism @ corresponds to a left multiplication by an element
a=®(1) € R. Tt follows that eR = af R, and consequently trg(e) C trr(f).

(<) If trr(e) C trr(f), then e € afR for some a € R. Since e is
an idempotent, the left multiplication by ea determines a surjective map
fR — eR. Since eR is a projective right R-module, we infer that eR <%
fR. Therefore [eR] < [fR]. 0

A right R-module A is directly finite provided that A ~ A @& B implies
that B = 0 for all right R-modules B, i.e, the module A it is not isomorphic
to any of its proper direct summands [22, page 49]. A ring R is directly finite
if it is directly finite as a right R-module. Note that this notion is left-right
symmetric as a ring R is directly finite if and only if ab = 1 implies ba = 1
for all a,b € R (cf. [22, Lemma 5.1]).

LEmMA 3.7. If a ring R s directly finite then
[eR] =y (r) [fR] = [eR] = [fR],
for all e, f € Idem(R).

PROOF. Let e, f € Idem(R) and suppose that [eR] =y (g) [fR]. Then
there are A, B € FP(R) such that [fR] = [eR]+[A] and [eR] = [fR]+[B],
ie, fR~eR® A and eR ~ fR® B. It follows that

eR=fR®B~eR® AP B,
hence
R=(1-¢)R¢eR~(1-¢e) R®eR® A B=R3& A& B.

Since the ring R is directly finite, we conclude that A = B = 0, hence
eR ~ fR, whence [eR] = [fR] O

Applying Lemma 3.6 we get that
COROLLARY 3.8. Let R be a directly finite ring. Then
[eR] = [fR] <= trr(e) = trr(f),
for alle, f € Idem(R).
Combining Lemma 3.5 and Corollary 3.8 we conclude with

COROLLARY 3.9. Let R be a directly finite reqular ring, let N be a
refinement monoid, and let v: Idem(R) — N be a map satisfying:

(i) v(e) =~(f) < trr(e) =trr(f), for all e, f € Idem(R).
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(ii) The equality x +y = v(g) holds true for some x,y € N and g €
Idem(R) if and only if there are orthogonal idempotents e, f € R
such that y(e) =z, v(f) =y, and e+ f = g.
(iii) v(1) s an order unit in N .
Then the map a: {[eR] | e € Idem(R)} — N given by the correspondence
[eR] — 7y(e) extends to a (unique) isomorphism B: V(R) — N.

4. Non-cancellative refinement monoids

In this section we recall a construction of refinement monoids that are,
under some simple conditions, non cancellative directly finite. It leads to
examples that will be realized as V(R) of regular rings, R, in the rest
of the paper. We seek both simplicity and generality hoping for further
applications of the construction.

DEFINITION 4.1. Let M, G be monoids and ¢: M — G a monoid
homomorphism. Given H C M a hereditary subset (w.r.t. the algebraic
preorder on M) and a submonoid F of G, we define a relation ©% on the
monoid M by
(4.1)

(x)+p=1(y)+qfor somep,qge F :xz,y¢ H,
rT=1y : otherwise,

r=y(0F) é{

for all z,y € M.

LEMMA 4.2. Let1v: M — G be a monoid homomorphism, H a hereditary
subset of M, and F a submonoid of G. Then the relation @E defined by
(4.1) is a congruence of M.

Proor. We shall prove separately that @g is an equivalence relation
on M and that @fl is compatible with the operation of addition.

CLAIM 5. @E s an equivalence relation.

Proor orF CrLAIM 5. The relation @fl is clearly symmetric and reflex-
ive. Suppose that

(4.2) z=y(0F) and y = 2 (0F)

for some x,y, 2 € M. Observe from definition (4.1) that = = y (©F) implies
that either both x and y belong to H, in which case they are equal, or none
of them belong to H. Therefore, in order to verify transitivity of @g, there
are two cases to discuss:

Case 1: None of the elements x,y, z belong to H. In this case there are
p,q,r,s € F such that

Wz) +p=1u(y) +qand ((y) +7=1(z) +s.

It follows that «(x) + (p+7) = t(2) + (¢ + $), and since F is a submonoid of
G, we conclude that z = 2 (0F).
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Case 2: All the elements x,y, z belong to H. In this case it follows
readily from (4.2) that = y = 2, and thus trivially z = 2 (0F).
We conclude that @E is an equivalence relation on M. O Claim 5.

CLAIM 6. @E is compatible with addition.

PROOF OF CLAIM 6. Let z; = y; (©F) for some z;,y; € M, i = 1,2.
If all the elements x;,y;, i = 1,2, belong to H, definition (4.1) gives that
x; = vy, for all 1 = 1,2. It follows that z1 + z9 = y1 + y9,

Suppose that not all the elements z;,y;, i = 1,2, belong to H. By
symmetry we can without loss of generality assume that z; ¢ H. From
z1 = y1 (0F) we infer that y; ¢ H as well. Since H is a hereditary subset of
M, we get that x1+x2,y1 +y2 ¢ H. By definition (4.1), there are p;, q; € F,
i =1,2 (p2, g2 possibly zero when z9,y2 € H) such that

u(xi) +pi = u(yi) + ¢,
for all = 1,2. It follows that
vz +x2) + (p1+p2) = tly1 +y2) + (1 + q2)-

Since F' is closed under addition and none of the elements z1 + x2, y1 +
y2 belongs to H, we conclude from (4.1) that z1 +x2 = y1 + 2 (@fl)
O Claim 6.

This concludes the proof. [l

Let M be a monoid and © a congruence of M. Given an element x € M,
we denote by [z |g the ©-block of z, i.e., [z]lo:={ye M |z =y (0)}. We
denote by M /© the quotient monoid of M by the congruence ©.

LEMMA 4.3. Let 1: M — G be a monoid homomorphism, H a proper
hereditary subset of M, and F a submonoid of G. Suppose that there are
x#y in H and p,q € F such that

(4.3) uz)+p=1y) +a¢
Then the quotient monoid M /O is not cancellative.

PROOF. Since H is a proper subset of M, there is z € M \ H. From
(4.3) we get that

(44)  z+a)+p=u(z)+uz) +qg=1(z)+uy) +a=uz+y) +q
From (4.4) we infer that
4w =2+y(0F),
hence
[zlor +[zlor = [2+2]or = [2+ylor = [z]lor +[ylor.
On the other hand since = # y in H, we get from Definition 4.1 that
[zlor ={z} #{y} = [y]er.

Therefore M /©% is not cancellative. O
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In the next lemma we show that under the assumptions that H = O is
an o-ideal and both O and G are cancellative, we can cancel elements from
the given hereditary subset.

LEMMA 4.4. Let v: M — G be a monoid homomorphism, O an order
ideal of M, and F a submonoid of G. Suppose that both O and G are
cancellative. Let x,y € M and o € O satisfy

(4.5) [2]eg + [olog = [yler +[0eg-
Then [a/:]@g = [y]eg.
PRrROOF. Equation (4.5) is equivalent to
z+o=y+0(6F).

First suppose that x+o0 € O. Then also y+o0 € O, and consequently xz,y € O
for O is an o-ideal. By Definition 4.1 we have that x+0 = y+o0 € O. Since
O is cancellative, we get that x = y.

Assume that 4+ o0 ¢ O. Since 0 € O and O is an o-ideal, we infer that
x ¢ O. Similarly we get that y ¢ O. According to Definition 4.1 there are
elements p, ¢ € F' such that

vz)+uo)+p=uz+o)+p=1y+o)+qg=1y)+io)+q
Since F' is cancellative, we get that
vz)+p=1uy)+q
hence [x]eg = [y]gg, due to Definition 4.1. O

Let G be a group and F' a submonoid of G. We set
FP:={p—q|pqcF}
Clearly, F¥ is the subgroup of G generated by the monoid F'.

LEMMA 4.5. Lett: M — G be a monoid homomorphism, H a hereditary
subset of M. Suppose that G is a group and let F' be a submonoid of G.
F Ff
Then ©f = Oy .
ProOOF. It is clear that @E C @flh. We prove the opposite inclusion.

Let x and y be elements of M such that x =y (@gu). By Definition 4.1, we
have that x = y unless both z,y belong to M \ H. In this case there are
D,q € FY% such that

(4.6) vz)+p=1ly)+q.

Then there are p;,q; € F, ¢ = 1,2, such that p = p; —p2 and ¢ = g2 — ¢1.
Substituting to (4.6) we get that

uz) +p1+q = u(y) + a2 + p2.
Therefore = = y (0F). O
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Under the assumptions of Lemma 4.5 we may restrict ourselves to the
case when F' is a subgroup of the group G. Notice also that when ¢c: M — G
is the inclusion map and F' is a group, we have that

= f F H
@) v =y (OF) {az y + q for some ¢ € x,y ¢ H,

r=y : otherwise,

for all z,y € M.

A monoid M is said to be directly finite provided that x +y = x implies
that y = 0 for all x, y € M. We can see readily from the definitions, that the
monoid V' (R) is directly finite if and only if all finitely generated projective
right R-modules are directly finite. Following [22, p. 50], this is equivalent
to all matrix rings M, (R) being directly finite. As far as we know it is
still an open question whether the monoid V(R) of a directly finite regular
ring must be directly finite (cf. [22, Problem 1 on p. 344]). A sufficient
conditions for direct finiteness of the quotient monoids M/ @fl is given by
the following lemma:

LEMMA 4.6. Lett: M — G be a monoid homomorphism, H a hereditary
subset of M. Suppose that G is a group and let F be a subgroup of G such
that .= 1(F) = 0. Then the quotient M /O is directly finite whenever the
monoid M is directly finite.

PROOF. Suppose that elements z,y € M satisfy
[z]er +[ylor = [z]or.

If x € H, then x + y = x by the definition of @g and since M is directly
finite, we conclude that y = 0. Suppose that = ¢ H. According to (4.7)
there is ¢ € F' such that

(4.8) U(z) + u(y) = o(z) + q.
Since G is a group, we get from (4.8) that «(y) = ¢, and so y € .~ }(F) = 0.
Therefore y = 0. U

In the proof of forthcoming Lemma 4.8 we will repeatedly make use of
the following:

LEMMA 4.7. Let M be a monoid and © a congruence of M. Let x;,1; €
M, i=1,2, be such that

(4.9) [z1]e +[72]e = [y1]e + [¥2]e

and suppose that here are x,y., i = 1,2, in M with x; = x}(0) and y; =
Y (©) for alli=1,2 and

(4.10) )+ ah =y + b

If zij, i,j = 1,2, is a refinement of (4.10), then [zijle, i,j = 1,2, is a
refinement of (4.9).
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PROOF. Since © is a congruence of M, the equality z; = zj + 22
implies that [7;]e = [7{]le = [zi1]e + [zi2]e and y; = 215 + 22; implies
that [y;]e = [y;]e = [215]e + [22)]e, for all 4,j € 1,2. Therefore, if 2,
i,j = 1,2, is a refinement of (4.10), then [z;;]e, 7,j = 1,2, is a refinement
of (4.9). O

LEMMA 4.8. Let M, G be monoids, O and order ideal of M, and F a
submonoid of G. Let 1: M — G be a one-to-one monoid homomorphism
such that for every x,y € M\ O and every p,q € F there isr € F satisfying
both v(x)+p+r € o(M\O) and 1(y)+q+r € L(M\O). If M is a refinement
monoid, then the quotient M/@g s a refinement monoid as well.

PROOF. We are to verify that the quotient monoid M /©F is conical
and that it satisfies the Riesz refinement property.

CLAIM 7. The quotient M /OF is conical.
Proor orF CrLAIM 7. Let
[95]95 + [y]@g = [0]95,

for some z,y € M. This is equivalent to x +y =0 (@g). Since 0 € O, we
get from (4.1) that x + y = 0. Since the monois M is conical, we conclude
that x =y = 0. O Claim 7.

CLAIM 8. The quotient M/@g satisfies the Riesz refinement property.
Proor or CrLAIM 8. Suppose that x;,y; € M, 1 = 1,2, satisfy

(4.11) [21leg + [22]oz = [11]og + [12]oz,

and so equivalently

(4.12) T+ T2 = Y1 + 12 (05).

We are going to discuss two complementary cases:
Case 1: Suppose that z1 + z2 € O. With regard to definition (4.1), we
get from (4.12) that y; + y2 € O as well and that

(4.13) 1+ T2 =Y+ Y2

Since equality (4.13) has a refinement, (4.11) has a refinement as well due
to Lemma 4.7

Case 2: If z1 4+ z2 ¢ O, then y; +y2 ¢ O as well, due to (4.12) and
(4.1). Since O is an o-ideal of M, in particular, it is closed under addition,
at least one of the elements x1, x5, as well as at least one of the elements
Y1, y2 does not belong to O. By symmetry, we can assume without loss of
generality that both z9 and y2 are not in O. Since (4.12) holds true, there
are p,q € F such that

(4.14) vz +a2) +p =1y +y2) +¢

due to definition (4.1). According to the assumptions, there is an element
r € F such that «(z2) +p+7r € o(M \ O) and t(y2) +q¢+1r € (M \ O).
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Let 24,95 € M \ O be the elements satisfying ¢(z) = ¢(xz2) + p + r tand
t(yh) = t(y2) + g + r. It follows from (4.14) that
(4.15)

vz 4+ 2h) = (@) +(ze) +p+r=tlx1+z2)+p+r

=y +y2) +a+r=1u(y) +u(y2) + g+ =1ty +y3)-
From (4.15) and the injectivity of ¢ we conclude that
(4.16) 21 + T = Y1 + Yo

Since M is a refinement monoid, equation (4.16) has a refinement that
induces a refinemnt of (4.11) due to Lemma 4.7. O Claim 8.

The properties verified by Claims 7 and 8 mean that M/ @5 is a refine-
ment monoid. ([l

We state a corollary of Lemma 4.8 describing some cases when the for-
mulation of the assumptions can be reasonably simplified. It is going to be
applied in the next section.

COROLLARY 4.9. Let M, G be monoids, O and order ideal of M, and F
a submonoid of G. Let v: M — G be a one-to-one monoid homomorphism
such that

(4.17) M\ O)+F CuM\O).

If M is a refinement monoid, then the quotient M/@g is a refinement
monoid. If G is a group then M/@gh is s a refinement monoid as well.

PrOOF. The fact that M/ @5 is a refinement monoid follows readily
from Lemma 4.8 as the assumptions of the lemma follow from (4.17). The

quotient M/ 95” is a refinement monoid due to Lemma 4.5. O

5. The monoid As,, Bs,, and Cjy,

Let O be an o-ideal in a monoid M. We denote by @gf the relation
on M defined by = = y (0} provided that there are o,p € O such that
x40 = y-+p. Note that this definition is consistent with the notation of the
previous section assuming that we are given the identity map ¢: M — M.

LEMMA 5.1. Let M be a conical cancellative monoid. Let O be an o-ideal
of M such that

(5.1) o<z foralloe O and all x € M \ O.

Then M is a refinement monoid if and only if both O and M/@gf are
refinement monoids.

PROOF. (=) Suppose that M is a refinement monoid. An o-ideal of
a refinement monoid is clearly a refinement monoid, in particular O is a
refinement monoid.
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Suppose that
[2]ep +[yloy = [+ yloy = [0]enm,
for some z,y € M. Note that it follows readily from the definition of the
congruence @]g that [O]QgI = 0. Therefore, z + y € O, hence both x,y
belong to O, for O is an o-ideal. We conclude that [x]@g; = [y]@gf =
[O]QOM, and so the quotient monoid M /O) is conical.

We are going to prove that M/ @gl satisfies the Riesz refinement prop-
erty. Let

(5.2) [21]on + [22]op = [y1]op + [v2]onm

in M/@gf. Then, by the definition, there are 0, p € O such that x1+z34+0 =
y1 + y2 + p. We set 24y := 29 + 0 and y4 := y2 + p. Then
(5.3) Ty + T = T2 + Yh,
and since M satisfies the Riesz refinement property, the equation (5.3) has
a refinement. Clearly 2, = 29 + 0 (@1(\)/[) and Y4 = y2 +p (@g[), and so this
refinement leads to a refinement of (5.2) in the quotient monoid M /©M.
(«). Suppose that both O and M /OM are refinement monoids. Note
that a monoid having a conical o-ideal is conical, in particular the monoid
M is conical. It remains to prove that M satisfies the Riesz refinement
property. Given elements o € O and z € M \ O, we denote by x — o the
unique element of M satisfying x = o+ (x — 0). Such an element exists due
to (5.1) and it is unique since M is cancellative.
Suppose that

(5.4) T1+ T2 =YL+ Y2

for some x;,y; € M, i,j = 1,2. We aim to prove that the equation (5.4)
has a refinement. Up to symmetry, there are three cases to discuss.

Case 1: All z;,y;, i,j € 1,2, are from O. Since O satisfies the Riesz
refinement property, we find a refinement of (5.4) within O.

Case 2: Some but not all the elements appearing in (5.4) are in O.
Observe that in this case at most one of z;, i = 1,2, as well as at most one
of yj, j = 1,2, are from M \ O. Therefore, we can without loss of generality
assume that z1,y; € M \ O while y2 € O. We put

211 7= X1 — Y2, Z12:=Y2, 2o1:= T2, and 2o :=0.

Clearly

1 = z11 + 212 = (¥1 — y2) + Y2,

To = 291 + 299 = 9+ 0, and

Yo = 212 + 2220 = y2 + 0.
Thus we only need to verify that y; = z11 + 2z91. This follows from

21+ 210+ Y2 = (1 —y2) F T2ty =01+ 22 =Yy1 + 12

and the cancellativity of M.
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Case 3: All the elements z;, y;, i,j = 1,2, are in M \ O. Since M /0N
is a refinement monoid, there are z;;, 7,j = 1,2, such that
[mi]QJC\)/[ = [Zil ]@1(\)/1 + [Zig]egf, foralli=1,2, and
[yjlon = [215]em + [225]en, forall j =1,2.
This particularly means that there are o;,p; € O, ¢ = 1, 2, satisfying
T; + 0; = zj1 + zi2 + p;, for bothi=1,2.

Observe that since z;,y; € M\ O, for all i,j = 1,2, either 211,200 € M \ O
or 212,221 € M \ O. We can without loss of generality assume that the first
one holds true. Set

wi; = 2i; + 0; — p;, for all i = 1,2 and w;; = z;; for all i # j in {1, 2},

and observe that

T; = U1 + U, foralli=1,2,
5.5 .
(55) (3 Topr = Lty o + [z Jogg, for all j = 1,2,
and both w111, ugs belong to M \ O. It follows from (5.5) that
(5.6) yj + 4 = uyy +ug +rj, j=1,2,
for some g;,7; € O, j = 1,2. Therefore

2 2

GB.7) ytyptate= ZZ“U + 711+ 12 =21 + X2 +1ro+ 1ro.
i=1 j=1

Since M is cancellative, we conclude from (5.4) and (5.7) that
q1+q2 =11 +T2.

Since O satisfies the Riesz refinement property, there are elements s;; € O,
1,7 = 1,2, such that

(5.8) ¢; = sj1 + sj2 and 1; = s1; + sg; for all j =1,2.
Substituting from (5.8) to (5.6), we get that

(5.9) Yj + 8j1 + sj2 = wij + ugj + s15 + s95, forall j =1,2.
Since the monoid M is cancellative, we conclude from (5.9) that

Y1 + S12 = u11 + ug1 + s21 and
(5.10)
Y2 + S21 = U2 + U2 + S12.
It follows from (5.5) and (5.10) that setting
V11 ‘= U1l — S12, V12 ‘= U12 + S19,
V91 ‘= U21 + S21, V22 i= U2 — S21,

we get a refinement of (5.4) in M. O
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Let n be a non-negative integer. Let
(5.11) A, = (0xNy)U(NxZ")

be a submonoid of the Cartesian power Z"*!. Note that being a submonoid
of a group, the monoid A,, is cancellatice. We denote by O,, the o-ideal of
A, defined by O,, := 0 x Njj, and we set U,, :== A, \ O,, = N x Z".

COROLLARY 5.2. The monoid A, is a refinement monoid, for every
non-negative integer n.

PROOF. It is straightforward to see that o <4, x for every o € O,
and every x € U,. Therefore property (5.1) of Lemma 5.1 is satisfied.
Clearly O,,, being a Cartesian product of refinement monoids, is a refinement
monoid. Observing that

A, /05" ~ Ny,
which is a refinement monoid as well, we conclude from Lemma 5.1 that A,,
is a refinement monoid. ([l

LEMMA 5.3. Let n be a non-negative integer and v: A, — Z"*! the
inclusion map. Then An/@gn is a refinement monoid for every submonoid
F of Z"1. Moreover

(a) if A, N F% =0 holds true, then A”/@gn is directly finite;
(b) if O% N F% #£ 0, then A”/@gn is not cancellative.

ProoF. Firstly note that according to Lemma 4.5 we can without loss
of generality assume that F is a subgroup of Z"*! i, that F = FA. Put
F. := Fn(Ng xZ") and observe that «(U,) + Fy C «(U,). Applying
Corollary 4.9 we conclude that A,/ ng is a refinement monoid.

Being a submonoid of Z"*!, the monoid A, is cancellative and, a for-
tiori, directly finite. Then (a) follows readily from Lemma 4.6.

The assumption OEL N FB £ 0 implies that there are 2 # y in O,, and
p,q € F such that ¢ — y = ¢ — p, and so, equivalently, z +p = y + q.
Since ¢ is an inclusion map, the monoid A,/ @gn is not cancellative due to
Lemma 4.3. U

Although the monoid A,/ @gn might not be cancellative we can cancel
the elements from O,, due to Lemma 4.4.

LEMMA 5.4. Let F be a non-trivial submonoid of Z"'. If x,y € A,
and o € Oy, satisfy

(5.12) [z]ep +loler =Ilvleg +loleg
Then [ﬂ:]@gn = [y]@gn.

Fix a positive integer n. For an element x = (g, 21,...,2,) € Z"! we
set

or :=x9g+x1+ -+ T,
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We put X0 = {zx € Z""! | 0 =0 and oz = 0} and observe that X0 is a
subgroup of Z"+1.

COROLLARY 5.5. Let F be a non-trivial subgroup of X9. Then An/@gn
is a non-cancellative directly finite refinement monoid.

PROOF. Observe that A, N XY = 0 and 0,7 N 2% = %% Now apply
Lemma 5.3. 0

Given a positive integer n, let F'a,, denote a subgroup of Z2"*1 generated
by (0,1,—1,...,1,—1). We set

Bay i= Agn /052"

As Fg, is clearly a non-trivial subgroup of X9, Ba, is a non-cancellative
directly finite refinement monoid. We are going to realize the monoids B,
as V(Ray,) of regular rings Ry,.

Before that, we prove that the monoid B, (and consequently the monoids
By, for all n > 2) does not satisfy the Riesz interpolation property.

PROPOSITION 5.6. The monoid By does not satisfy the Riesz interpola-
tion property.

ProOOF. Let z = (zg,z1,...,24) and y = (yo,y1,...,ys) be elements of
A,. We observe readily from the definitions that if xg = yg, then
(5.13)

[m]@gg <B, [y]@gg = ox < oy and [ac]@g3 = [y]egg = ox = oy.

We set
112'1 = (171a 1a070)7 1'2 = (17 170’ 1’0)’
yl = (171, 1, 1,0), y2 = (17 17 1707 1)

We see that !, 22 <a, y!' and 2! <a, y?. Since oz! = o’ =3<4=o0y' =

oy?, we get that [ml]ep4,[$2]®F4 <B, [yl]ep4 and [m1]®F4 <B, [y2]®F4.
Oy Oy Oy Oy Oy
Since
y® = (1,2,0,1,0) (51,
we have that also [x2]®F4 <B, [y2]®F4. Suppose that there is a tuple
Oy o

4
2z =(20,21,...,24) With

1 2 1 2

(5.14) [z ]@gi,[w ]@gi <B. [Z]@gi <B, Y ]@gia[y ]951'

Since z}) = y§ = 1, for all i = 1,2, we get that zp = 1. From (5.14) and
(5.13) we get that 3 =02’ < 0z < oy =4,4,j5 =1,2. This is absurd. O

Let n be a positive integer. We set x(9; 125} 1= T2i—1 + ¥2;, for each
i,7 €4{1,2,...,n}, and we define
Von = {{@0, 2{2;_1,251)ij<n | To € N and xg9; 195y € Z for all 4,5 < n}

and we set Co,, := O2,UV 9,,. Observe that V5, is a commutative semigroup
isomorphic to N x Z"* and that C, is a monoid with the operation of
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addition defined coordinate-wise on the two components Os, and Vo, and
by
P+ x = (To,p2i—1 + p2j + x{2i—1,2j}>i,je{1,2,...,n}

for all p = (0,p1,...,p2n) € Oz, and & = (70, T(2i—1,25})ij<n € Vn.
Let po,: Ag, — Ca, be a map corresponding to the identity on Osy,
and sending

(T0, 1, T2+ .., T2n) = (T0, Ty2i—1,25})ij<n € Von,

whenever zg > 0. It is straightforward to see that @2, is a monoid homo-
morphism.

Let x = (xo,...,Zon), ¥ = (Yo, - - ., Y2n) be elements from Ag, satisfying
van(x) = @on(y). Readily from the definition we see that z¢p = yo. If
xo = yo = 0, then necessarily = y. Suppose that xg = yg > 0. In this case
the equality o, (x) = @2, (y) is equivalent to

(5.15) T2i—1 + T25 = Y2i-1 + Y25
for all i,5 € {1,2,...,n}. This is equivalent to
T —Y1=Y2— T2 =" " =Tap—1 — Y2n—1 = Y2n — T2n,
which happens if and only if
r=y+A1,-1,...,1,-1),

for some A € Z. Therefore the kernel of the homomorphism ¢, coin-
cides with the congruence @gzz, and so g, factors through an embedding
o, : Ba, — Cay. This one is given by

x=(0,21,29,...,22,) if x € Ogy,
5.16 Von(|x ]| Fon ) = .
( ) ol ]90§n) {<$07${2i—1,2j}>i,j§n if z € Uap,
for every x = (xg,x1,...,To) € Aop.

We say that a tuple (zo, 712,125} )ij<n € Van is balanced provided that

(5.17) T{2i-1,25} T T{2k—1.21} = T{2k—1,2j} T T{2i—1,21}
holds true for all i,75,k,l € {1,2,...,n}. We denote by Wy, the set of all
balanced tuples from Vo, and we set

Dy, := 09, UWa,,.
It is straightforward to show that Ds,, is a submonoid of Cs,. Observe also
that Dy = Cs.

LEMMA 5.7. The monoid Do, corresponds to paon(Aszy,), the image of
Ao, under the monoid homomorphism popn: Aoy — Cay.

PROOF. As @9, [ Oz, is the identity map, we have that ¢o,(02,) =
O3,,. We are going to prove that ¢o,(Uz,) = V.
Let z = (xg,x1,...,29,) € Uay. By the definition,

on(T) = <$0’${2i—1,2j}>i,j§na
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where
m{?i—l,?j} = Z9;—1 + €r2j for all Z,] S {]., 2, PN ,n}.
Given i,7,k,l € {1,2,...,n}, we get straightaway that
T{2i—1,25} T T{2k—1,2} = T2i—1 + T2j + Tog—1 + T2 = T{2i—1,21} T T{2k—12j}>
and so @a,(z) is a balanced tuple. Therefore ¢2,(Us,) C V.
Let (w0, T{2i—1,25})ij<n € Van be a balanced tuple. We set
(5.18) Ti—1 1= X120} and T 1= Tigj_1 25} — Tf2j-1,2n}
for all 4,5 = {1,2,...,n} and we put x := (xg,z1,...,T2,). Since the tuple
(20, T{2i—1,2j})i.j<n is balanced, we have the equality
T{2i—1,25} T T{2j—12n} = T{2i—12n} T T{2j-1,2;}>
hence
T2i-1,2j = T{2i—12n} T {2512} — T{2j—12n} = T2i—1 + T2j,

foralli,j € {1,2,...,n}. It follows that (xo, Z{2i—1,2j})ij<n = P2n(r). Since
(xo, ${2i,172j}>i7jgn € Vo, we have that g > 0, and so x € Usy,. Therefore
Vaon C ¢2n(U2n)- O

COROLLARY 5.8. The map defined by correspondence (5.16) is an iso-
morphism
Yon: Bay — Doy,

It is easy to gain insight into the algebraic preorder on As,. Indeed,

T = <JI[),5L'1,... ,.T2n> §A2n Yy = <?/an1w~ 7y2n>

if and only if either z¢ < yo or xp = yo and z; < y; for all i € {1,2,...,n}.
We are going to show that the algebraic preorder on the monoid D>, behaves
analogously.

Let x = (xo,...) and y = (yo, . ..) be elements of Dy,,. We set

Zo < Yo
Ly <= Sxo=yo=0and z; <y, forallie {1,2,...,2n},
xo = yo > 0 and T{2i—1,25} < Y{2i—1,2}> for all 4,5 < n.
It is easy to see that < is a partial order on the set Dg,.

LEMMA 5.9. Let x = (20, Z{2i—12j})ij<n € Von, 2 = (20,21, .., 220) €
Usy, be such that © < pan(z). There is w € Usg, such that w <a4,, z and
x = pan(w).

Proor. We set

po=min{ze; — w05 +21[J=1,2,...,n}
and

wo = T, W25 1= Ty 95} — 21+ M, and wg;—1 1= T{2i—12} T 21 — T{12} — Hs
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for every i,7 € {1,2,...,n}. Since the tuple x is balanced, we have that

L1245y + T{2i-1,2) = T{1,2} T T{2i-1,25}

hence

LL2i—1,2} — L{1,2} = L{2—-1,25} — L{1,25}>
whence
(5.19) W2i—1 = T{2—1,25} T 21 — T{1,25} — MK

for all 4,j € {1,2,...,n}. It follows that

W2i—1 + W2j = Tf2i—125} T 21 — {1,253 — K+ {125} — 21+ 1 = T{2i-125}
for all 4,7 € {1,2,...,n}. Since g = wy by definition, we conclude that
T = pan(w). Let j € {1,2,...,n}. From p < 295 — xyy 95 + 21 we get that
(5.20)  woy; = Tri2jy — 21+ @ < Xpyggy — 21+ 225 — Ty 05 + 21 = 25
Let k € {1,2,...,n} be such that u = 22 — z{1 9} + 21. Then, with regard
to (5.19), we compute that

W2i—1 = T{2i—12k} T 21 — T{12k} — K
(5.21) = Tf2i-12k} T 21 — T{12k} — %2k — {12k} T 21
= T{2i-12k} — %2k < T{2i—12k} — Z2k-

Since < o, (2), we have that zyo;_1 9y < 22i-1 + 22¢. Substituting to
(5.21), we conclude that
(5.22) wai—1 < Tyi_12k) — Zok < 22i-1 + 2ok — 22k = 22i-1,

for all ¢ = {1,2,...,n}. Since v < @o,(z), we have wg = z¢p < z9. This
together with (5.20) and (5.22) implies that w <4, z, which was to prove.
([l

PROPOSITION 5.10. Let © = (xq,...) and y = (yo,...) be elements of
Dy,,. Then x < y if and only if x <y, y.

ProOF. If x <p, vy, there are 2/ <4, v in Ag, sutisfying x = pap(z’)
and y = ¢2,(y’). Using the description of the algebraic preoreder in Ag,,
it is easy to see that the relation x < y holds true. On the other hand,
suppose that © < y. If zg < yg or 9 = yo = 0, then & < y clearly implies
that z <p,, y. In the remaining case when 0 < z¢ = yp, the implication
r <y = z <p,, y follows from Lemma 5.9. O

6. Some linear algebra

We fix an arbitrary field F. All vector spaces are supposed to be over
F. Let U, V be vector spaces and f: U — V a linear map. We define a
dimension and a codimension of the map f by
(i) dim f := codimker f + dimimg f,
(ii) codim f := dimker f + codimimg f.
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Observe that dim f = 2dimimg f and dim f+codim f = dim U +dim V.
In particular, if dim f is finite, it is even.

LEMMA 6.1. Let U be a vector space. Let f,g: U — V be linear maps
such that dim f and codim g are finite, and let h := f + g be the sum of the
linear maps. Then codim h is finite and

(6.1) dim ker h — codim img h = dim ker g — codim img g.

Proor. We decompose U = kerg & X and we put Y := X Nker f.
Now we set Z := h(Y) = g(Y) and we use ¢',h': U/Y — V' /Z to denote
the quotients of the maps g, h, respectively.

Observe that ker i’ =kerh +Y and kerg’ =kerg+ Y. Since Y C X,
we have that Y Nkerg = 0. Since Y C ker f, we havethat h [ Y =g | Y,
and so Y Nkerh = 0. It follows that

(6.2) dimker A’ = dim ker h and dim ker ¢’ = dim ker g.

Clearly img h’ = img h+ Z and img ¢’ = img g+ Z. Since Z C img hNimg g,
we conclude that

(6.3) codimimgh’ = codimimg h and codimimg ¢’ = codimimg g.

Since both codimker f and codim X = dimker g are finite, we have that
codimY is finite. As codimimg g = codim g(X) is finite, and the codimen-
sion of Y in X is finite (cf. codimY is finite), codim Z = codimg(Y') is
finite.

Clearly dim ker h/+codim ker o’ = codim Y and dim img /’+codim img h’ =
codim Z. Since codimker i’ < codim Y is finite, we have that codim ker b’ =
dimimg h'. We conclude that

dimker A’ — codimimg b’ = codimY" — codim Z
Similarly we prove that

dimker ¢’ — codimimg ¢’ = codimY — codim Z,

and so
(6.4) dimker A’ — codimimg b’ = dim ker ¢’ — codim img ¢'.
Equation (6.4) together with equalities (6.2) and (6.3) give (6.1). O

LEMMA 6.2. Let f: U — V and g: V. — W be homomorphisms of
vector spaces and h := go f their composition. Let X be a subspace of ker g
such that ker g decomposes as kerg = X @ (img f Nkerg). Then

(6.5) codim f + codim g = codim h + 2(dim X).
PRrROOF. The lemma follows from these straightforward equalities:
dim ker h = dim ker f + dim(img f N ker g),
codimimg h = codimimg g + codim(img f + ker g),
codimimg f = dim X + codim(img f + ker g),
dimker g = dim X + dim(img f Nker g).
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O

The next lemma is “the reason why it works”. It is a crucial part of
Lemma 7.10.

LEMMA 6.3. Let U be a vector space. Let x,u,y;,v;, 1 = 1,2, be endo-
morphisms of the vector space U such that both codimz and codimu are
finite as well as all dimy; and dimwv;, ¢« = 1,2, are finite. Put f; ==z + y;
and g; ‘== u—+v;, 1 = 1,2, and set

hi:=g10fi=(u+v1)o(z+u),
ha = Faoga = (& -+ us) o (u+ va).
Then
(6.6) codim hy+codim he > max{codim f;+codim f2, codim g;+codim gs}.
Proor. We are going to prove that
(6.7) codim hq + codim ho > codim g; + codim gs.

The other inequality, namely codim h; + codim hy > codim f; 4+ codim fo, is
symmetric. We choose decompositions

ker go = X @ (img f; N ker g2) and

ker fo =Y @ (img g1 N ker fa).

Applying Lemma 6.2, we get that
codim hy + 2dim X = codim f; + codim g; and
codim ho + 2dimY = codim f5 + codim gs.

(6.8)

Since, by the initial assumptions, codim u is finite and both dimv;, i = 1, 2,
are finite, the co-dimensions codim g;, ¢ = 1,2, are finite due to Lemma 6.1.
Thus it suffices to prove that

(6.9) 2(dim X +dimY’) < codim g; + codim gs.
Applying Lemma 6.1 again we get that

dim ker g; —codim img g; = dim ker u—codim img v = dim ker go—codim img go,

hence

dim ker g; 4+ codim img go = dim ker go 4+ codim img g1,
whence
(6.10) codim g1 + codim g2 = 2(dim ker g2 + codim img ¢1).

It follows from (6.8) that dim X < dimker g and dimY < codimimg g;.
This together with previous equality (6.10) implies inequality (6.9), and,
consequently, inequality (6.7). This concludes the proof. O

LEMMA 6.4. Let f: U — U be an endomorphism of a vector space U of
a finite dimension. We denote by 1 the identity endomorphism of U. Then
codim(1 + f) is finite and even.
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Proor. We apply Lemma 6.1 putting g :=1and h:=g+ f =1+ f.
Note that dimker1 = codimimgl = 0. Thus it follows from (6.1) that
dimker(1 4 f) = codimimg(1 + f), hence codim(1 + f) = dimker(1 + f) +
codimimg(1 + f) is even. O

7. The example of Bergman and Goodearl

In this section we recall Goodearl’s modification [22, Example 5.10] of
the Bergman’s example [22, Example 4.26] of a regular ring Ry which is not
unit-regular but the matrix rings M, (R3) are directly finite for all positive
integers. The ring Ry is constructed as follows: Let T" denote the ring F[[¢]]
of all formal power series over a field F in an indeterminate ¢, and let k
denote the quotient field of T'. Denote by S the ring of all a € Endg(T)
such that there is a positive integer n and b € k with (a — b)t"T = 0 (i.e.,
bt"T C T and the restriction a | t"T coincides with the multiplication by
b). It turns out that the element b € k is unique and the correspondence
a — b := ¢(a) determines an F-algebra homomorphism ¢: S — k (cf. [22,
Example 4.26]). Finally let us denote by S°P the opposite ring of the ring
S and set

Ry :={(a1,a2) € § X 8% | p(a1) = p(az)}}.
Observe that every nonzero element a of T' = F[[t]] is a product a = t"a’ for
some n € Ny and some invertible a’ € T'. Moreover, every nonzero b € k is
of the form b = t*V’ for a unique (possibly negative) integer z and ¥’ € T
invertible in T'. Denote the unique exponent z by v(b) and set v(0) := 0. Let
b # 0 be an element of k. Observe that whenever n+ v(b) > 0 for a positive
integer n, the left multiplication by b determines a bijection t"T — t"T*®) T

Given an element a = (a1, a2) € Ry, we define ¢(a) := p(a1) = p(az).
For elements a € S and a € Ry we set v(a) := v(¢(a)) and v(a) = v(e(a)),
respectively. Finally given an element a = (a1, a3) € Rg, we define dima :=
dim a; + dim ay and codim a := codim a; + codim as.*

Let a € Ry. Observe that ¢(a) = 0 implies that dima is finite while
p(a) # 0 implies that codima is finite; the latter follows from the first
statement of Lemma 6.1.

LEMMA 7.1. Let a be an element of the ring S. Then
v(a) =0 = dima is even,

7.1
(7.1) p(a) =1 = codima is even.

Proor. It follows from the finiteness of dima, codima, respectively,
and Lemma 6.4. O
COROLLARY 7.2. Let a = (a1,a2) be an element of the ring Ry. Then

(i) ¢(a) = 0 implies that both the dimensions dima; and dimas are
even;
(ii) ¢(a) # 0 implies that codim a is even.

INote that this is consistent with the notation introduced in Section 6
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PrOOF. If p(a) = 0, then both the dimensions dima; and dimay are
finite and (1) follows readily from Lemma LO11. Suppose that @ € Ry
satisfy p(a) # 0. Since Ry is a regular ring, there is an idempotent e € Ry
such that eRy = aRy. Then clearly trg,(e) = trg,(a). From a € trg,(e)
and e € trg,(a) we get that codima < codime and codime < codima,
due to Lemma 6.3. Therefore codim a = codim e. Since e is an idempotent
of a finite codimension, ¢(e) = 1, and so the codimension of e is even due
to Lemma 7.1. U

LEMMA 7.3. Let U;, V;, i = 1,2, be finite-dimensional vector spaces
over a common field F, let a: Uy — Us and b: V1 — Vo be linear maps.
Then dima < dimb if and only if there are linear maps r: U1y — V1 and
s: Vo — Uy such that a = sbr.

Proor. Folklore. O

LEMMA 7.4. Let U be a vector space,
U=Uy2U;D2U;3D...

be a decreasing sequence of subspaces of U, and V a finite-dimensional
subspace of U. Suppose that

vn (ﬂU) =0,

1€N
then there is a positive integer n such that V. NU, = 0.

PRroOOF. For every positive integer n we set V,, := V NU,,. Note that
(7.2) V=VygDViDOVsyD...

is a decreasing sequence of subspaces of V' such that (). Vi = 0. Since V/
is finite-dimensional, the sequence (7.2) is eventually stationary. Therefore
thereisn € Nsuchthat 0=V, =V NnU,,. O

We set
I:={a€S|¢(a)=0}.
It is straightforward to see that I is an ideal of the ring S.

LEMMA 7.5. For all a,b € I, the following properties are equivalent:
(i) dima < dimb.
(ii) a € trr(b).
(iii) a € trg(b).

PROOF. (1 = 2) Let U; and V; denote complements of ker a and ker b,
respectively, in T' (viewed as a vector space over the field F). We set Uy :=
imga and Vo = img b and we denote by a’: Uy — U, resp. V': Vi — V),
the restrictions a’ := a | Uy, resp. b := b | V1. Observe that dima’ <
dim¥’. Applying Lemma 7.3, we find homomorphisms r': U; — V1 and
s': Vo — Us such that o’ = s'b'r’. There are positive integers m and n
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such that U1 Nt™T = 0 = V1 Nt"T due to Lemma 7.4. It follows that
there are r and s in Endp(7T") extending r’ and ', satisfying t"T" C ker r and
t"T" C ker s, respectively. It follows that r,s € I and that a = sbr, hence
a € trr(b). The implication (2) = (3) is trivial and (3) = (1) follows from
Lemma 7.3. U

We set
Jy:={a € Ry | ¢(a) =0},
and observe that Jo is an ideal of the ring Ro. The next corollary follows
readily from Lemma 7.5.

COROLLARY 7.6. Let a = (a1,a2) and b = (b1, b2) be elements of the
ideal Jo. The following properties are equivalent:
(i) dima; < dimb;, for all i =1,2.
(ii) a € trg,(b).
(ili) @ € trg,(b).

For each ordered pair m < n of non-negative integers we denote by
emn: T — T the projection onto ;. t'F given by

00 n
Z aitZ — Z ait’.
=0 i=m

LEMMA 7.7. Let X\ be a positive integer and e = (e, e3) an idempotent
of the ring Ry such that ¢(e) # 0. Then the following hold true:

(i) If codimey > 2\, there is f = (f1, fo) € Idem(Rs) with
codim f; = codime; — 2
codim fo = codim ey + 2

A and

and elements r,s € Ry such that p(r) = t*, o(s) =t
f = ser.
(ii) If codim ey > 2, there is f = (f1, fo) € Idem(Ry) with
codim f; = codime; + 2

codim fy = codim ey — 2

and elements 7,8 € Ry such that p(r) = t7*, ¢(s) = t*, and
f =ser.

PRrROOF. We prove property (1). Property (2) is symmetric. Since
p(e) # 0 and e is an idempotent, we have that ¢(e) = 1. By the definition
(of the ring Rjy) there is a natural number n such that (e; — 1)t"T = 0,
in particular kere; Nt"T = 0, for all ¢ = 1,2. For each ¢ = 1,2 we pick a
complement U; of t"T @ kere; in T

Observe that the restrictions e; | ("T & U;) are one-to-one. Since
e; | t"T coincides with identity, we conclude that e;U; Nt"T = 0, for all
1 =1,2. Since codimt"T = n is finite, we get that

codimimge; = codim(e;U; @ t"T) = codim(U; @ t"T') = dim ker ¢;,
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hence codim e; = 2dim ker ¢;, for both ¢ = 1,2. Since codime; > 2\, we get
that dimkere; > A, hence dimU{ = codim t"T — dimkere; < n — A. It
follows that there are F-linear maps
n—A—1 n—A—1
ri: P tF— Uy and s): eUy » @ ¢'F
i=0 i=0

such that the composition s}e;7] is an idempotent linear map with dim s} e17}
2dimU;. Clearly dim U, < codim t"T = n. Therefore there are

n+A—1 n+A—1
rh: @ t'F — Us and s5: eoUs — @ t'F
i=0 =0

such that sheors is idempotent and dim sheory, = 2dim Uy. We extend the

linear maps r;, s, i = 1,2, to F-endomorphisms of T' by setting

r(t"T) = 0, r4("AT) = 0, and s{(t"T & W) = 0,

where W; are complements of t"T & e;U;, for both i = 1,2. Observe that
7}, s; belong to I.

Let us define r: t" A" — T™, resp. s: t"T' — T™*, to be the F-liner
maps corresponding to multiplications by t*, resp. t~*, and we extend these
maps to F-endomorphisms of T' by setting r(@?:_(?_l t'F) = s(Pl, t'F) =
0. Observe that both r and s belong to S.

We set 7, := r+r, and s; = s+ s}, for both ¢ = 1,2. Then it is
straightforward from the constructions of the endomorphisms r, r;, s, and s;
that o(r;) = ¢(r) = t, p(s;) = @(s) = t7*, and that f; = she;rl = sie;r;
are idempotents, for all ¢ = 1,2. Furthermore we have that

codim f; = codime; — 2\ and codim fo = codim es + 2.

Finally setting f := (f1, f2), 7 = (r1,7r2), and s = (s1, s2), we get the desired
idempotent and elements of Ry such that f = ser. O

Observe that f € trg,(e) and since codim f is finite, and it is an idem-
potent, we have that ¢(f) = 1.

LEMMA 7.8. Let e, f € S\ I be idempotents. Then codime > codim f
if and only if there are elements r,s € S such that p(r) = ¢(s) = 1 and
e = sfr. In particular, if any of the equivalent properties is satisfied, then
e € trg(f).

PROOF. (=) First suppose that e = sfr for some r,s € T with ¢(r) =
o(s) = 1. Since e, f € Idem(S) \ I, there is a positive integer n such
that (e — 1)t"T = (s — )t"T = (f — )t"T = (r — 1)t"T = 0. Tt follows
that et"T = ft"T = rt"T = st"T = t"T, hence e, f,r,s € Endp(T)
induce endomorphisms €', f/,7/, and s’ of the finite-dimensional F-vector
space T'/t"T. From codime = codime’, codim f = codim f/, and dime’ =
dim s’ f'r’ < dim f’, we deduce that

codime = codime’ = 2n — dime’ > 2n — dim f’ = codim f’ = codim f.
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(<) Suppose now that codime > codim f. Since e and f are idempotents
not in I, we have that p(e) = p(f) = 1. It follows that there is a positive
integer n such that (e — 1)t"T = (f — 1)t"T = 0. Therefore kere N t"T =
ker f Nt"T = 0. We pick subspaces U and V of the F-vector space T such
that

T=U®keredt"T'=V ®ker f @t"T

and we set ¢ :=e | U, f/ := f | V. Since kere N (U & ¢t"T) = 0 and
the restriction e | t"T coincides with the identity map, we have that eT" =
eU @ t"T. Similarly we prove that fT' = fV @ t"T. It follows that

codim e codim f
<n-—

dimU =dimeU =n — =dim fV =dimV

and there are linear maps ': U — V and s': fV — eU such that ¢ =
s f'r’. There are r, s € Endg(W) such that

r U =r1', kerr > kere, and (r — 1)t"T = 0,
s V=4 kers>kerf, and (s — 1)t"T = 0.

We conclude that r and s are elements of S satisfying ¢(r) = ¢(s) = 1 and
e = sfr. As an immediate consequence we have that e € trg(f). ]

The next corollary will be applied in the forthcoming section.

COROLLARY 7.9. Let X be a positive integer and e = (e1, e2) an idem-
potent in Ry \ Jo. Then the following hold true:

(i) Suppose that codime; > 2\ and let f = (f1, f2) be the idempotent
constructed in Lemma 7.7. Then there are elements r*,s* € Ry
with p(r*) =t~ and ¢(s*) € t* such that e = s* fr*.

(ii) Suppose that codimey > 2\ and let f = (f1, f2) be the idempotent
constructed in Lemma 7.7. Then there are elements r*,s* € Ry
with o(r*) = t* and @(s*) € = such that e = s* fr*.

PROOF. Both the cases are symmetric, we only prove (1). Suppose that
codime; > 2X. Then codim fo = codimes + 2X > 2, and so there is an
idempotent g = (g1, ¢92) € Rg with

codim g; = codim f; + 2\ = codime; and

(7.3) codim go = codim fo — 2\ = codim e,

and element 7', s’ € Ry such that o(r') = t=*, p(s') = t*, and g = s fr'
due to Lemma 7.7. Applying Lemma 7.8, we get elements 7", s” € Ry with
o(r") = ¢(s") =1 and

e = S//gT// — S”S/f’l"/’r'”.
We put r* = r'r” and s* = s’s’. It is straightforward to compute that

"/

p(r*) = (r'r") = p(r)p(r") =t and p(s*) = p(s"r") = p(s")p(s') = 1.
]
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LEMMA 7.10. Let a,b € Ry \ Jo. Then a € trg,(b) if and only if
codim a > codim b.

PRrROOF. (=) It follows from Lemma 6.3 that
(7.4) codim ed > max{codim ¢, codim d},

for all e,d € Ry \ Jo2. If a € trg,(b), then a = sbr for some s,7 € Ry.
Observe that s, ¢ Jo, for otherwise a € Jy. Applying (7.4) twice, we get
that

codim a = codim sbr > codim br > codim b.

(<) Suppose that codim a > codim b. Since Ry is regular there are idempo-
tents e = (e1,e2) and f = (fi, f2) such that eRy = aRy and fRy = bRy,
respectively. As a consequence we get that

(7'5) trr, (6) = trR, (a') and trr, (f) = trm, (b)
By the already proved implication we have that
codim e = codim a > codim b = codim f.

By Lemma 7.7, there is an idempotent g = (g1, g2) € trr,(f) such that
codime; > codimg; and codimes > codim go. By Lemma 7.8, there are
elements 7;,8; € S, i = 1,2, such that ¢(r;) = ¢(s;) = 1 and e; = s;g;7;.
It follows that e € trr,(g) C trgr,(f), and so a € trr,(a) = trr,(e) C
trr,(f) = trr,(b) due to (7.5). O

LEMMA 7.11. Let a = {(a1,a2) and b = (b1,be) be elements of the ring
Ry. Then trg,(a) = trr,(b) if and only if either both a and b belong to
Jo and dima; = dimb; for both i = 1,2, or none of the elements a and b
belong to Jo and then codim a = codim b.

PROOF. (=) Assume that trg,(a) = trg,(b). Since Jy is a two-sided
ideal of Ro, either both the elements a and b or none of them belong to J.
If a,b € Jo, then both dima; = dimb;, ¢ = 1,2, due to Corollary 7.6. In the
other case when a,b € Ry \ J2, the equality codim a = codim b holds true
due to Lemma 7.10. (<) This implication follows readily from Corollary 7.6
and Lemma 7.10. O

LEMMA 7.12. Let g € I be an idempotent, A and p non-negative integers
such that dimg = 2\ + 2u. Then there is a pair e, f € I of orthogonal
idempotents such that dime = 2, dim f = 2u, and g =e + f.

PRrROOF. Since g € I, it is of a finite dimension, and so dimimgg =
(dim g)/2 = A+ p. We pick a decomposition imgg = U@V with dimU = A
and dim V' = u. Let e be an endomorphism of T" such that kere = ker g U
and e [ V =g | V. Putting f = g — e, we get a pair e, f of orthogonal
idempotents with the desired properties. O

LEMMA 7.13. Let g € S\ I be an idempotent, \ and p non-negative
integers such that 2\ = codim g + 2u. Then there is a pair e € S\ I and
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f € I of orthogonal idempotents such that codime = 2\, dim f = 2u, and
g=e+ [.

PROOF. From g € S\ I we infer that dimimgg is infinite. We find a
decomposition imgg = U @ V such that dimU = u. Let f € Endp(T) be
such that ker f =kerg®V and f [U =g [ U. Putting e = g — f, we get
a pair of orthogonal idempotents e € S\ I and f € I satisfying the desired
properties. ([

Applying Lemma 7.13 we get that

COROLLARY 7.14. Let g € Ry \ Jo be an idempotent. Let X, 1, pio
be non-negative integers such that 2\ = codimg + 2u1 + 2ue. Then there
are orthogonal idempotents e € Ry \ Jo and f = (f1, f2) € Jo such that
codime = 2\, dim f; = 2u;, for alli =1,2, and g =e + f.

THEOREM 7.15. The monoid V (Rg) is isomorphic to Cos = D3 and, via
the isomorphism wQ_I: Dy — B, also to Bs.

PROOF. We define a map v: Idem(R3) — C3 by

(0, 9, B it p(e) = 0,

(1,—cdime )y if p(e) =1,

e — <61,62> — {

and we verify that the properties (1-3) of Corollary 3.9 are satisfied. Prop-
erty (1) follows from Lemma 7.11.

Property (2) is a consequence of Lemma 7.12 in the case that ¢(e) =0
and Corollary 7.14 if p(e) = 1. Observe that in the latter case, when
v(e) =1, if yv(e) = u + v for some u,v € Cy, one of them belongs to Os.

This is because
codim e

2 >7

7(6) - <17 -
and so ug + vg = 1.
By the definition, (1) = (1,0) which is an order-unit in C', thus prop-
erty (3) holds true as well.
Since the ring Ry is directly finite due to [22, Example 5.10], the map ~y
extends to a unique isomorphism : V(Ry) — Cq, due to Corollary 3.9. O

8. Representing the monoids B,

Let Ro and S be the rings defined in the previous section. Given a
positive integer n, we set

Ry, :={{a1,a2,...,a2,) | azi—1 € S,a2; € 8P, p(a1) =--- = p(a,)}.

Observe that Ra, is a sub-direct product of copies of the ring Ry. Therefore
it is regular and directly finite (cf. [22, Proposition 1.4] and [22, Lemma
5.1], respectively). Further, we set

Jon == {{a1,az,...,a2,) € Roy | p(ar) = -+ - = p(az,) = 0}.
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Clearly, the set Jo, forms a two-sided ideal of the ring Ra,. Applying
Lemma 7.5 we get, similarly as in the previous section, that

LEMMA 8.1. For a pair of elements a = (a1, . ..,az,) andb = (b1, ..., bay)
from Jay, the following properties are equivalent:
(i) dima; < dimb; for alli=1,...,2n.
(ii) a € try,, (b).
(ili) @ € trg,, (b).

Let @ = (aj,...,a2,) be an element of the ring Ry,. For each i,j €
{1,2,...,n} we set ayo;_125) := (azi—1,az;). Observe that afo;_; 95 is an
element of the ring Rs.

LEMMA 8.2. Let n € N and a;,b;, i € {1,2,...,2n}, integers such that

(8.1) agi—1 + agj > bai—1 + baj.
foralli,j € {1,2,...,n}. Then there is an integer X\ such that
(8.2) ag;i—1 + A > bgi_l and a2 — A > bgj,

foralli,j={1,2,...,n}.
PROOF. The equations (8.1) are equivalent to
agj — baj > bai—1 — a1,
for all i,5 € {1,2,...,n}, hence
min{as; —bgj | j =1,...,n} > max{by_1 —az—1|i=1,...,n}

We pick any integer A with

min{agj —bgj ‘] = 1,...,77,} Z A Z max{bgi_l — agi—1 ‘ 1= 1,...,7’L}
and observe that (8.2) holds true. O
LEMMA 8.3. Let @ = (ai,...,a2,) and b = (b1,...,bay) be elements of

Rop\J 2. Then a € trg,, (b) if and only if codim afo;_; 253 > codim byg;_1 25
foralli,je{1,2,...,n}.

PROOF. (=) Suppose that a € trg,, (b). Then aj;_1 251 € tTR, (by2i-1,2j});
which implies that codim ag;_1 251 > codim byy; 1 95y, foralld, j € {1,2,...,n},
due to Lemma 7.10.

(«<=) Since the ring Ry, is regular, it contains idempotents e = (ej, ea, ..., €ay)
and f = (f1, f2,..., fan) such that trg,, (a) = trg,,(e) and trg,, (b) =
trR,, (f). As we have just proved, this implies that codimayg; 1253 =
codim egy; 195y and codim byy; 1 953 = codim f9;_; o5y, foralli,j € {1,2,...,n}.
According to the assumption we have that

codim eg;—1 + codim eg; > codim fa;—1 + codim fa;,

for all 4,5 € {1,2,...,n}. By Lemma 7.1 all codime; and codim f;, i =
1,...,2n, are even. Applying Lemma 8.2, there is an integer 2\ such that

codim eg;_1 + 2\ > codim fo;_1 and codim ez; — 2\ > codim fy;,
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for all 4,5 € {1,2,...,n}. Applying Corollary 7.9 we find idempotents
9p2i-12:3 = (92i-1,92)) € R\ J2, and elements Tioio12i) = (T5i_1,75:),
3?%—1,%} = (85;_1,55;) € Ra with o(r(9i_12:}) = A, 80(3?22-_1722}) =t~ for
all i € {1,2,...,n}, satisfying
codim go;—1 = codim eg; 1 + 2],
codim go; = codim eg; — 2,
and
€{2i—1,2i} = 3?2#1,2@'}9{22'—1,21‘}7’?22‘71,2@'}v
foralli e {1,2,...,n}. Putting g := (91,92,.-.,92n), v = (r{,7r5,...,75,),
and s* := (s],55,...,55,), we get elements of Ry, with p(g) =1, ¢(r*) =
tA, and @(s*) = t7, satisfying e = s*gr*. Since codim g; > codim f; for all
i=1,...,2n, we have 7, s € Ry, with p(r) = p(s) = 1 satisfying g = sfr
due to Lemma 7.8. It follows that
e=s"gr* =s*sfrr*,
hence e € trg,, (f). Therefore a € trg,, (b). O

The next lemma is an analogy of Lemma 7.11. It follows readily as a
combination of Lemmas 8.1 and 8.3.

LEMMA 8.4. Let a = (ay,asg,...,a2,) and b = (b1, ba,...,ba,) be ele-
ments of the ring Ray,. Then trg,, (a) = trg,, (b) if and only if either both
a,be Jsy, and

dim a; = dim b;
foralli e {1,2,...,2n}, or both a,b € Ry, \ Jay, and
codim (1{27;_172]‘} = codim b{2i—1,2j}
foralli,je{1,2,...,n}.

THEOREM 8.5. Let n be a positive integer. The monoid V (Ray,) is iso-
morphic to D, and, via the isomorphism w2_nl: Dy, — Bs,, also to Bo,.

PrOOF. We define a map 7: Idem(Rgy,) — D32, by

<0’ d1112161" dlII2162 . d1m2@2n> c 02n if (,0(6) — O,
(1, —700dlmge{i’j}>{i,j} €V if p(e) =1,
and we verify that the properties (1-3) of Corollary 3.9 are satisfied. Prop-
erty (1) follows from Lemma 8.4.

We are going to prove that (2) holds true. Let z = (zg,...),y =
(Yo, ...) € Doy, and g = (g1, g2, - - -, go2n) € Idem(Ry,,). The implication (<
is trivial. In order to prove the opposite one, (=), assume that v(g) = x+y.
We are going to discuss two cases.

The first case is when g € Jo,. Then 0 = ¢(g) = xo + Yo, hence zy =
yo = 0 and both zy and yg belong to O2,. Applying Lemma 7.12, we find,
for each i € {1,2,...,2n}, a pair of orthogonal idempotents e;, f; € I such

e=<€1,€2,...,€2n>0—>{
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that dime; = x;, dim f; = y;, and g; = e; + f;. Putting e = (e1,€2,...,€2,)
and f = (f1, f2, ..., fon), we get a pair of orthogonal idempotents e, f such
that y(e) =z, v(f) =y, and g =e+ f.

The latter case is when g is an idempotent from Rg, \ J2,. We can
without loss of generality assume that xg > yg. Since xg + yog = 20 = 1,
we get that g = 1, hence x € Vo, and yg = 0, hence y € O,y,. Ap-
plying Lemma 7.13 we find for each i € {1,2,...,2n} a pair of orthogonal
idempotents e; € S\ I, and f; € I such that

codime;  codim g; dim f;
2 2 Yooy
Set e := (e1,e9,...,e2,) and f := (f1, fo,..., fon). Then e € Ry, \ J2,, and
f € Ry, are orthogonal idempotents such that g = e + f and v(f) = y. It
follows that

=y;, and g; = €; + f;.

e)+y=1(g)=z+y.
Applying Lemma 5.4, we infer from y € Osg, that y(e) = x. Therefore
property (2) is satisfied.
By the definition

n2x
which is an order-unit in Dy, thus property (3) holds true as well.
Since the ring Ro, is directly finite, the map v extends to a unique
isomorphism §: V (Rg,) — Dy, due to Corollary 3.9. O



CHAPTER 6

Boolean ranges of Banaschewski functions

95



96 6. BOOLEAN RANGES OF BANASCHEWSKI FUNCTIONS

1. Introduction

In [84] Friedrich Wehrung defined a Banaschewski function on a bounded
complemented lattice £ as an antitone (i.e., order-reversing) map sending
each element of £ to one of its complements, being motivated by the earlier
result of Bernhard Banaschewski that such a function exists on the lattice
of all subspaces of a vector space [8]. Wehrung extended Banaschewski’s
result by proving that every countable complemented modular lattice has a
Banaschewski function with Boolean range and that all the possible ranges
of Banaschewski functions with Boolean range on £ are isomorphic [84,
Corollary 4.8].

Still in [84] Wehrung defined a ring-theoretical analogue of the Ba-
naschewski function that, for a von Neuman regular ring R, is closely con-
nected to the lattice-theoretical Banaschewski function on the lattice £(R)
of all finitely generated right ideals of R. He made use of these ideas to
construct a unit-regular ring S (in fact of bounded index 3) of size N; with
no Banaschewski function [85].

Furthermore in [84] Wehrung defined notions of a Banaschewski measure
and a Banaschewski trace on sectionally complemented modular lattices and
he proved that a sectionally complemented lattice which is either modular
with a large 4-frame or Arguesian with a large 3-frame is coordinatizable (i.e.
isomorphic to £L(R) for a possibly non-unital von Neumann regular ring R)
if and only if it has a Banaschewski trace. Applying those results, he con-
structed a non-coordinatizable sectionally complemented modular lattice, of
size Ny, with a large 4-frame [84, Theorem 7.5].

The aim of this chapter is to solve the second problem from [84]:

PROBLEM (Problem 2 from [84]). Is every mazimal Boolean sublattice
of an at most countable complemented modular lattice £ the range of some
Banaschewski function on £? Are any two such Boolean sublattices isomor-
phic?

We construct a countable complemented modular lattice 8 with two
non-isomorphic maximal Boolean sublattices G and J{. We represent G as
the range of a Banaschewski function on 8 and we prove that JH is not the
range of any Banaschewski function. We represent the lattice 8 as a bounded
sublattice of the subspace lattice of a vector space over an arbitrary given
field. The lattice 8 is constructed as a bounded sublattice of M3 [F(k)].
We prove that there is no 3-frame in the lattice M3[D] for any distributive
lattice D. As a consequence we get that there is no 3-frame in the lattice
8. On the other hand we show that lattices M3[B] are cordinatizated by
Boolean powers of the ring of 2 x 2 matrices over a two-element field Fy by
a Boolean lattice B. We find a regular Fa-algebra S such that 8§ ~ £(S)
and we show that the maximal Boolean sublattices G and JH correspond to
maximal Abelian regular subalgebras of the algebra S.
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2. Preliminaries

We start with recalling same basic notions as well as the precise definition
of a Banaschewski function adopted from [84]. Next we outline Schmidt’s
M;3[L] construction, which we then apply to define the bounded modular
lattice 8 containing a pair of non-isomorphic maximal Boolean sublattices.

2.1. Complemented lattices and the Banaschewski function. A
lattice £ is bounded if it has both the least element and the greatest element,
denoted by Og and 1z, respectively. A bounded sublattice of a bounded
lattice is a sublattice containing the bounds. Given elements a,b,c of a
lattice £ with zero, we will use the notation ¢ = a ® b when a Ab = 0g and
aVb = c. A complement of an element a of a bounded lattice £ is an element
a’ of £ such that a®a’ = 1g. A lattice £ is said to be complemented provided
that it is bounded and each element of £ has a (not necessarily unique)
complement. A lattice £ is relatively complemented if each of its closed
intervals is complemented. Note that a relatively complemented lattice is
not necessarily bounded.

We say that a lattice £ is uniquely complemented if it is bounded and
each element of £ has a unique complement. By a Boolean lattice we mean
a lattice reduct of a Boolean algebra, that is, a complemented distributive
lattice. For the clarity, let us recall the formal definition of a Banaschewski
function [84, Definition 3.1]:

DEFINITION 2.1. Let £ be a bounded lattice. A Banaschewski function
on £ is a map [: £ — L such that both

(i) <y implies B(z) > B(y), for all z,y € L, and
(ii) B(z) @z =1g forall x € L,

hold true.

2.2. The Mj3[L]-construction. Let £ be a lattice. We will call a
triple (a,b,c) € L3 balanced, if it satisfies

aANb=aANc=bAc

and we denote by Ms[L] the set of all balanced triples. It is readily seen
that M3[L] is a meet-subsemilattice of the cartesian product £3. However,
it is not necessarily a join-subsemilattice, for one easily observes that the
componentwise join of balanced triples may not be balanced. The M3[£L]-
construction was introduced by E. T. Schmidt [69, 71] for a bounded dis-
tributive lattice £. He proved [71, Lemma 1] that in this case M3[£L] is a
bounded modular lattice and that it is a congruence-preserving extension
of the distributive lattice £. This result was later extended by Grétzer and
Schmidt in various directions [30, 31]. In particular, in [30] they proved that
every lattice with a non-trivial distributive interval has a proper congruence-
preserving extension. This was further improved by Gratzer and Wehrung
in [35], where they introduced a modification of the Ms[L]-construction,
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called M3 (L)-construction. Using this new idea they proved that every
non-trivial lattice admits a proper congruence-preserving extension.

The lattice constructions M3[L] and M3(L) appeared in the series of
papers by Gritzer and Wehrung [32, 33, 34, 35, 36, 37, 38] dealing
with semilattice tensor product and its related structures, namely the box
product and the lattice tensor product [34, Definition 2.1 and Definition
3.3]. Indeed, M3 X L ~ M3(L) for every lattice £L and Mz @ £ ~ M3[L]
whenever £ has a zero and M3 ® £ is a lattice (see [38, Theorem 6.5] and
[33, Corollary 6.3]). In particular, the latter is satisfied when the lattice £
is modular with zero. Note also, that if £ is a bounded distributive lattice
both the constructions Mz[£L] and M3(L) coincide. In our paper we get by
with this simple case.

Let £ be a distributive lattice. Given a triple (a,b,c) € L3, we define

(2.1) wla,b,cy = (aAb)V(aNc)V(bAc)
and we set
(2.2) (a,b,c) = (aV pla,b,c),bV ula,b,cy,cV ula,b,c)).

Using the distributivity of £ one easily sees that (a, b, ¢) is the least balanced
triple > (a, b, ¢) in L3 and that the map @: L3 — L3 determines a closure
operator on the lattice £ (see [33, Lemma 2.3] for a refinement of this
observation). It is also clear that

aV pla,b,c)y =aV(bAc),
bV pla,b,c) =bV(aAc),
cVpla,bye) =cV(aAb).

A triple (a,b,c) € L3 is closed with respect to the closure operator if and
only if it is balanced. Therefore the set of all balanced triples, denoted by
M;[L], forms a lattice [33, Lemma 2.1, where

(2.3) {a,b,c) V{d' V,cd)={aVad, bV, cV)
and
(2.4) {a,b,c) AMad' VY =(aNd ,bAY,cAC).

By [33, Lemma 2.9] the lattice M3[£] is modular if and only if the lattice
L is distributive. The “if” part of the equivalence is included in the above
mentioned [71, Lemma 1].

2.3. Coordinatizability. Finitely generated right ideals of a regular
ring R form a sectionally complemented modular lattice [22, Theorem 2.3].
We will denote this lattice by £L(R). Note that for a regular ring the corre-
spondence eR — R(1—e) determines an anti-isomorphisms from the lattice
L(R), of all finitely generated right ideals of the ring R, to the lattice of all
finitely generated left ideals of the ring R (cf. [22, Theorem 2.5]).

A lattice, necessarily sectionally complemented modular, is coordinatiz-
able if it is isomorphic to the lattice L(R) for a regular ring R. For a lucid
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introduction into the problem of coordinatizability of sectionally comple-
mented modular lattice we refer to [27, Appendix D] and [85]. Here we will
limit ourselves to Jonsson’s coordinatization theorem [44], to our knowledge
the most complete description of coordinatizable lattices.

We say a set X of non-zero elements of a lattice £ with zero is indepen-
dent provided that for every finite F, G C X, the equality

VEANG=\(FnG)

holds true. If the lattice £ is modular then an n-element set {ay,...,a,} of
distinct non-zero elements of £ is independent if and only if aj 1 AV, a; =
0 forall j =1,...,n—1 (see [27, Theorem IV.1.11]). If the lattice £ is
distributive, a subset X C £\ {0} is independent if and only if a Ab = 0 for
all distinct a,b € X.

Elements a, b of a bounded lattice £ are perspective provided that there
is ¢ € £ such that

(2.5) l=adc=bdec

The notation a ~. b means that equalities (2.5) hold true. The notation
a ~ b means that a ~. b for some ¢ € L, i.e. that a and b are perspective.
An element a of a lattice £ is neutral provided that the sublattice of
L generated by a triple {a,b, c} is distributive for all b,c € £ [27, Section
II1.2]. Anideal I of a lattice £ is neutral if it is a neutral element in the ideal

lattice of £. An n-frame in a lattice £ is a pair ((a; | 1 =0,...,n— 1), (¢; |
i=1,...,n — 1)) of families of elements of £ such that the set {ag, ..., an—1}
is independent and ag ~, a; for all ¢ =1,...,n — 1. An n-frame is large if

the neutral ideal generated by ag is the entire £. In particular, an n-frame
such that \/?;01 a; = 1 is large.

THEOREM 2.2 (J6nsson’s coordinatization theorem [44]). A modular
complemented lattice £ that has a large n-frame for some n > 4 or that
is Arguesian and has a large n-frame with n > 3 is coordinatizable.

2.4. Stone duality and Boolean powers. In this subsection we fol-
low [13, Chapter IV,§§4-5]. For topological notions we refer to [18]. A
Boolean space is a compact Hausdorff topological space with a basis con-
sisting of clopen (i.e. closed and open) subsets. Let B be a Boolean lattice.
We denote by B* the collection of all ultrafilters on B. For each a € B we
set

(2.6) Ng:={ueB*|acu}.

The collection of all N,, a € B, is a basis of a topology on B*, and B*
equipped with this topology is a Boolean space called the Stone space of B.

All clopen subsets of a topological space J form a sulattice, denoted
by J*, of the Boolean lattice of all subsets of J. Every Boolean lattice B
is isomorphic to B** via the map a — N, and every Boolean space J is
homeomorphic to I** via z — {N € T* |z € N}.
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Let A be an algebra and B a Boolean lattice. We equip the set A
with the discrete topology and we denote by A[B]* the set of all continuous
functions from the Boolean space B* to A. By [13, Lemma IV.5.2], A[B]*
is a subuniverse of the Cartesian power AB". We denote by A[B]* the
subalgebra of A2 with the universe A[B]* and we will call the subalgebra
the Boolean power of A by B.

3. The lattice

Fix an infinite cardinal k. As it is customary, we identify x with the set
of all ordinals of cardinality less than k. Let us denote by P (k) the Boolean
lattice of all subsets of k and set

F(k) :={X C k| X is finite or x \ X is finite}.

It is well-known that F(k) is a bounded Boolean sublattice of P(k).
Given sets X, Y, the notation X <g, Y means that X \ Y is finite.
Clearly <g, is a quasiorder on the class of all sets. We define

€ ={(A,B,C) € F(k)® | C <gn AU B}.
Since for all A, A’, B, B’,C,C" we have that
(3.1) (CuCH\ ((AuA)YU(BUB))C(C\(AUB))U((C'"\ (A uUB"),

the set € is closed under finite joins. Both Og(.s = (0,0,0) and g =
(K, k, k) clearly belong to €, thus we can conclude that € forms a bounded
join-subsemilattice of F(k)3.

Let 8 := € N M3[F(x)] denote the set of all balanced triples from &.
Since ANC = BN C for every balanced triple (A, B, C), we have that

S = {<A7B7C> S M?)[g:(’%)] ’ C <gn A}
= {(A,B,C> S Mg[gr(lﬁ)] ’ C <gn B}

Note that since for a balanced triple (A, B, C) the equality ANC' = (A, B, C)
holds true, we get from (3.2) that

(3.3) 8§ ={(A,B,C) e M3[F(r)] | C <gn (A, B,C)}.
LEMMA 3.1. The set8 forms a bounded sublattice of the lattice M3[F(k)].

(3.2)

PRroOOF. Observe that
C\ (AU B) = (C'U (A, B,C))\ (AUBU (A, B,C)),

for all (A, B,C) € F(k)3. Therefore the join-semilattice € is closed under
the operation u. It follows that 8 forms a bounded join-subsemilattice of
M3 [F(k)]. It remains to prove that 8 is closed under finite meets. However,
this is a consequence of the inequality

cnoH\(AnA)ycC(C\AuU(C'\A),
that holds for all sets A, A’,C,C". O
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As discussed in Section 2, since the lattice F(k) is distributive, the lattice

M;3[F (k)] is modular. Observe that the mapping A — (A4, A, A) embeds
F (k) into 8, from which we deduce that

|F(r)| < 8] < |F(x)?.
Since the size of both F(x) and F(x)3 is x, we get that |8| = k. Let us sum
up these observations in the following corollary to Lemma 3.1.
COROLLARY 3.2. For k = wy, the lattice 8 is countable infinite.
REMARK 3.3. Note that unlike 8, the lattice € is not a meet-subsemilat-

tice of F(x)3. Indeed, both (k,0, k), (0, k, k) € & while (k,0, k) A (D, k, k) =
(0,0,r) ¢ E.

4. A Banaschewski function on 8

In this section we define a Banaschewski function 5: 8 — 8 and describe,
element-wise, its range G.

LEMMA 4.1. The map 5: 8 — 8 defined by
(4.1)
B(A,B,C) :=(k\ A,k \ (BUC),k\ (AUBUCQ)), forall (A B,C)Ee€S,

is a Banaschewski function on 8. Consequently, 8 is a complemented mod-
ular lattice.

PRrOOF. First we prove that 8 contains the range of the map 5. Observe
that if we put A’ := K\ A and B’ := s\ (BUC), then 3(A,B,C) =
(A", B, A’n B'). Since F(k) is a Boolean lattice, the sets A, B’ and A’'N B’
all belong to F(x). Furthermore, we have that

A'NB =uA,B' A nBY=up(A B,C).

In particular, A’ N B'\ uB(A, B,C) = (), whence 3(A, B,C) € 8.

It is clear from (4.1) that the map f§ is antitone. Finally, we check that

s = (k,k, k) = (A, B,C) ® B(A,B,C), forall (A, B,C)e€S.
It follows immediately from the definition of 5 that
(A,B,C)YAB(A,B,C) = (0,0,0) = 0s.

To prove that (A, B,C) V B(A, B,C) = 1g, let us verify that
(4.2) k=u(AU(k\A),BU((k\(BUQC)),CU(k\(AUBUCQ))).
Note that each element of x that is not contained in C' belongs to B U (k \

(BUC)). Together with AU (k\ A) = K, we get that (4.2) holds, which
concludes the proof. O

LEMMA 4.2. Let G denote the range of the Banaschewski function B: 8 —
8. Then

G ={(A,B,ANB) | A, B € F(x)}
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and the mapping
(4.3) (A,B,ANB) — (A, B)
determines an isomorphism from G onto the Boolean lattice F(r) X F(k).

Proor. While proving Lemma 4.1, we have observed that
GC{(A,B,C)e8|C=ANB}=
{(A,B,AnBY| A B eFk)}
A straightforward computation gives that
B(BLA', B, A'nB"Y)=(A",B' A'nB'),
and so the lattice G is equal to the right-hand side of (4.4). Finally, it

is readily seen that the correspondence (4.3) determines an isomorphism

G — F(k) x F(k). O

(4.4)

It was noted in [84] that if the range of a Banaschewski function on a
lattice £ is Boolean, then it is a mazimal Boolean sublattice of £. Thus we
derive from Theorem 4.2 that G is a maximal Boolean sublattice of 8.

5. The counter-example

In the present section, we construct another maximal Boolean sublattice
H of the lattice 8. We show that the lattices H and G are not isomorphic
and we prove directly that the lattice 3 is not the range of any Banaschewski
function on 8.

LEMMA 5.1. The assignment (A,C) — g(A,C) = (A, ANC,C) defines
a bounded lattice embedding g: F(r) x F(k) — M3[F(k)]. In particular,
the range of g is a bounded Boolean sublattice of M3[F (k)] isomorphic to

F(k) x F(k).

PROOF. It is clear from the definition of the map ¢ that it is injective
and that its range is included in M3[F(x)]. Further, for any A, A’ C,C’" C &,
the equality

g{A,CY AN g(A,C")y =g(ANn A, CNnC)
holds by (2.4), while
(5.1) 9{A,C) v g(A',C") = g{AU A", CU )

can be easily deduced from (2.2) and (2.3). Finally, observe that g(k,x) =
(k,k, k) and g(0,0) = (0,0, 1), which concludes the proof. O

For any A,C € F(k), we say that (A,C) is finite if both A and C are
finite, and we say that (A, C) is co-finite if both k\ A and x \ C' are finite.
Let us write A ~ C if (A, C) is either finite or co-finite. Note that there are
pairs A,C € F(k) such that (A,C) is neither finite nor co-finite; namely,
A =~ C' if and only if the symmetric difference (A\ C) U (C \ A) is finite.
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LEMMA 5.2. The set
A ={(4,0) eFr) xF(r) | A= C}
forms a bounded Boolean sublattice of F(k) x F(k).

ProOOF. Let (4,C), (A’,C’) be a pair of elements from A. If at least
one of them is finite, then (AN A’,C' N C") is clearly finite as well. If both
(A,C) and (A’,C") are co-finite, then so is (AN A’,C' N C"). In either case,
(AnNA,CnC') e A.

If at least one of the pairs (A, C), (A’, C') is co-finite, then (AU A", C U C")
is co-finite as well, while if both (A4,C) and (A’,C’) are finite, then so
is (AUA,CuUC’). In particular, (AU A",CUC") € A whenever (A,C),
(A, C") € A.

We have shown that A is a sublattice of F(k) x F(k). To complete
the proof, observe that ((),)) is finite and (k, k) is co-finite and that the
unique complement in F(k) x F(k) of each (A, C) € A, namely (k \ A,k \ C)
belongs to A. O

LEMMA 5.3. The g-image H = g(A) of A is a bounded Boolean sublat-
tice of 8.

PROOF. Due to Lemma 5.1 and Lemma 5.2, 3 is a bounded Boolean
sublattice of M3[F(x)]. Thus in view of Lemma 3.1, it suffices to verify that
H C 8§, that is, that C'\ (AN C) is finite for every (A, C) € A. This is clear
when (A, C) is finite. If (A, C) is co-finite, then C'\ (ANC)=C\A Ck\A
is finite and we are done. ]

Observe that if (A, B, C) is a balanced triple then B C A if and only if
B=AnB=AnC. It follows that

(5.2) H ={(A,B,C) €S| A~ C and B C A}.

LEMMA 5.4. Let (A, B,C) € 8\ H and let (A', B',C") be a complement
of (A,B,C) in 8. If BC A, then B¢ A’

PROOF. Since (A, B,C) ¢ H and B C A, it follows from (5.2) that
A % C. Hence exactly one of the two sets A, C' is finite. From B C A and
C'\ B being finite we conclude that C and «\ A are both finite. Furthermore
from B C Aand AN B = BNC, we infer that B = BN C. It follows that
the set B is finite as well.

Suppose now that B’ C A’. Since (4, B,C) A (A’, B',C") = 0g, we have
that AN A" = (), whence the set A’ C x\ A is finite. A fortiori, the set B’ is
also finite due to the assumption that B’ C A’. As C"\ B’ =C'\(B'n4’) =
C'\ u(A’, B',C") is also finite, we conclude that so is C’. But then

w(AuA' , BUB ,CcuC’yC BUuB uCcuc

is a finite set, which contradicts the assumption that (A, B, C)V(A’, B, C")
(k,k, k) = 1g.

oo
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COROLLARY 5.5. Every complemented bounded sublattice € of 8§ such
that H C € contains an element (A, B,C) with B ¢ A.

PRrROOF. Let (A, B,C) € €\ H and let (A’, B, C’) be one of its comple-
ments in €. Applying Lemma 5.4, we get that either BZ Aor BB ¢ A’. 0O

PROPOSITION 5.6. The lattice I is a mazximal Boolean sublattice of 8.

ProOOF. Let € be a complemented bounded sublattice of 8 satisfying
H C C. There is (A, B,C) € € with B € A by Corollary 5.5. We can pick
a finite nonempty F' C B\ A. Since the triple (A, B, C) is balanced,

(5.3) )=FNA=FNBNA=FNnBNC=FnC.

Now observe that both g(F,0) and g(f), F') are in . Applying (5.1) and
(5.3), we get that

(5.4) (A, B,C)A (g(F,0)V g(,F)) = (A,B,C) A g(F,F) = (0, F,0),
while
(5.5) ((A,B,C) A g(F, (Z)>) Vv (<A,B,C> /\g(@,F>) = (0,0, 0).

It follows from (5.4) and (5.5) that the lattice € is not distributive, a fortiori
it is not Boolean. g

PROPOSITION 5.7. The sublattice H of 8 is not the range of any Ba-
naschewski function on 8.

ProOOF. The range of a Banaschewski function on 8 must contain a
complement of each element of 8. We show that no complement of (s, (), 0)
in 8 belongs to JH.

Suppose the contrary, that is, that there is (4,B,C) = g(A,C) € H
satisfying (r,0,0) ® (A, B,C) = 1g. Then A = ANk =0, and by (5.2) also
B = (. Then from B = ) and (x,0,0) V (A, B,C) = 1g, one infers that
C = k. It follows that (A, B,C) ¢ 8; indeed, C'\ u{A,B,C) = C\ 0 =k is
not finite. Thus (A, B, C) ¢ H, which is a contradiction. O

REMARK 5.8. Note that for the particular case of k = N, the assertion
of Proposition 5.7 follows from Proposition 5.9 together with [84, Corollary
4.8], which states that the ranges of two Boolean Banaschewski functions on
a countable complemented modular lattice are isomorphic.

PROPOSITION 5.9. The lattices H and G are not isomorphic.

PRrROOF. In H, every finite element g(A,C) is a join of a finite set of
atoms, namely

g<A,c>=<\/g<{a},w>>v \ 90,591 |,

acA yeC

and, dually, every co-finite element is a meet of a finite set of co-atoms. On
the other hand, there are elements in F(k) x F(k) that are neither finite
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joins of atoms nor finite meets of co-atoms. Recall that in Lemma 4.2, we
have observed that the lattice G is isomorphic to F(k) x F(k). Therefore
the lattices H and G are not isomorphic. O

6. Representing 8 in a subspace lattice

Although the construction in the three previous sections was performed
for an infinite cardinal k, the results of the present section on embedding
the lattice M3[P (k)] into Sub(V) (namely Theorem 6.4) work just as well
for k finite. In particular, Proposition 6.5 (an enhancement of [33, Lemma
2.9]) holds for lattices of any cardinality.

Let F be an arbitrary field and let V' denote the vector space over the field
F presented by generators xo, ¥q, 2a, @ € K, and relations xq + Yo + 2o = 0.
For a subset X of the vector space V' we denote by Span(X) the subspace
of V generated by X. Given subspaces of V', say X and Y, we will use
the notation X +Y = Span(X UY'). Let Sub(V') denote the lattice of all
subspaces of the vector space V.

Forall A, B,C C k we put X 4 = Span({z, | o € A}), Y p = Span({y3 |
p € B}), and Z¢ = Span({zy | v € C}).

We define the map F': P(x)? — Sub(V) by the correspondence

(6.1) <A,B,C>i—>XA+YB+Zc.

Each of the sets {z, | « € k}, {yg | B € k}, and {z, | v € K} is clearly
linearly independent. It follows that X g4,4 = X a4 + X 4 for all A, A’ C
k and, similarly, Ygup = Yp+ Yp and Zoycr = Zo + Zo for all
B,B',C,C" C k. A straightforward computation gives the following lemma:

LEMMA 6.1. The map F: P(k)3 — Sub(V) is a bounded join-homomor-
phism.

Proor. Clearly F(0,0,0) = 0 and F(k, k,x) = V. Following the defini-
tions, we compute F((A, B,C))+ F((A",B',C")) = Xa+Yp+Zc+X s+
Yp+Zc = Xava+Ypup + Zouer = F((AU A, BUB,CU C/>). O

Let G: Sub(V) — P(k)? be a map defined by
W= ({a]za e WHB|ys e Wiy |2z € W}),

for all W € Sub(V).

It is straightforward that G is a bounded meet-homomorphism and that
it is the right adjoint of F' (i.e., replacing the lattice Sub(V') with its dual,
the maps F' and G form a Galois correspondence [54]). Indeed, one readily
sees that

F(A,B,C) CW iff (A,B,C) < G(W).

The maps F and G induce a closure operator GF on P(k)3.

LEMMA 6.2. The composition GF: P(k)3 — P(r)> is precisely the clo-

sure operator (—) on P(k)? defined by (2.2).
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ProOOF. We shall prove that GF(A, B,C) = (A, B,C), for all (A, B,C)
from P(k)3. By symmetry, it suffices to prove that
{a€kr|aqa e F(A,B,C)} =AU (BNC).

Let « € AU(BNC). If a € A, then 2, € F(A, B,C) by the definition (6.1),
while if @« € BNC, then o = —ya—2q4 € F(A, B,C) by (6.1) and the defining
relations of V. It follows that AU(BNC) C{a €k |zq € F(A,B,C)}.

In order to prove the opposite inclusion, take any = € x \ A satisfying
xy € F(A, B,C); if there is none, there is nothing to prove. We need to
show that then z € BN C. Certainly

(6.2) Ty = Z Qoo + Z bgys + Z CyZy
acA BeB yeC

for suitable aq, bg, and ¢, € F such that all but finitely many of them are
zero. We set aq = 0 for a ¢ A, bg =0 for § ¢ B, and ¢y = 0 for v ¢ C.
Since z, + x + yy = 0 for every v € £, it follows from (6.2) that

(6.3) S Z AaTo — Z ey | + Z bays — Z CyYry

acA ~yeC BeEB yeC
It easily follows from the defining relations of V' that {z.,ya | @ € k} forms
a basis of V. Thus, applying (6.3) we get that
(6.4) ay —cy =1 and b, — ¢, = 0.

Since by our assumption x ¢ A, we get from (6.2) that a, = 0. Substituting
to (6.4) we get that b, = ¢; = —1, hence x € BN C. This concludes the
proof that AU(BNC)D{a€k|z, € F(A,B,C)}. O

The next lemma shows that F' [ M3[P (k)] preserves meets. Note that
with Lemma 6.1, this means that F' [ M3[P(k)] is a lattice embedding of
M;3[P (k)] into the lattice Sub(V').

LEMMA 6.3. Let (A, B,C), (A", B',C") € M3[P(r)] be balanced triples.
Then

F(A,B,C)NnF(A,B,C"y=FANA ,BnB,CnC.

PRrROOF. Since, by Lemma 6.1, F' is a join-homomorphism, it is mono-
tone, whence F(AN A", BNB',CNC') C F(A,B,C)nNnF(A',B',C"). Thus
it remains to prove the opposite inclusion.

Let v € F(A,B,C)NF(A", B',C") be a non-zero vector. Then v can be

expressed as
(6.5)

V= Z AaTao + Z bgys + Z Cy2y = Z ag‘xa + Z bfgyg + Z c’wzw.

acA BeB ~eC acA’ BeB’ ~ecC!

Consider such an expression of v with

(6.6) {a [ aa # 0} + {8 ] bs # O} + [{7 [ ¢y # 0}
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minimal possible. Put aq, =0 for o ¢ A, bg =0 for 8 ¢ B, and ¢, = 0 for
v ¢ C. By symmetry, we can assume that a, # 0 for some o € A. Suppose
for a contradiction that o ¢ A’. Since the triple (A’, B',C") is balanced,
B'NC’" C A’, whence a ¢ B'NC’. Without loss of generality we can assume
that o ¢ B’. 1If all as,b,, and ¢, were non-zero, we could replace cqzq
with —cqZa — CaYa and reduce the value of the expression in (6.6) which
is assumed minimal possible. Thus either b, = 0 or ¢, = 0 (recall that
we assume that a, # 0). We will deal with these two cases separately. If
bo = 0, then the equality

(6.7) UaTo + CaZa = ChZa

must hold true. Since x, and z, are linearly independent, it follows from
(6.7) that a, = 0 which contradicts our choice of «. The remaining case is
when ¢, = 0. Under this assumption we have that

/
AaTo + baya = CpRa-

It follows that

(6'8) AqTo = C/ozzoc - bozyoz = —C;J}a - (c/a + ba)ya-

Since z, and y, are linearly independent, we infer from (6.8) that a, =
—cl, = by. Then we could reduce the value of (6.6) by replacing aoxq + baya
with ¢,z in (6.5). This contradicts the minimality of (6.6). O

Combining Lemma 6.1, Lemma 6.2, and Lemma 6.3, we conclude:

THEOREM 6.4. The restrictions F' | M3[P(k)]: M3[P (k)] — Sub(V)
and, a fortiory, F' [ 8: 8 — Sub(V) are bounded lattice embeddings. In
particular, the lattice 8 is isomorphic to a bounded sublattice of the subspace
lattice of a vector space.

It is well-known that a distributive lattice £ embeds (via a bounds-
preserving lattice embedding) into the lattice P(k), where & is the cardinality
of the set of all maximal ideals of £. Such embedding induces an embedding
M;[L] — M3[P(k)] (cf. Lemma 3.1). By Theorem 6.4, the lattice M3[P (k)]
embeds into the lattice Sub(V') for a suitable vector space V' (note again
that we now also admit finite ). Since the lattice Sub(V) is Arguesian, so
are M3[P (k)] and M3[L].

On the other hand, [33, Lemma 2.9] states that a lattice L is distributive
if and only if M3[£] is modular. Hence, if M3[£] is modular, it follows that
L is distributive, and, by the above argument, M3[£] is even Arguesian.
We have thus proven the following strengthening of [33, Lemma 2.9]:

PROPOSITION 6.5. Let L be a lattice. Then L is distributive iff the lattice
M3 [L] is modular iff M3[L] is Arquesian. If this is the case, then Ms[L]
can be embedded into the lattice of all subspaces of a suitable vector space
over any given field.
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7. Non existence of 3-frames

In this section we prove that there is no 3-frame in the lattice M3[D] for
any distributive lattice D. As a consequence, we cannot apply the Jonsson’s
coordinatization theorem in order to prove coordinatizability of any of these
lattices, in particular, of the lattices M3[F(x)] and 8.

LEMMA 7.1. Let D be a distributive lattice. Then for each (a1,as,as) €
D3, the equality
plar, az, az) = pla1, az, as).

holds true.
PRrROOF. First observe that for all 1 < k <[ < 3 we have that
(7.1) ap N a; < \/ (a; A aj) = plar, az,as).

1<i<j<3

By (2.2) we have the equalities
plat, az,az) = p{ar V plar, az,az), az V plar, az, az),as vV plar, az, az))

= \/ (@ Vplar,az,a3)) Aa; V plar, az, a3))).
1<i<j<3
Since the lattice D is distributive,
(a; V plar, az,az)) A (aj V plar, az, a3)) = (a; A aj) V plar, az, as),
for all 1 <1i < j <3. Applying (7.1), we conclude that

plar,az,a3) = \/ (@i Aay) V plar, as, a3)) = plar, as, az).
1<i<j<3

With regard to (2.3), we conclude from Lemma 7.1 that
COROLLARY 7.2. If D is a distributive lattice, then
w(aVvb)=pla; Vby,az Vb, azV bs),
for all a = (a1, as,a3),b = (b1, b, bs) € Ms[D].

LEMMA 7.3. Let D be a distributive lattice and a = (a1, a2,as) and
b = (b1, ba, b3) elements of M3[D]. If a Ab =0, then

3

3
plaVvb) = paV ubVv (\/al) A \/bj
j=1

i=1
Proor. Applying Corollary 7.2 and using the distributivity of D, we
compute that

u(a \Y b) = u(al V bi,as V by, az V b3> = \/ ((CLZ V bz) VAN (aj V bj))
1<i<j<3

=/ ((aina) V(b Ab)V (a; Abs) V (aj D).

1<i<j<3
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Since a and b are balanced triples, pa = a; A aj and pub = b; A b; for all
1<i<j<3. Thus

pavb)= \/ (uaVubV(a;Ab;)V (a; Ab;))
1<i<j<3

=pa VbV \/ ((a; Abj)V (aj Aby)).
1<i<j<3
JFrom a A b = 0 we get that a; A b; = 0, for all ¢ = 1,2,3. Substituting to
(7.2) we get that

(7.2)

3 3

ulaVvb) =paVubv \/ ((a; Abj)V (a; Ab;)) = paV pbv \/ \/(ai/\bj).
1<i<;j<3 i=1j=1

Applying the distributivity of D again we conclude that
3

3
ulaVvb)=paV ubVv (\/zu) A \/bj
j=1

i=1
]

LEMMA 7.4. Let D be a bounded distributive lattice and a = (a1, a2, a3),b =
<b1, ba, 63> S Mg[D] If a® b=tl1, then

3
ua ® \/ bj = 1.
j=1

PROOF. Since trivially

3 3
ub v <\/ai>/\ \/bj S\/bja
i=1 j=1 j=1
we infer from Lemma 7.3 that
3 3 3
(7.3) 1 =pla®b) = paVubVv (\/ai>/\ \/bj §,ua\/\/bj§1.
i=1 j=1 j=1
Since a A b = 0, we have that ua < a; < b;, for all i = 1,2,3. Since the
lattice D is distributive, we conclude that

3 3
(7.4) 0= \/(,ua/\bj):,ua/\\/bj.
j=1 j=1

Combining (7.3) and (7.4) we get the desired equality ua@\/?zl bj=1. 0O

LEMMA 7.5. Let D be a bounded distributive lattice and a = (a1, a2, as),
a’ = (a},dly, a%) perspective elements of M3[D]. If a A a’ =10, then
3 3

pa = pa’  and plava') = \/ai = \/a;.
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PROOF. Let b = (b1, by,b3) be a common complement of a and a’. Tt
follows from Lemma 7.4 that both pa and pa’ are complements of \/?:1 b;.
Since complements in a distributive lattice are unique, we get that ua = ua’.
Similarly we get that both \/?:1 a; and \/f’:]L a}; are complements of ub, hence
they are equal. From these equalities we infer that

3 3
pa = pa’ < \/a;: \/ai.
i=1 i=1

Applying Lemma 7.3 we conclude that

3
ulava) = \/ai: \/a;.
i=1 ‘
O

PROPOSITION 7.6. There is no 3-frame in the lattice M3[D], for any
bounded distributive lattice D.

PROOF. Suppose that there are elements a = (a1, ag,a3),a’ = (a}, dh, a}),
and a” = (af,a,af) of M3[D] such that @ ~ a/, a ~ a@” and the family
(a,a’,a") is independent. Then p(aVa') = \/2_ja; = \/o_,d” due to
Lemma 7.5. It follows that a Va’ > a” which contradicts the independence
of the family (a,a’,a”). O

COROLLARY 7.7. There is no 3-frame in the lattice M3[B], for any
Boolean lattice B. In particular, neither the lattices M3[F (k)] nor the lattice
8 has a 3-frame.

REMARK 7.8. This remark is due to the anonymous referee. He pointed
out that the main results of Sections 6 and 7 can be obtained by a sim-
pler argument using the representation of a distributive lattice as a subdi-
rect product of the two-element lattice 2. Namely, it is well-known that
a distributive lattice D is a subdirect power of 2. In particular, there is
an index set I and an embedding ¢: D < 2! such that the composition
miop: D — 2 with the canonical projection 7;: 2/ — 2 is a surjective homo-
morphism for all i € I. The map ¢ induces the embedding M3[D] — M5[2]
given by (a,b,c) — (p(a),p(d),p(c)). Observing that Ms[2] ~ Mz we
get isomorphisms M3[2!] ~ M3[2]! ~ M3!. Thus we have an embedding
®: M3[D] — Ms!. It is straightforward to see that the composition of ®
with the i*' canonical projection My’ — Ms is a surjective homomorphism
M3[D] — Mjs. Therefore M3[D] is a subdirect power of Ms. The lattice
M3 embeds into the subspace lattice of the 2-dimensional vectors space V'
over an arbitrary field. Let ¢: M3 < V be such an embedding. Then Mé
embeds into Sub V&) (here V) denotes the direct sum of copies of V) via
the mapping (a;)icr — ;s ¥(a;). The restriction of the map to M3[D]
is an embedding of M3[D] into SubV). Clearly, if D is bounded, the
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embedding can be chosen bounds-preserving. This gives the main results of
Section 6.

Let D be a bounded lattice. Observe that the embedding ®: Mz[D] —
M preserves the bounds. It follows that the ®-image of a 3-frame would
be a 3-frame in Ms’. Let i € I and m;: Mz’ — M5 be the corresponding
canonical projection. The m; image of the 3-frame in M3’ would be a 3-
frame in Mg3. However, it is easy to see that there is no 3-frame in Ms.
Consequently, there is no 3-frame in M3[D]. Thus we get Proposition 7.6.

8. Coordinatizability

We prove that despite of non-existence of 3-frames, the lattice M3[B] is
coordinatizated for any Boolean lattice B. It is isomorphic to L(M[B]*),
the lattice of all finitely generated right ideals of the Boolean power of the
ring M, the ring of 2 x 2 matrices over the two-element field, by the Boolean
lattice B. Modifying this construction we show that the lattice 8 introduced
in Section 3 is coordinatizable as well.

Let the notation M stand for the ring of all 2 x 2-matrices over the
two-element field Fo. It is well known that the matrix ring over a regular
ring is regular, in particular, the ring M is regular (cf. [22, Theorem 1.7]).

We put
(1 0 (0 0 d (01
€1 1= 0 0)° €9 = 1 1) al €3 = 0o 1)/°

There are exactly eight idempotents in the ring M, namely 0,1, e1,e2,e3,1—
e1,1 —eg, and 1 — ez, and there are exactly three proper non-zero right
ideals of M, namely exM = (1 — e3)M, esM = (1 — e;)M, and esM =
(1—e2) M. Thus the lattice £L(M) is isomorphic to the five-element modular
non-distributive lattice Mz (see Figure 1).

M
[}

I

etM=(1—e3)M eoM=(1—e1)M esM=(1—ea)M

{0}

FIGURE 1.  The lattice £(M)
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We denote by Idem(R) the set of all idempotents of a ring R. We are
going to make use of the next elementary lemma.

LEMMA 8.1. Let R be a ring and e, f € Idem(R). Then
ef=f < fRCeR.

PRrROOF. (<) If fR C eR, then f € eR and so f = er for some r € R.
It follows that ef = eer = er = f. (=) Conversely, ef = f implies that
f € eR. We get readily that fR C eR. O

We equip the set Idem(R) with a quasi-order <. defined as follows:
f <ec e provided that ef = f, for all e, f € Idem(R). Further, we denote by
=, the corresponding equivalence relation on Idem(R), i.e., e =, f if and
only if both e <. f and f <. e, for all e, f € Idem(R).

Suppose that R is a regular ring. Let tg: Idem(R) — L(R) be the
map given by the correspondence e — eR. It follows from Lemma 8.1 that
the kernel of the map tg coincides with the the equivalence relation =, and
the quotient Idem(R)/ =, is order-isomorphic to the set £L(R) ordered by
inclusion. Since L(R) is a lattice, Idem(R)/ =, has finite suprema and
infima, and the lattices £(R) and Idem(R)/ =, are isomorphic.

The following lemma is a trivial consequence of the preceding two para-
graphs. We leave the details of the proof to the reader.

LEMMA 8.2. Let £ be a lattice and R a regular ring. Suppose that there
is a surjective map ¢: Idem(R) — £ such that

(8.1) e<ef < e(e) <e(f), foralle,feldem(R).

Then kere = ker tp is equal to =, and the lattice £ is isomorphic to L(R)
via the composition* tgoe ™ : L — L(R).

Note that in the ring M introduced above, we have e; =, 1 — e3, es =,
1 —e1, and e3 =, 1 — e9, and the idempotents e1,es, and e3 are pairwise
incomparable. Recall from Subsection 2.4 that the Boolean power M [B]*
of the ring M by a Boolean lattice B is the set of all continuous functions
from the Stone space of B to M equipped with the discrete topology.

LEMMA 8.3. Let B be a Boolean lattice. If a ring R is reqular, then the
Boolean power R[B|* is regular as well.

PROOF. For each a € R we pick an element a* € R such that a = aa*a.
Given x € R[B]*, we define a map «*: B* — R by the correspondence u
x(u)*, u € B*. The z*-preimage of an element b € Ris J{z"(a) | a* = b},
which is a union of open sets. It follows that the map x* is continuous and
clearly @ = za*x. Therefore R[B]* is a regular ring. O

Ipyrists would object that the composition tg 0 e~ ' sends an element a € £ to a
singleton set {eR}, where e is any idempotent from the =.-block £~ *(a). For the sake of
simplicity we identify the singleton set {eR} with its element eR.
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Given elements a, b of a Boolean lattice B, we set a — b := a A b/, where
b’ is a unique complement of b. Note that an element x € M[B]* is an
idempotent if and only if x(u) € Idem(M) for every u € B*. For each
e € Idem(M[B]*) we set (e) := (a1, az, az), where?

Na1 = {u | € U) € {17617 1- 63}}7
(8.2) Ny, ={u]e(u) € {1,e2,1 —e1}},
No, ={u|e(u) € {1,e3,1 —ea}}.

It is clear that ¢(e) is a balanced triple with N, ) = {u | e(u) = 1}. There-
fore (8.2) defines a map e: Idem(M[B]*) — M3[B].

LEMMA 8.4. Let B be a Boolean lattice. Then the map e: Idem(M [B]*) —
Ms[B] defined by (8.2) satisfies property (8.1).

PRrROOF. The implicationse <. f = ¢(e) <e(f), e, f € Idem(M[B]*),
are seen readily from (8.2). Let e, f € Idem(M [B]*) with e(e) = (a1, a2, as)
and (f) = (b1, b2, b3). Suppose that e(e) < e(f) and let u € B*. The in-
equality implies that pe(e) < pue(f), hence e(u) =1 = f(u) = 1. From
a; < by we infer that e(u) € {e;,1—ez} = f(u) € {1,e1,1—e3}. Similarly,
from as < by we get that e(u) € {ea,1 —e1} = f(u) € {l,e2,1 —¢1} and
from ag < bz we conclude that e(u) € {es, 1—ea} = f(u) € {1,e3,1—e2}.
Therefore e <. f. O

—~~

THEOREM 8.5. Let B be a Boolean lattice. The ring M[B|* is regular
and

L(M[B]") ~ M3[B].

PRrROOF. The ring M [B]* is regular due to Lemma 8.3.

Let b = (b1, be, b3) € M3[B]. Note that since b is a balanced triple, each
ultrafilter on B contains at most one element from {b; — ub | i =1,2,3} U
{pb}. Thus we can define e € Idem(M [B]*) by

1:if ub € u,
e(u) =< e :if b; — ub € u,
0 : otherwise,
for all u € B*. Tt follows from (8.2) that £(e) = b, and so ¢ is a projection.

By Lemma 8.4, the map ¢: L(M|[B]*) — Ms[B] satisfies (8.1), and so
it is an isomorphism due to Lemma 8.2. O

COROLLARY 8.6. Let £ be a bounded lattice. The lattice M3[L] is coor-
dinatizable if and anly if the lattice £ is Boolean.

Proor. If £ is Boolean, then the lattice M3[£L] is coordinatizable by
Theorem 8.5. In order to prove the opposite implication, suppose that
the lattice M3[£L] is modular and complemented. We will prove that £
is Boolean. By [33, Lemma 2.9] the lattice M3[£] is modular if and only

2Recall definition (2.6).
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if the lattice £ is distributive. Thus the lattice £ must be distributive. It
follows from Lemma 7.4 that £ is complemented. Therefore it is a Boolean
lattice. 0

Let us now turn our attention to the lattice 8 introduced in Section 3.
Let x be an infinite cardinal. There are exactly k principal ultrafilters on
F(k), each corresponding to an ordinal o € k, namely u, = {X € F(r) |
a € X}. Besides there is the only non-principal ultrafilter, §, consisting
of all cofinite subsets of k. The topological space F(k)* is the one-point
compactification of the discrete space {u, | @ € k}. In particular, the sin-
gleton sets {u,}, a € kK, are open, and neighborhoods of § are of the form
F(k) \ {un | @ € F}, where F runs through all finite subsets of k.

We put

§:={x e M[Fx)]" | 2(f) €{0,1,e1,1 —ex}}.
THEOREM 8.7. The ring S is reqular and L£(S) ~ 8.

PROOF. Observe that the I := {x € S | (f) = 0} is an ideal of the ring
M[F(k)]*. Since the ring M[F(x)]* is regular due to Lemma 8.3, we get
from [22, Lemma 1.3] that I is a regular ideal. Thus I is a regular ideal of
the ring S and it is easy to see that S/I ~ Fy x Fo. Applying [22, Lemma
1.3] again, we conclude that the ring S is regular.

Let e: M[F(k)]* — M3[F(k)] be the map defined by (8.2). The map ¢
satisfies (8.1) due to Lemma 8.4. To conclude that it is an isomorphism, it
remains to prove that ¢(Idem(S)) = 8 (cf. Lemma 8.2).

Let e € Idem(S). Then e(f) € {0,1,e1,1—e;1}. Since the map e: F(k)* —
M is by definition continuous, it is constant on some neighborhood of f. It
follows that the set {o | e(uy) € {e3,1 —ea}} is finite. We infer from (8.2)
that this set is in fact C'\ u(A, B, C), hence the set C'\ u(A, B, C) is finite.
Thus e(Idem(S)) C 8.

It now remains to prove the opposite inclusion. Given (A, B,C) € 8§, we
define an idempotent e € M[F(x)]* by

1 if u(A,B,C) € u,

el if A\ u(A,B,C) € u,
e(u):=¢1—e if B\ u{A,B,C) €,
es if C\ n(A,B,C) €u,
0 otherwise,

\

for all u € F(k)*. Since (4, B,C) € §, the set C \ pu(A, B,C) is finite by
(3.3), hence C'\ u(A, B,C) ¢ §. It follows that e(f) € {0,1,e1,1 — e1}, and
so e € S. We infer that 8 C ¢(Idem(S)). This concludes the proof. O
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9. Maximal Abelian regular subalgebras

We prove that the maximal Boolean sublattices G and J of the lattice 8
from Sections 4 and 5, respectively, correspond to maximal Abelian regular
subalgebras (over the field Fa) of S.

Observe that the diagonal matrices, namely 0, 1, e;, and 1 — e, form a
subalgebra of M, which we denote by G. It is easy to compute by hand that
the elements from M commuting with e; are exactly the diagonal matrices.
It follows that G is a maximal Abelian regular subalgebra of the Fy-algebra
M (cf. [52, Section 4.4]).

PROPOSITION 9.1. Let B be a Boolean lattice and ¢: Idem(M [B]*) —
M;3[B] the map defined by (8.2). Then G[B|* is a maximal Abelian regular

subalgebra of M [B]*, it is commutative, and
(9.1) e(Idem(G[B]*)) = {(a,b,a AD) | a,b € B}.

PRrROOF. The ring G[B]* is regular due to Lemma 8.3. (Observe that
Idem(G[B]*) = G[B]*.)

Since G is commutative, the Boolean power G[B]* is commutative as
well. As observed above, G = {a € M | ae; = eja}. Thus the range of each
x € M[B]* commuting with the constant map B* — {e;} must be included
in G. It follows that G[B]* is a maximal Abelian regular subalgebra of
M|[B]*.

It follows from (8.2) that e(e) € {(a,b,a AD) | a,b € B} for every e €
Idem(G[B]*). Conversely, given a,b € B and an ultrafilter u on B, we set

1 ifaAbeu,
e1 ifa—0be€u,
e(u) := .

l—e ifb—aé€u,

0 otherwise.
Then e € Idem(G[B]*) and e(e) = (a,b,a A b). This proves (9.1). O

In the case that B = F(k), we have G[F(k)]* C 8. Thus it follows from
Proposition 9.1 that

COROLLARY 9.2. The ring G|F(r)|* is commutative and it forms a max-
imal Abelian regular subalgebra of 8. Moreover e(Idem(G[F(k)]*)) = 9,
where G is the Boolean lattice introduced in Section 4.

11
m = (1 O)EM

and observe e3 = meym ™!, It follows that the subalgebra H = {0,1,e3,1 —
es} of M is the image of G under the inner automorphism of M given
by  — maxm™', x € M. Consequently, H is a maximal Abelian regular
subalgebra of M and also H[B]|* is a maximal Abelian regular subalgebra
of M[B]* for every Boolean lattice B.

Put
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PROPOSITION 9.3. The intersection H' := H[F(k)]* N S is a mazimal
Abelian regular subalgebra of S, it is commutative, and e(Idem(H")) = H,
where I is the Boolean lattice introduced in Section 5.

Proor. Clearly H, and so also H’, are commutative. Put
J={z e H |z(j) =0}

and observe that J is isomorphic to a direct sum of copies of F5. In particu-
lar, J is a regular ideal of H’. Since H’/J =~ Fo, the algebra H’ is regular
due to [22, Lemma 1.3].

Given a principal ultrafilter u € F(k)*, set

o=
eu(U) — {63 1o u,

0 whenever v # u,

for all v € F(k)". Observe that since e,(f) = 0, we have e, € H’. Let
x € S be commuting with every element of H’. Since & commutes with
all e, and H is a maximal Abelian regular subalgebra of M, we have that
x(u) € H for all principal ultrafilters u. Since the map « is continuous, it is
constant on some neighborhood of f, and so x(f) ¢ {e;,1—e;}. We conclude
that & € H’. Therefore H’ is a maximal Abelian regular subalgebra of S.
Let e € Idem(H’) (note that Idem(H’) = H’) and put (A, B,C) :=
e(e). We get readily from (8.2) that B C A. From e(f) € {0,1} and e being
constant on some neighborhood of f, we conclude that A ~ C'. Therefore
(A, B,C) € 3 due to (5.2). Thus we have proved that e(Idem(H’)) C J.
Given (A, B,C) € H, we define an idempotent e € H[F(k)]* by

1 if B €u,
1-— if A\ B

e(u) = es HA\B e,
es if C\ Beu,
0 otherwise,

for every ultrafilter u on F(k). Since (A, B,C) € H, both A\ B and C' \ B
are finite, and so e(f) € {0,1}. It follows that e € S, and so e € H'.
Therefore H C e(Idem(H’)). O
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