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Chapter 1

Introduction

The presented habilitation thesis includes in Chapter 2 five original author’s pa-

pers:

o K. Kampf, B. Moussallam, Chiral expansions of the pi0 lifetime, Phys. Rev.
D 79, 076005 (2009). [arXiv:0901.4688 [hep-ph]]

e J. Bijnens and K. Kampf, Neutral pseudoscalar meson decays: 7°— > ~v

and n— > ~vy in SU(3) limit, Nucl. Phys. Proc. Suppl. 207-208 (2010) 220
larXiv:1009.5493 [hep-ph]]

e K. Kampf and J. Novotny, Resonance saturation in the odd-intrinsic parity
sector of low-energy QCD, Phys. Rev. D 84 (2011) 014036 [arXiv:1104.3137

[(hep-ph].

e J. Bijnens, K. Kampf and S. Lanz, Leading logarithms in the anomalous
sector of two-flavour QCD, Nucl. Phys. B 860 (2012) 245 [arXiv:1201.2608

[hep-ph].

o K. Kampf, J. Novotny and J. Trnka, Tree-level Amplitudes in the Nonlinear
Sigma Model, JHEP 1305 (2013) 032 [arXiv:1304.3048 [hep-th]].

Included papers were selected mainly due to their closeness and relative mutual
connection in the field of the low energy effective theories (EFT). On the other
hand, in spite of their interrelation, they demonstrate the necessity of different
approaches in studying this area. The aim of the first introductory chapter will
be thus to briefly introduce and clarify some basic terminology and background of

these papers.
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1.1 Chiral perturbation theory

Quantum chromodynamics (QQCD) describes the dynamics of three degrees of free-
dom (called colours) of six quarks (u,d,s,c,b,t). It is based on the local gauge group
SU(3). The quarks transform in the fundamental representation and gauge bosons
(called gluons) in the adjoint representation (their number is thus fixed to eight).
The gauge symmetry fixes the Lagrangian to (we will not consider the CP violating

‘D-term’ here)
1= = .
Lqocp = _ZGW'G””JFQ(UD—mf)quﬁGFJrﬁFPa (1.1)

where the gluon field strength tensor is given by (vectors being in the adjoint

representation, the colour index is i =1,...,8)
wa = 8MG"V — 0,,6’; + gfijkGiGﬁ

and the covariant derivative
)\a
D, =0,— ngZ? ,
where \* are Gell-Mann matrices. Lqr represents the gauge-fixing terms and Lgp

the associated Faddeev-Popov ghosts. The quark field ¢ includes all types or, in

other words, flavours. The second term in (1.1) can be rewritten as

Lo=1i Y qPg— Y mygq+ > QU —My)Q. (1.2)

q:u7d75 q:u7d78 Q:C7b7t

At small distances one can use QCD in a standard way perturbatively. However,
due to quark confinement this is no longer true for the low and intermediate energy
regions. The running of the coupling constant is responsible for its value becoming
large and the perturbative series is thus meaningless. The only existing direct
method is the calculations on a finite lattice, and these have the huge demands

LAt very low

on computer resources (to say nothing about human resources).
energies we can use a method of the chiral perturbation theory, which we will

briefly explain in the following.

'For a recent review of lattice results concerning the low energy particle physics see the report
[1] of the lattice community FLAG (Flavour Lattice Averaging Group).
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In order to make the text as simple as possible we will focus on the so-called
three-flavour ChPT. It is easy to generalize the discussion to the general Ny-
flavour ChPT or the other possible real situation: two-flavour ChPT (where light

quarks are only u and d). We will briefly comment on both cases when necessary.

The starting point is the study of the global symmetry in the system of light

quarks
u u
d —Vir|d , (1.3)
5/ Lk °) LR

where V7, a Vi represent independent unitary transformation (Vg gV, A= 1). The

1ty
2

the QCD Lagrangian is invariant under (1.3) if we ignore masses of light quarks

projector on the right and left quark fields is given by . It is easy to verify that
(i.e. ignoring the second term in (1.2)). In such a case, we work in the so-called
chiral limit. The transformation U(3) is described by nine independent parameters.
Thanks to Noether’s theorem one can thus expect 18 conserved currents. However,
due to the anomaly (see the original works [2]) there are only 17 currents that are
conserved also at the quantum level. Using Gell-Mann matrices \* (we define
A\ = /2/31). We express the vector and axial-vector combinations of currents as
(here a =0...8)

Vi =B+ L = @y a (1.4)

Al =By = Ly = 05574 (1.5)

it is possible to write

oMV =0, for a =0...8,
oA =0, for a=1...8. (1.6)

As mentioned above one of the eighteen currents is anomalous:

9, A% = 3 g° G . GoP 1.7
W T\ g 3o thrad ' (1.7)
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Using a conserved current we can define a time independent charge, i.e.

Q= / PaVi(#, ), (18)
Q= /d?’a:Aé(;T:, t), fori=1,...,8 (1.9)

In the case of the vector current with ¢ = 0 we get conserved charge which repre-
sents the baryon number. The defined charges represent generators of the group

and one can verify the following relations

Q1) Q)] =if7*Qy,
Q4 Q4] =if7"QY, (1.10)
Q. Q] =if7*Qk.

The previous relations are valid also for the vector charges with ¢ = 0 if we add to

the definition of the structure constant f% = 0.

The time independence of the charges implies the following commutation relations
for Hamiltonian of QCD in the chiral limit (denoted as Hy)

(@, Hol =0,  [Q%, Ho] =0. (1.11)

In models of quantum field theories there are two possible consequences of these
relations. If the charge annihilates the vacuum we have the so called Wigner-Weyl
realization of symmetry which includes the degenerate multiplets of states. If this
is not the case, and some charge does not annihilate the vacuum, we say that
symmetry is spontaneously broken. The consequence of this second possibility,
connected with the Goldstone theorem [3], is the massless particle in the spectrum,
called Goldstone boson. In our case we will assume (for more details see e.g. [4],
[5])

Qv|0)=0,a=0,...,8,  Q%[0)#0,a=1,...,8. (1.12)

So far we were ignoring the fact that the chiral symmetry is weakly broken. Indeed

the relations (1.6) are valid only approximately and in reality we should modify
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them according to

)\a
a”ijiq[M, ?}q, for a=0...8,
- A
oA = zq{I\\/JI, ?}'yg,q, for a=1...8, (1.13)

where we have introduced the diagonal matrix of the light quark masses: M =
diag(m,, mgq, ms). If we want to describe the dynamics of the Goldstone bosons
in the framework of quantum field theory using effective Lagrangian, we have
to divide this Lagrangian into two pieces: Ly + L. The first part £y will be
invariant under the group SU(3) x SU(3) spontaneously broken to SU(3)y, while
Lo will break the symmetry explicitly. The definition of the effective Lagrangian
can be done formally using the path integral. First we will define the generating

functional over the gluon and fermion configurations in QCD.
oGelv.aspl _ /[dﬂ]eifd“wﬁQCD[%avsl’], (1.14)
where we have included the vector, axial, scalar and pseudoscalar sources:

L:QCD[U, a, Sp] = ﬁQCD + q_(%(v“ -+ 75@“) — s+ 75p)q. (1.15)

It is useful to notice that scalar source can formally play also the role of the light
quark masses (by a redefinition s — s + M they can be absorbed in the source).
This can also elegantly solve the problem how to incorporate systematically the
mass corrections. Including the masses in the definition of scalar source s, it is

possible to calculate any Green function using
1\m

(OIT (W* (1) .. W () 0 = (5) 5wa<x1>5.n .g.caw«xn) v=a=p=0, 5=

. (1.16)

where W represents any current V, A, S, P and similarly w the corresponding
source with

=w'. 1.1
w=w'g (1.17)

In the following step it is necessary to reformulate the investigated symmetries
in terms of transformation properties of currents. This is connected with the
study of the so-called Ward identities, which represent non-trivial relations among
Green functions of currents. We can obtain them by moving from global to local

transformations V, — Vi(z) and Vg — Vg(z). Considering now the infinitesimal
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transformation Vi p = 1 + i, g we will readily get

v, = v, + 0oy +ilay, v,] +ilaa, a,l,

=TT T

a, = a, + 0,oa +ilay, a,] + ilaa, v,),

~

S = i[()év, 3] - {aAa p}>

P =ilay, p] — {aa, s}, (1.18)

where we have defined oy = ag+ar and ay = agr —ayp. Putting the transforming
quantities to (1.14) one can get the prescription for the transformations of Green

functions, generally in the form
gc[vla Cl,, 8,7 p,] - gc[vu a, s, p] + A[Ua a, s, p, VLV];L (119)

where the existence of the last term A is tied to the fact that the Jacobian of the

transformation (1.18) is not one. The exact form was calculated by W. Bardeen

6]:
A fg; / a2 Tr (aa(2)0z) ). (1.20)

where
0 = B (Uang, + %DaagDua,, + %{vag, a,a,} + %aﬂvagay + gaaaga“al,)

and

Vag = OaUp — OgUa — 1[Vq, V5], Dyag = 0hap — i[vg, agl.
The relation (1.19) represents in a compact form all the Ward identities.

The basis of ChPT is an effective Lagrangian, which can be formally connected
with QCD via the relation

egc[v,a,sp} _ /[dU]eifd‘lxﬁeff[U;”U,a,Sp}‘ (121)

The matrix U incorporates the octet of Goldstone particles

o L)+ Ln(e) () K ()
o) = Zor X, o) = 7 (2) ~ 5+ Fonle) K@)
K (x) K@) 2

(1.22)
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In order to use the Ward identities also in the framework of the chiral Lagrangian

we have to specify first the transformation properties of the matrix field U.

The standard procedure how to implement the symmetry transformation of the
Goldstone fields is due to two works of Callan, Coleman, Wess and Zumino [7], [8].
Let us denote the space of Goldstone particles as Il and the particles themselves 7.
We want to study a system, which is invariant under the group G spontaneously
broken to the subgroup H C G. The state with the lowest energy, vacuum, is
invariant under the action of H. It is convenient to denote the vacuum by 7 = 0.
We want to find out how the group G acts on the field II. We will define the
homomorphic mapping :

o: GxII oI (1.23)

It is possible to establish an isomorphism between the quotient G/H and Goldstone

bosons 7. The transformation will have the form

=/

7 = ¢(g, ©) = p(g, ©(gzh, 0)) = p(gg=h, 0).

For h, the element of the conserved subgroup, the name “compensator” is some-

times used.

In our case of the chiral symmetry the transformation is given by

g = (VLa VR)

and the Goldstone representatives can be expressed as (1,U)h, for U = VRVLT .

The wanted transformation thus gets the following form

gg-h = (Vi, Va)(1, U)h = (Vg, VRU)h = (1, VRUV)(Vi, Vi)h = (1, VRUV)h,
(1.24)
or alternatively
U'(z) = Ve(z)U(z)V} (z) . (1.25)

The suitable parametrization of SU(3) is the exponential. We will set the following

form
U =eV?% (1.26)

Trivially it is consistent with

U'U=UU"=1, detU=1. (1.27)
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Let us mention here that in the case of the two-flavour ChPT there are more
suitable parametrizations which can be employed. For their explicit definitions
and advantages (i.e. the reason for their different forms) see articles in Chapter 2,
e.g. in Sections 2.1 and 2.4 (see also discussion connected with SU(Ny) case in
2.5 (part 2.3)).

Now we can carry on our construction of Leg in (1.21). We will demand that Green
functions calculated using the effective Lagrangian fulfil the same Ward identities
as those obtained from QCD, i.e. (1.19). The solution will be given by means
of the general solution of the homogeneous equation (i.e. without anomaly) plus
one particular solution for the complete equation. As we assume that the measure
of the functional integration is invariant under the transformation of the field U

(1.25), the homogeneous Ward equations are fulfilled by a requirement
EeH[U,; UI? Cl,, 8,7 p,] = EeH[U; v, a, s, p]7 (128)

which gives us a strong restriction on the form of the Lagrangian. If we introduce

the covariant derivative
D, U =0,U —i(v, + a,)U +iU(v, — a,), (1.29)

we obtain the basic building block for the construction of the chiral Lagrangian
including the clear power counting (connected with the derivative or equivalently
momentum). In the case of the power counting w.r.t. mass the situation is not
that clear. We know that the mass is given by the explicit symmetry breaking and

can be connected with the scalar source. If we form the building block by
X = 2Bo(s +ip), (1.30)

the chiral symmetry fixes
X = VaxVj . (1.31)

It is natural to take a mass of the Goldstone bosons of the same order of magnitude
as the momentum, i.e. m, ~ O(p?). Let us stress at this point, that this choice,
however natural, is not the only one. From the last definition it follows that the
mass is connected with the parameter By. From the general Nambu-Goldstone
theorem we can conclude that a nonzero value of By is a sufficient, but not nec-

essary condition for spontaneous breakdown of chiral symmetry. The unnatural
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smallness of By would lead to the necessity to reorder the perturbative expansion.
This possibility led to the formulation of the so-called generalized chiral perturba-
tion theory (see e.g. [9]). Recently also a hypothesis of different behaviour of the
parameter By for two-flavour and three-flavour ChPT was opened (see e.g. [10],
[11], [12]). For another possibility how to “undemocratically” count differently
masses of u and d quarks on one hand and s quark on the other hand, directly
within the framework of SU(3), see the so-called modified chiral counting scheme
defined and used in Chapter 2, Section 2.1.

In the standard approach the lowest order (called O(p?)) is given by Lagrangian
[13]
E
Lo = Z()(D“UTD“U +xUT+UXTY, (1.32)

where we have introduced (A) = Trg(A), that represents trace over the quark
flavours. The next-to-leading order (NLO) or equivalently O(p*) is given by [14]
[15]

Ly(D,U(D"U))? + Ly(D,U(D,U)Y(D*U(DU))
+L3<DMU( “UYD,U(DYU)YY + Ly(D,U(D*U) ) (xU' + Ux')
(DU(D U)*(xUT +UXY) + Le(xUT + Ux')?

+L7<><UT XN? + Le(UXTUXT + xUTXUT)

+H1< Y fRE) + Ha(xx ). (1.33)

where we have used the standard notation for the field strengths of the external
gauge fields
L =0,0,—0,I,—i[l,, L), I,=ra la (1.34)

%

We can continue to the next-to-next-to-leading order (NNLO, or O(p?)). Its form
and details of the construction can be found in [16]. In this context, let us men-
tion here the standard nomenclature and notation. The parameters used in these
pieces of Lagrangian are called low energy constants (LECs). For the SU(3) NLO
there are 10 L; (note that H;s have no direct phenomenological application and
are induced by the renormalization procedure). In the two-flavour ChPT usually
small letters are introduced in connection to the capital letters of SU(3), i.e. ;
at NLO. The exact number and notations of LECs up to NNLO is summarized

in Tab. 1.1. It will be useful for further discussion to introduce an equivalent for-
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order | notation and number for SU(2) | notation and number for SU(3)
LO FB 2 Fo. By 2

NLO l; 7 L; 10

NNLO C; 52 C; 90

TABLE 1.1: Notation and number of LECs up to O(p%) for the chiral Lagrangian
of the even sector.

malism, which follows directly from the original construction of Callan, Coleman,
Wess and Zumino, when the coset space G/H is parametrized directly by u(¢),
i.e. u(¢) € G/H. The transformation is given by

u(¢') = gru(@)h™ = hu(¢)g} (1.35)

and our familiar U is obtained by U = 2. In order to be consistent with our

previous notation we have the following exponential parametrization for u
o
u=-e V2 . (1.36)
The covariant tensors needed for the lowest order are given by

u, = i(ul (0, — ir,)u — u(0, —il,)u') (1.37)

e =ulyu" £uylu. (1.38)

The leading order Lagrangian is then

2

F,
Ly = Zo(uuu“ +X+) (1.39)

which is equivalent to (1.32). Similarly we can rewrite the higher orders. This
new formalism is more appropriate for the construction of resonances as we will

see in the next Section and Chapter 2.

It is important to notice that our Lagrangian is still not complete. The presented
forms (either LO, or NLO or of higher orders) solve only the homogeneous Ward
identities. That something is missing can be shown also phenomenologically. All
these Lagrangians are symmetric under the change ¢ — —¢, which means that
processes they can describe will cover only even number of Goldstone particles.
However, this is an unphysical requirement: we know for example that there must

exist a process KK — mrm (the resonance ¢(1020) can decay both to two kaons
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and three pions). After all, also the decay 7° — v (important for us in Chapter 2),
when photon is represented by the external vector field v*, could not be described

solely using the Lagrangian of the so-called even sector.

The details of construction can be found in the works of Wess and Zumino [17]
and Witten [18]. As we need only one particular solution of the full Ward iden-
tity (1.19), it is sufficient to verify that the eventual solution leads indeed to the
Bardeen’s function A. For the SU(3) the exact form can be found in this the-
sis in Sect. 2.3. In the case of the SU(2) ChPT the situation is slightly different.
Naively we would expect no anomalies (the SU(2) case is anomaly free). However,
due to the fact that the electromagnetic charge is not a generator of SU(2) (the
diagonal matrix @) = diag(2/3,—1/3) is not traceless) the initial symmetry must
be extended by a singlet vector part (if we want to describe the electromagnetic
processes). The construction of the two-flavour anomalous Lagrangian was done

in [19] and is again reproduced in Sect. 2.4.

As we are working in the framework of quantum field theory, it is inevitable to con-
sider the quantum corrections as well. The loops coming from the LO vertices are
of course divergent and have to be renormalized. Provided we have constructed the
most general Lagrangian consistent with all assumed symmetry principles (cf. also
Weinberg’s conjecture in [13]) we will use naturally a regularization prescription
which conserves the symmetries. In our case it will be the dimensional regular-
ization. All divergences we will obtain in the calculation must be local. As we
have all terms in our Lagrangian consistent with the symmetry we must also find
the corresponding counterterms which can absorb the eventual divergences. The
number of such terms will be finite, once we cut the expansion series according to

some power counting. For NLO it is given by

d—4
7 1 1
Li = L' (1) + ToA(p0), )\:—<———1 drr — 1). 1.40
() + () (e~ Stostn s+ 1). (40
with [15]
3 1 3
1 32a 2 167 3 ) 4 87 5 8’
11 5 1 1
I'e =— I'y = I'e=—, TI'g=- I'o=—-. 1.41
6 1447 7 ) 8 487 9 47 10 4 ( )
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1.2 Resonance theory

ChPT as an effective field theory of QCD must be the correct theory for a de-
scription of the low energy phenomenology of pseudoscalar hadron states, that
represent Goldstone bosons (see previous section). The strong statement about
the ‘correctness’ desires an explanation, which will relativize the possibility of the
eventual application of such a theory. The necessity to cut the perturbative series
to the finite number of terms, at the same time the necessity to choose the correct
scheme for the expansion in masses as well as the possibility of a choice of two
Ny cases (two-flavour and three-flavour ChPT) lead in real calculation to different
predictions. From the theory point of view all such predictions are correct and
the different results can be used as an estimate of the error for the effective cal-
culations. Too big error, however, can be a sign of bad convergence properties of
perturbative series. In such a case we are naturally forced to go to higher orders,
which inevitably increases number of new, a priori unknown parameters (LECs).
If we want to have phenomenologically useful theory it is essential, in some cases,
to model some of the unknown parameters. We are thus leaving solid ground of our
theory and the prediction becomes model dependent. In this section we will briefly

describe how it is possible to estimate some of LECs by means of resonances.

We know that the mass of the lightest resonance M, is a natural scale up to
which the study of the dynamics of the pseudoscalar meson multiplet within ChPT
is meaningful. However, starting around this energy and above, the resonances
should be taken as dynamical degrees of freedom, whereas below this energy their
effect is hidden in the low energy constants. Resonance chiral theory (RxT) will
represent a model which describes the intermediate energy region, where in ad-
dition to pseudoscalar mesons the resonances will act as dynamical degrees of
freedom. For simplicity we restrict ourselves only to the lowest multiplet of vec-
tor, axial, scalar and pseudoscalar resonances. At this point it is also important
to emphasize that vector particles in our description have not a special position
and their properties are dictated only by nonlinear realization of the chiral group.
There are of course other alternatives to interpolate between ChPT and QCD.
These models are different both in the technical structure and physical motivation
and interpretation. For example, we can mention the Nambu-Jona-Lasinio models
[20], where the hadron field is generated dynamically and one obtains automati-

cally the spontaneous symmetry breaking. As we have emphasized, the p meson
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does not play a special role, but this is not the case for the models with the so-
called hidden local symmetry (or hidden gauge symmetry), see for example [21]
[22]. A nice feature of these models is usually a small number of parameters and
therefore their easier testing. On the other hand, it is important to stress that the
base for these models is not the direct consequence of QCD and their results may

therefore be misleading.

The limit of large number of colours (will be denoted by NN here) plays an important
role in applications for low energy QCD (and not only there, but it represents an
important concept for the theory of gauge fields itself). Let us thus summarize the
most important points of this limit (for further details see e.g. [18]). The crucial
step in the generalization of SU(3) gauge group to SU(N) is finding of 't Hooft
[23] about the scaling of the strong coupling constant g

g~ % (1.42)
(this can be obtained for example from an assumption of the existence of large N
limit for the S-function of the QCD coupling constant g). By systematic studies
of Feynman diagrams one can show that dominant contributions are due to the
so-called planar diagrams (diagrams that can be drawn on a plane). Another
important assumption will be that the confinement valid for N = 3 stays valid
also for large N. If we limit ourselves only to study of mesons, we can focus on
properties of quark bilinears J(x) = gI'q. In the simplest case we have a correlator
(J(z)J(y)). By cutting any planar diagram for such an object one can be easily
convinced that the intermediate state will be always the one-meson state. We can

write

IR =Y (1.43)

where the sum has to go to infinity in order to obtain the logarithmic behaviour
for large k. The constant f, represents the matrix element for creation of the
corresponding meson by the current J. It thus follows that f, ~ V/N. If we
continued in studying the correlators for higher number of meson states we would

find out that effective interaction of n mesons behaves as ~ N1—7/2,

From the above general statements we can use directly for ChPT that F behaves
as vV N. What is also important for the following discussion is the fact that every
trace represents a sum over the quark flavours which originated from the quark

loops. As every such loop is suppressed by factor 1/N, it is also the case for every
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trace. Another important consequence of the large-/V limit is the so-called singlet-
octet degeneration, which means that mesons come in nonets. The explanation
using the large N is based on the fact that the diagrams which would separate
singlet from octet would include ¢g annihilation, which is suppressed as 1/N. As
an immediate consequence of this finding we should return back to our previous
section and add to the pseudoscalar octet also the singlet 77 meson. It is neverthe-
less possible to keep the octet structure and integrate out the ninth particle. The
effect of this particle will be visible in the existence of multiple-trace operators

(for detailed discussion see Appendix A in Section 2.3).

Besides the octet of Goldstone bosons we will deal with nonets of resonances,
schematically R(JFY), more precisely V(177), A(17F), S(0*F) a P(0~F). These
fields can be divided to the singlet Ry and octet Rg

1

Ai
R= \/gRo—i-zi:ﬁRi. (1.44)

The explicit form for the vector multiplet reads

50" + Jows + mwn pT K*+
Viw = P _%PO + %Cgs + %Wl K*° ;
K*~ K- —2 L
st )

(1.45)
and similarly for other multiplets. Before discussing the transformation proper-
ties for the resonance multiplets it is important to discuss shortly the possible
formalisms which can be employed for describing the vector fields. There are two
main possibilities how to describe the spin-one field: using the Proca field V,, or an
antisymmetric tensor field R, (see Appendix in [24]). It is very well known fact
that these formalisms are not trivially equivalent as we are in the effective field
theory and some of the terms in one formalism can be of different order in other
formalism. The most important fact is that without additional contact terms the
effective Lagrangian starts at the order O(p®) for the Proca formalism whereas for
R, it starts at O(p*). We will be working here with the antisymmetric-tensor for-
malism. For another (third) possibility, the so-called first order formalism, see [25].
More detailed discussion on the equivalence of different formalisms, consistency
and technical details see [26], [27].
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c | P
Voo | VI Vi
A | AL | = A
S| st | s
p| pPr| -pP

TABLE 1.2: Charge and parity conjugation for nonets of vector, axial, scalar
and pseudoscalar fields. The symbol tilde represents the change of sign for space
indices (e.g. Vg5 = Voo, Vi = —Voi, Vi3 = Via).

We will demand that R transforms as nonet under U(3)y. Nonlinear realization

of group G is given by the prescription
R — hRA'. (1.46)

The transformation h plays a role of compensator in transformation of Goldstone
bosons in the coset space. RxT will be constructed as EF'T which describes inter-
actions of pseudoscalar mesons and resonances. Without having a natural mass
gap it is not enough to use as an expansion parameter only the momenta, but
we have to include also the expansion in the large number of colours. We want
to build the most general Lagrangian, compatible with the symmetries of QCD.
Besides the mentioned chiral transformation we have to consider also a charge and

a parity conjugation (see Table 1.2).

Kinetic terms for vector and axial-vector resonances are fixed by the choice of the

formalism. In our case we can write in the compact form

1 1 1 1
ERR,kin = _§<VHR,uyvaij> + ZMI%<RHVRHV> + §<VO‘RVQ72> - §M723<RR> 5
(1.47)
where R represents V# or A" while calligraphic R stands for S or P.

The large N, limit is important for the systematic ordering of further terms of
resonance Lagrangian. According to the number of resonance fields we will talk

about linear, quadratic, quartic, ...interaction terms. The study of linear Ry T
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was pursued in the seminal work of G. Ecker et al. [24]. It concerns these mono-

mials:
B e GG
EV - 2\/§<VMV + >+ 2\/§<Vuv[ ) ]) (148)
i
R (1.49)
Ls = cq(Sutu,) + cn(Sx4+) (1.50)
L = id(Px-) +iZ2(PY ) (151)

The importance of these terms for ChPT lies in the fact that after integrating out
the resonances we end up in saturation of LECs of O(p?), i.e. L; (or I; for SU(2)).

What does it mean can be seen using the path integral, formally employing

exp (i/d4x£XpT) = /DReXp (i/d4x£RxT) (1.52)

we have to obtain the same monomials as those that can be found in ChPT. The
only difference is in constants which stand in front of these objects. For terms
originating from RxT these are combinations of resonance masses and parameters
(coupling constants) of resonance Lagrangian, on the other hand, for ChPT these
are LECs (e.g. L;). By matching of both theories one gets relations for LECs
by means of resonances. If we assume that nothing else contributes to LECs, we
talk about the (full) saturation of constants by resonances. In the case of vector
resonances we will get the following relations:

e} a2 3G FvGy F2

_ = oL
sMz (1.53)

L = Y - ___Yv S . ___V_
1 4M‘2/7 3 4M‘2/7 9 QM‘Q/ ) 10 4M‘2/

We can also continue to higher orders. The O(p®) saturation of the even sector

was studied in [28]. In Section 2.3 we extend this procedure also to the odd sector.

The last possible and important step which we have not discussed yet is the con-
nection with QCD at small distances. This is a region where QCD works in its
standard perturbative expansion. As already stated, the fundamental objects of
quantum field theory are Green functions of (for QCD, colourless) currents. On
one hand we have the calculation within the perturbative QCD, on the other hand
the calculation using the resonance Lagrangian. Comparing these two results we

get in principle other nontrivial conditions for RxT parameters. However, we
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must be very careful to take the possible outcome without reservation. RxT has
its fundamental limitation (e.g. in finite number of resonances) which forbids to
use it over the intermediate region. However, it seems that this formal matching
with perturbative QCD can give us very interesting phenomenological results (see

for example [29]).

It is natural to focus first on the simplest Green functions in the studied anomalous
sector. These are the three-point Green functions, and one can show that there
exist only five nontrivial combinations, namely: (VV P), (VAS), (AAP), (VV A)
and (AAA). The first two are subject of Sec. 2.3, and the others are planned to
be part of the diploma thesis of an author’s student [30].

1.3 New methods

In the following two Subsections we want to present an introduction to Sections 2.4
and 2.5, respectively. The title ‘New methods’ was used to stress a different
character in comparison with methods of the previous text. It is not so much
the fact that the original works are the most recent in publications, but that these
works are of different concept. While chiral perturbation theory and also resonance
models can be viewed as standard tools for studying physics at low energies, here
we want to outline methods whose phenomenological applications are not that
clear. However, we believe that they are important from the theoretical point of

view and can contribute to new discoveries about studied theories.

1.3.1 Renormalization in effective field theory: leading log-

arithms

At the end of Section 1.1 we have briefly sketched the problem of quantum correc-
tions for ChPT. Here we would like to pursue this problem further, i.e. the problem
of renormalization in EFT and study it from a different angle. The paradigm for
the renormalization is the following procedure. The aim is to rewrite measured
quantities by means of other physical observables rather than by direct use of
parameters of Lagrangians. Let us imagine that we measure three quantities,
X,Y, Z. In our effective theory we will have for simplicity just two parameters, f

and [ (for example from LO and NLO Lagrangian). The measured quantities X
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and Y can be calculated in the theory with given precision (e.g. given by order
NLO), we get X = X(f,0), Y = Y(f,l). Now we can make a prediction for Z,
inverting the relations for X and Y, and thus obtaining the prescription for f, [
by means of physical quantities. At the end of the day the parameter Z will be a
function only of these physical and finite quantities. The crucial problem of EFTs
is the expression “given precision”. It is both strong and weak point of any EFT.
The reason is simple: either the theory is not accurate, has insufficient number
of parameters, or the precision is satisfactory at the cost of introducing a huge
number of parameters. Of course both cases are inconvenient and one can ask if
it is possible to find an optimum. The situation is very complicated already at
NNLO. In fact there are three possible contributions: 1) at LO: tree-level contri-
butions; 2) at NLO: tree-level contributions from NLO Lagrangian and one-loop
diagrams from LO Lagrangian 3) at NNLO: tree-level contributions from NNLO
Lagrangian, one-loop diagrams from NLO Lagrangian and two loops from LO. It
is difficult because of different nature of every contribution and different source of
errors for every parameters, to estimate the speed of convergence of perturbative
series. Some indicator can be found in the calculation of leading logarithms. Here
we will briefly introduce this method, which will be further developed in the next

chapter.

The leading logarithms (or LL for short) are logarithms with the highest power
for the given order. In ChPT one can show this is log' for one-loop level, log?
for two loops, etc. What is interesting about the leading logs is the fact that for
their calculation we need to know only the form of LO Lagrangian. In fact it is
a generalization of the Weinberg consistency relations for two-loop diagrams [13].
The full proof using the beta-function can be found in [31], alternative way of

proof was used in [32]. Here we will show it only schematically.

For simplicity we will study a quantity, which depends only on one scale, let us
denote it for example F(M) (in the case of ChPT one can have in mind e.g. the
pion decay constant, and the parameter is the mass of O(p?) Lagrangian). The
calculation within the quantum field theory for F'(M) will be typically performed
in the dimensional regularization (which brings up the subtraction scale u). In the
renormalizable theory we have a finite number of coupling constants and param-
eters, that after renormalization procedure lead to finite results. For simplicity,

let us assume that there is only one such parameter, coupling constant «; we can
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anticipate the result in the following general form of expansion in «:
F=a+d’fiL+a?f} ++>f3L* + > AL+ * f3 + O(a?). (1.54)
The shorthand notation L represents a logarithm
L =log(u/M). (1.55)

(warning for the careful reader: unfortunately in the original papers in Chap-
ter 2 we are not systematic in notation, L can stand for log(m?/u?) (Sec. 2.1), or
ﬁlog(wﬂ//ﬂ) (Sec. 2.2) or even g% log(u/m?) (Sec. 2.4).)

A physical observable should be independent on the renormalization scale p

dF

aF 1.
'ud,u 0 (1.56)

If we define the so-called beta function for parameter «, i.e we prescribe

d
uﬁ = By + Bra® + . .. (1.57)

the renormalization condition is fulfilled if

fi==b, [i=B) fi=-(B) .. (1.58)

where we have also used the fact that divergences in quantum field theory should
be local. These are the coefficients in front of the leading logs. This means that

LL can be calculated from the one-loop beta function (), in summary written as

fi = (=1)'(Bo)"- (1.59)

It is interesting to notice that such contributions can be summed over:

[o.¢] o
F‘ =a+ ) oML =a) o(-1)(By) L = ———, 1.60
e e @Y G = e 1)
which is well-known result for the running coupling constant. Let us recall that
this result was obtained for a renormalizable theory. However, our subject of
interest here are effective, non-renormalizable theories, in which case we cannot

use the simple recursive formulae. For an effective field theory we have to write
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generally:
F=F+FL+F +FL*+FL+F+... (1.61)

The leading logarithms are terms with F', FZ, ...i.e. F'. Even though we cannot
use the consequences of renormalization group, we can still show that LLs have
special status, which relies on the fact that they can be calculated to all orders
only by using the one-loop graphs. Schematically, this procedure can be described

as follows.

We will focus on probably the simplest physical object which is naturally the phys-
ical mass. Again we can be more specific, and work for example in SU(2) ChPT,
however, we will describe only the general recipe without going into technical de-
tails. Our starting Lagrangian is the lowest order of effective theory, which we
can denote as nonlinear sigma model (no). This is O(p?) in ChPT, here denoted
as ‘zeroth’ order (zero number of loops). The given Lagrangian can generate any

even number of legs, schematically
L., =[]
The mass can be represented by the two-point Green function, at lowest-order:
—o— & M.=M

(it is natural to set the convention of LO Lagrangian so that the parameter M
corresponds directly to physical mass). At the next order, i.e. at one loop, there
is only one possible way how to draw the contribution to the two-point function
(see below). Such tadpole graph is singular and must be renormalized. As already
stated in Sec. 1.1 the necessary constant (counter-term) is hidden in the next-order
Lagrangian. However, we do not know the explicit form of it (we assume that the
only thing we have in hands is £,,). We have to construct such Lagrangian, or
equivalently just the Feynman rule for the corresponding vertex. Schematically
up to NLO:
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At the next order, NNLO, the situation is naturally more complex. We can draw

two diagrams, and again we can fix the form of the counterterm, schematically:

) ﬂ -

This is not the whole story for this order. The second diagram can be calculated
without problem. Indeed, we know the vertex with ‘0’ with any number of legs
and the vertex ‘1’ with two particles was obtained and defined in the previous
step. What we are missing, however, is the vertex for the first diagram, i.e. ‘1’

with four particles. At this moment it only remains to calculate it and define:

Now everything is known in order to obtain LL? (cf. diagrammatic relation (1.62)).

The nonexistence of the nonlocal divergences ensures that the mentioned proce-
dure can be used to calculate the leading logs (but, of course, not the complete
result). The following steps for higher orders are now clear: for the given Green
function (here two-point) up to a given order it is necessary to calculate all one-
loop diagrams with all possible insertions of interacting vertices. This also means
that we have to calculate new Green function with higher number of legs (but
of lower order). Let us mention here the next step, i.e. all diagrams needed to

calculate LLs for the mass corrections up to NNNLO

QLUQO Y
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¢ | number of graphs result ¢;

1 1 —1lc

2 5 17/2¢2

3 16 —103/3 ¢

4 45 24367/72 ¢*

5 116 —17642/9 ¢°

6 303 1922964667 /97200 5

7 790 —1804453729667 /13395375 c”

TABLE 1.3: Calculation of LL to the correction of pion mass. We have intro-

_ M2
duced a constant ¢ = 1 57

o] o]
(1} {0} 0] (1] (o]
..
(2] {0} (1} {0}

Let us remind that in a full calculation this is equivalent to the tree-loop order.

The process of this calculation up to LL? was shown here mainly for illustration
purposes. Nevertheless, on a point of order, we will also show the result. Let us
remind that this result represents leading-log contributions to the physical mass

of pion in two-flavour ChPT, i.e.
M?=M*(1+cL+cl?+..). (1.64)

The individual coefficients up to the seven-loop order are summarized in Tab. 1.3.

1.3.2 Analytic properties: tree-level diagrams

The non-linear SU(N) sigma model, which is the principal model for all works
presented here, plays important role also in other areas of theoretical particle
physics. Probably the most important phenomenological application is the low
energy QCD, i.e. the area of the previous subsections. We have shown how

to systematize this effective theory in the framework of ChPT and order by order
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improve the eventual calculations and predictions. In the recent 20 years? there was
a huge activity in calculating different processes up to NNLO order (i.e. including
two-loop graphs) and one calculation will be also presented in the next Chapter.
It is interesting to notice that one direction — technically similarly complicated
— was left out from the mainstream. This direction is connected with studies of
tree-level diagrams with higher number of particles. As a detailed and dedicated
introduction to this problem in the framework of the non-linear sigma model can
be found in Section 2.5, we will focus here merely on the motivation which stood

behind the idea of calculating tree-level diagrams using new methods.

The studied area will be again QCD, more precisely the gluonic sector of high-
energy amplitude. We will focus on calculation of tree level n-point gluon ampli-
tudes (without fermions). Using the standard methods we can divide the calcula-

tions into the following steps:

e We will consider all possible elementary interaction vertices, in this case:

three- and four-point:

e construct all allowed Feynman diagrams; for example one of such contribu-

tions for eight-point diagram:

We can see that even though we are calculating ‘only’ tree-level diagrams, the
problem is complicated already for relatively small number of external legs. For
our example of eight-gluon scattering, the above explicitly mentioned example is
only one of 34300 diagrams needed for the complete amplitude. What is interesting
is the fact that after long and tedious calculations with long algebraic expressions
we end up with a relatively simple and in some special cases even trivial answer.

Indeed, in the so-called helicity formalism we can express all (!) tree level graphs

2The first full two-loop calculation was done for the process vy — 7%7° published in [33] in
1994.
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for the maximally helicity violating amplitudes in one closed formula [34]

(12)*
(12)(23).. . (nl)’

(i) = \/12pi - pjle"® . (1.66)

This unexpected simplicity was one of the main motivation of the current studies of

Ay(——+...+) =

(1.65)

where

scattering amplitudes. In the following we will briefly summarize a method BCFW
(named after Britto, Cachazo, Feng and Witten [35], [36]) recurrence relations for
physical (on-shell) tree-level amplitudes. These relations reconstruct the result by

means of basic analytic properties.

In the first step we will define the colour ordered stripped amplitude

Mal...an (pla . pn) — Z Tr(taa(l) . tao(n))MU(pl’ e 7pn) (167)
o/Zn

The number of stripped diagrams is naturally smaller than the original number
of all colour combinations. (For eight-point amplitude this number is 654.) It
is probably of some interest to stress one possible geometrical interpretation of
these diagrams and their number. This is due to Susskind and Frye [37]: for the
n-point scattering amplitude it is possible to connect the number of diagrams with
the number of ways how to divide the polygon (more precisely n-gon) with the
non-crossing diagonals so that the resulting objects have the number of sides equal
to the allowed number of vertices (3 or 4 for gluons). For the sake of clarity let us
show one example that concerns gluons, for simplicity the scattering of six gluons
— see the Fig. 1.1

The possibility to order the amplitudes is important for the following discussion.
We will be interested in the pole structure of amplitudes. The only possible poles

of the ordered tree-level diagrams are:
PZ = (pz- +Pis1+ ...+ D +pj)2 . (1.68)

Using the one-particle unitarity (so-called Weinberg theorem [13]) we can separate

left and right amplitude. In fact, if we sit at the factorization channel we get
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x3 x6 x6
x6 x3 x6
x2 x3 x3

FIGURE 1.1: Representation of tree-level diagrams for six gluons (for example
999 — ggg) by means of hexagon. Altogether we have 38 diagrams (cf. also
Tab. 1.4 below).

schematically

l

1j

lim M(1,2,...n) =Y M(1,2...4,1)
hy

2
Plj—>0

The last expression is self-evidently a trivial consequence of Feynman diagram-

matic representation, see Fig. 1.2).

j J+1
[ [

2

1 n

FIGURE 1.2: A representation of the factorization for Pfj — 0.

Our objective is to reconstruct the amplitude using its poles in the complex plane.
In order to get complex parameters into the game we will use the following trick.

We will shift two external momenta p; a p;

pi > Dpit+zq,  pj—Dp;—2q, (1.70)
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so that both p; and p; stay on-shell (n.b. gluons are massless particles), i.e.
F=qp=qp=0. (1.71)

The amplitude will thus become a meromorphic function A(z) of complex parame-
ter z. Taking z = 0 one can obtain the original function and the wanted amplitude.
It is important to realize that we can have only simple poles that correspond to

P.p(z). Employing the Cauchy’s theorem one can get

L[ L) = a0+ 3 Bestda). (1.72)

27 z Z
B k

Provided that A(z) vanishes for z — oo we will obtain the original amplitude as

a trivial consequence of this theorem:

A= A(0) = —Zw. (1.73)

The complex propagator can be equal to zero, P2 (z) = 0, only under the condition

that one and only one of the shifted momenta is in (a,a + 1,...,b). The solution
is given by

Za = —704 ]_74

" 2(g- Pu) (174)

and assuming only allowed combinations of helicities, the amplitude will factorize

to two sub-amplitudes:

Res(4, z) = 3 A;S(zab)ﬁ@(zab) . (1.75)

Using the Cauchy’s theorem we have finally:
-5 i s
A=A ) gt (). (1.76)
k,s

To summarize the result: using the two-line shift we have obtained simple recur-
rence relations where the base is a three-point amplitude. The number of relevant
terms is small and is equal to number of factorization channels. What is also
important, that all inputs are on-shell (though complex). The efficiency of this
method is obvious from the following table (Tab. 1.4) which summarizes the num-

ber of relevant diagrams in the given scheme.
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314[5[6 | 7 | 8 |
1| 4|25 | 220 | 2485 | 34300
13]10| 38 | 154 | 654
12| 3] 6 | 2

n H
# diagrams (inc. crossing)

# diagrams (col.ordered)
# BCFW terms

TABLE 1.4: Number of diagrams for n-point gluon amplitude at the tree-level

1.4 Summary

This thesis presents in the subsequent pages five original papers of the author cre-
ated between years 2009 and 2013. They are theoretical works dealing with both
phenomenological and theoretical questions connected with effective field theories

O — ~v, which is a

at low energies. First work focuses on the decay process 7
very important process for the history of particle theory itself. New experimen-
tal activity in PrimEx experiment at JLab (Newport News, USA) was the main
motivation why the calculation at the two-loop order for this process was started.
However, also some theoretical questions were also asked in connection with it
and were successfully worked out within this project. Second article is natural
continuation in this direction and enlarges the possible application also for the
process 11 — 77, though for the moment only in the simplified SU(3) limit. The
calculation in the full three-flavour ChPT which is also needed by experimentalists
is in preparation [38]. Both processes m° — v and 7 — 77y represent processes
from the so-called odd-intrinsic sector. This sector within ChPT, being shifted
by one order (it starts at O(p?)), is naturally not that known and examined as
the even sector. The possible contribution in this respect is the third and fourth
article. The former deals with the resonance saturations for low-energy constants
in the odd sector. The letter studies the so-called leading logarithms not only for
already mentioned process m — 7y but also for another important process of the
two-flavour anomalous sector 7y — mww. The last article contributes to another
important subject, which are tree-level diagrams for pseudoscalar bosons. This is
studied from a completely different perspective and shown that it is possible to
reconstruct here all tree-level diagrams with modified BCFW-like reconstruction.
This demonstrates possibility to use new modern on-shell methods also in the case

of effective field theories.

The non-linear sigma model is thus the starting point for many different approaches

which can help us to understand the current experimental activities in the low
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energy hadron sector. It can also have an impact on completely different areas of
theoretical physics (e.g. for new theories beyond the standard model, cosmology
etc.). This can be also demonstrated by the author’s latest projects (cf. e.g. [39],
[40]).
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2.1 Chiral expansions of the piO lifetime
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The corrections induced by light quark masses to the current algebra result for the 7V lifetime are
reexamined. We consider next-to-next-to-leading order corrections and we compute all the one-loop and
the two-loop diagrams which contribute to the decay amplitude at this order in the two-flavor chiral
expansion. We show that the result is renormalizable, as Weinberg consistency conditions are satisfied. We
find that chiral logarithms are present at this order unlike the case at next-to-leading order. The result
could be used in conjunction with lattice QCD simulations, the feasibility of which was recently
demonstrated. We discuss the matching between the two-flavor and the three-flavor chiral expansions
in the anomalous sector at order one-loop and derive the relations between the coupling constants. A
modified chiral counting is proposed, in which m, counts as O(p). We have updated the various inputs
needed and used this to make a phenomenological prediction.
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I. INTRODUCTION

The close agreement between the current algebra pre-
diction for the lifetime of the neutral pion and experiment
is one of the two compelling experimental signatures,
together with the Nambu-Goldberger-Treiman relation,
for the spontaneous breaking of chiral symmetry in QCD.
There is an ongoing effort by the PrimEx collaboration [1]
to improve significantly the accuracy of the lifetime mea-
surement, which is now around 8%, down to the 1%—-2%
level. This motivates us to study the corrections to the
current algebra prediction.

Starting with the detailed study by Kitazawa [2], this
problem has been addressed several times in the literature
[3-11]. The approach used in Ref. [2] was to extrapolate
from the soft pion limit to the physical pion mass result
using the Pagels-Zepeda [12] sum rule method. This was
reconsidered in Ref. [10], who implemented a more elabo-
rate treatment of 7° — 7 — 5/ mixing and also recently in
Ref. [11]. The latter work shows some disagreement con-
cerning the size of the %’ meson contribution in the sum
rule as compared to earlier results.

In this paper, we reconsider the issue of the corrections
to the current algebra result to the 7° — 2y amplitude
from the point of view of a strict expansion as a function
of the light quark masses. This is most easily implemented
by using chiral Lagrangian methods (see e.g. [13] for a
review). The same framework also allows one to compute
radiative corrections [14]. We believe that it is somewhat
easier to control the size of the errors in this kind of
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approach, which is important for exploiting the forthcom-
ing high experimental accuracy. Another interest in deriv-
ing a quark mass expansion is the ability to perform
comparisons with lattice QCD results where quark masses
can be varied. The feasibility of computing the 7° to two
photon amplitude in lattice QCD has been studied very
recently [15].

A priory, it is expected that one can make use of SU(2)
ChPT, i.e. expand as a function of m,, m, without making
any assumption concerning m, (except that it is heavier
than m,, my). In SU(2) ChPT it is often the case that chiral
logarithms provide a reasonable order of magnitude for the
size of the chiral corrections. This is the case, for instance,
for the 7r7r scattering amplitude [16,17]. It was observed in
Refs. [3,4] that there was no chiral logarithm in the next-to-
leading order (NLO) correction to the 7 lifetime once the
amplitude is expressed in terms of the physical value of F ..
We have asked ourselves whether chiral logarithms are
present in the NNLO corrections. At this order, the coef-
ficient of the double chiral logarithm depends only on F'..
Depending on its numerical coefficient, such a term could
modify the NLO results. In order to obtain this coefficient
it is, in principle, sufficient to compute a set of one-loop
graphs containing one divergent NLO vertex [18]. For
completeness, we will perform a complete calculation of
the two-loop graphs as well. This is described in Sec. III.

In the framework of two-flavor ChPT, however, one
faces the practical problem that the polynomial terms in
m,, mg at NLO involve a number of low-energy couplings
(LEC’s) which are not known. We will show that it is
possible to make estimates for the relevant combinations,
and then make quantitative predictions for the 7° decay,
under the minimal additional assumption that the mass of

© 2009 The American Physical Society
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the strange quark is sufficiently small, justifying a chiral
expansion in m,. We will obtain the first two terms in the
m, expansion of the NLO SU(2) LEC’s. The result can be
implemented in association with a modified chiral counting
scheme, in which m, is counted as O(p), which respects
the hierarchy m,,, m; << my. This leads to simpler formulas
than previously obtained. Finally, we will update all the
inputs needed to compute the lifetime.

IL. LEADING AND NEXT-TO-LEADING ORDERS
IN THE SU(2) EXPANSION

In the odd-intrinsic-parity sector, the Lagrangian of low-
est chiral order has order p*, it is the Wess-Zumino [19]
Lagrangian, £%#, which form is dictated by the ABJ
anomaly [20]. Writing the 70 — y(k,)y(k,) decay ampli-
tude in the form

T = elele} ki, €5, k)T, (1)

a tree level computation of the pion decay amplitude gives
the well known result
|

PHYSICAL REVIEW D 79, 076005 (2009)

1
Tio=—— 2
Lo = (2)

where F is the pion decay constant in the two-flavor chiral
limit m, = m,; = 0. At leading order one can set F = F
in Eq. (2). According to the Weinberg rules [18] for ChPT,
the NLO corrections are generated from:
(a) One-loop diagrams with one vertex taken from £"%
and other vertices from the O(p?) chiral Lagrangian.
These diagrams were first computed in Refs. [3,4].
(b) Tree diagrams having one vertex from £%Z and one
vertex from the O(p*) chiral Lagrangian.
(c) Tree diagrams from the O(p®) Lagrangian in the
anomalous-parity sector, L("g).
The classification of a minimal set of independent terms in
this Lagrangian was initiated in Refs. [21,22]. We will use
here the result of Ref. [23] who further reduced the set to
23 terms in the case of three flavors and to 13 independent
terms in the case of two flavors (this result was also
obtained in Ref. [24]). The list, in the case of two flavors,
is recalled below:

Lgle=2 = Ea'B'uV{C‘]/V<X+[f—y.w Mauﬁ]> + CZV<X—{f+,uw ua“ﬁ}) + Cgvi</\/—f+,uvf+aﬁ> + CXVi<X—f—;LVf—aB>
+ C;Vi</\/+[.f+/.l,w f*aﬁ]> + Cé”(fﬁ»;u/)(/\/*uauﬁ) + C;)Vi<f+[.(,1)><f+aﬁ/\/*> + Cgvi<f+/./.y><.f+aﬁ></\/*>
+ Cgvi<.f+y/.¢><hyyuauﬁ> + C%fo,u.xf*yuuau,[?) + cm(f+ﬂy><f+yah75> + C%(.f+MV><.fX af*y,[i)

+ C‘l)[;<v7f+yp,><f+uauﬂ>}~

The relations between the bare and the renormalized cou-
plings may be written as [23]

w_ (ew)™
" l6m(d — 4)

with log(c) = —(log(47) — v + 1)/2 as usual in ChPT
(note that the couplings ch’ have dimension (mass)™?).
The coefficients 7} vanish fori = 1...5 and the remain-
ing ones read [23]

w

e =c(w)+n @

3
‘r]gv = 3a, ny =3a, 172‘;” = —Ea,
ny = 6a N1y = —18a, = 12a, ®)
7]‘1"; =0, nY‘g = —12a,
with
a = 1/(3847°F?). (6)

The above results for )" were obtained by using, in the
ordinary sector at p*, the chiral Lagrangian term propor-
tional to /, which differs from the form originally used in
Ref. [25]

Wl
Lg)rg) = f(u”)(pﬁ} (7

3

by a term proportional to the equation of motion
_ (orig) il4 ~ wo_ i ~
L), =L+ 2 - V,u X)) (8)

If one uses Lg’"g) then, in the odd-intrinsic-parity sector,
the coefficients with labels 6, 7, and 8 are modified to EIW
[7,26]. The relations between ¢}¥ and ¢} are easily worked
out by performing a field redefinition,

N. I N. I
~W — W _ c 4 FVo— W 4 c ‘4
T T T T T 56 P2 ©
eWo=cV - Ne 1—4
88 sna P
In the present work, we use the original £§°ﬂg) in our

calculations but we will express the final result in terms
of ¢'" rather than ", making use of the relations (9)
[which will prove slightly more convenient below when we
perform a matching with the SU(3) expansion].
Returning to the 70 decay amplitude, the contributions
from the one-loop Feynman diagrams can be shown to be
absorbed into the reexpression of F into F, [3,4], the
physical pion decay constant at order p*, such that the
decay amplitude including the NLO corrections reads
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Tio+nLo = FLW{# + 13’—6’"%7(_4C§V’ — 4y + )
+ %B(md —m, )5y + W+ ZCE/’)},

(10)

where B = —lim,, _,, —o(iiu)/F> and m2 denotes the

mass squared of the neutral pion which, at this order, is
equal to M? = B(my + m,,). Equation (10) shows that the
decay amplitude at NLO receives a contribution propor-
tional to the isospin breaking mass difference m, — m,,. As
can be seen from Egs. (5) the two combinations of chiral
couplings which enter into the expression of Ty are
finite. The expression of 7} ginro therefore involves no
chiral logarithm. The chiral corrections to the current
algebra result are purely polynomial in m,, m, and are
controlled by four coupling constants from Eq. (3). In order
to estimate quantitatively the effects of the NLO correc-
tions, we will show below that it is useful to express these
couplings as an expansion in powers of the strange quark
mass. Before doing so, let us now investigate the presence
of chiral logarithms, which could possibly be numerically
important, in the NNLO corrections.

III. 7 DECAY TO NNLO IN THE TWO-FLAVOR
EXPANSION

We must calculate now a) the one-loop Feynman dia-
grams with one vertex involving an NLO chiral coupling,
either /; or ¢} and b) the two-loop Feynman diagrams with
one vertex taken from the LO Wess-Zumino Lagrangian
and the other one taken from the O(p?) chiral Lagrangian.
It is convenient the use the following representation for the
chiral field

U=o+ilZ  o=41-
F

% an

(since, in this representation, there is no y4 vertex at LO).
At the order considered, all the reducible diagrams are
generated from wave function renormalization. The ex-
pression for the WF renormalization constant Z [corre-
sponding to (11)] was first given by Biirgi [27],

Z‘/Q:I—TM 1[ 1 M

ot — | =T+ —
2F2 R4l 8°M 2

3
X (rZ + 1307~ Ty Y l,»Q,-Z) + B2 (my; — m,)*
i=1

X (—8F2(cy + co) + TMl7)] (12)
with
M2)@/2-0r( —d dT
M=() { ”, Ty=-22, (13)
(4)dl? am

PHYSICAL REVIEW D 79, 076005 (2009)

(d = 4 + 2w). We have indicated explicitly here the con-
tributions proportional to (m, — m,)> for completeness
because isospin breaking contributions play an important
role for the 70 decay amplitude. We will also need the
expression for the chiral expansion of F, at order p® (from
[28])

F,. 1 M* .
- 1+ F[le“ — Tyl + FI:rF + 13,0F

4 2 2
I 8B (m( - mll)
— Ty Z l,»Q,-F] + 7;72 (c7 + c9).
=1

14

The numerical parameters Q% and QF which appear above
read

= 5:(96 — 464w + 1185w?),

(15)
OF = —1(240 — 656w + 1125w?)

and will need the following relations obeyed by the nu-
merical parameters Q7 and QF

16)

Finally, the entries r, and rr in Egs. (12) and (14) represent
combinations of coupling constants from the O(p®) chiral
Lagrangian. The 7% amplitude involves the combination
r; + 2rp which is expressed in terms of a single p° cou-
pling, called ¢4 in the classification of Ref. [29]

ry + 2rp = —64F%cq. a7

The two-loop one-particle irreducible diagrams which one
must compute [using the representation (11)] are shown in
Fig. 1. It turns out to be possible to express all of them
analytically in terms of known special functions by com-
bining the methods exposed in Ref. [30] with integration
by parts methods. We give the results corresponding to the
two diagrams (f) and (g), which are the most difficult ones,
in Appendix A.

Collecting all the pieces together, we find that the ex-
pression for the NNLO contribution to the 77 decay am-
plitude into two photons has the following expression,
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FIG. 1. Two-loop Feynman graphs (one-particle irreducible)
contributions to the 7 — 2y amplitude.

_M4<1 )2+M4L|:3
2472 FA\1672 " 1672 F* " 2567*

32F?
3 WAy 42l + AT —c”')]

FzTxneo =

32M*B(m, — m,,)

prprn L [—6c)"—11c¥"

M*
+o6c)r—12¢8 — W =2+ —)\+

Bz(md B mu)

N M?*B(m, — m,,)

7 A+ 7 A,
(18)
where L. represents the chiral logarithm
2
L, =log—= (19)

and Ay, A_, A__ can be expressed as follows in terms of
renormalized chiral coupling constants,
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1

1
A= 3 =2+ o
( 983 4
X

. 3g(3)+3\/“ c12(7r/3))]

Fz[ng(cg T (=4 =AY+ )]

64
A :—[dﬂ""(/.l,) + F2L (5 4+ W+ 2e8)]

o =dY" () — 128F2 (¥ + W), (20)
Here, the notation d"" refer to combinations of couplings
from the NNLO Lagrangian (i.e. of order p®) in the
anomalous sector.

A few remarks are in order concerning this calculation.
First, concerning nonlocal divergences, i.e. terms of the
form M*log(M?)/(d — 4), we have verified that those
which are generated from the two-loop diagrams are can-
celed exactly by those generated from the one-loop dia-
grams proportional to /;, ¢}V as expected from the Weinberg
consistency conditions. The divergences that are left are
proportional to M*, M?(m, — m,) and (m, — m,)*. They
are canceled by the contributions, at tree level, from the
chiral Lagrangian of order p® in the anomalous sector. We
have denoted the three independent combinations of O( %)
chiral couplings by d¥, d%, and d"_. Our calculation
shows that the relation between these and the correspond-
ing renormalized combinations must be as follows,

cp) A 17
d‘f=%[4‘ff() A2( 3) A(flll{

3 53

1
_7lr__lr__lr_
2023 2% 460872

+ 1672 F2 (=4

=2 —4cfr =28 + CW))]
(C'u’)Z(d 9 r r r
d¥ = F—[dW (n) — AF2(—18cyr —23cY

+18c}" = 36cY" — W —2c87)]

_ (cu});(" Y (dWr( " Al7)

dav_ 21
Equation (18) shows that chiral logarithms are indeed
present at NNLO. The coefficient of the dominant one, as
can be shown quite generally, depends only on F. The
coefficient of the subdominant chiral logarithm has one
part depending only on F and another one depending on
the NLO chiral couplings ¢}'". From a numerical point of
view, the contribution from the dominant chiral logarithm
turns out to be very small, of the order of a few per mille.
This lack of enhancement could indicate a fast conver-
gence of the chiral perturbation series. In this respect, the
detailed formula (18) could be used in association with
results from lattice QCD simulations, in which the quark
masses m,,, my are larger than the physical ones and can be

076005-4



Chapter 2. Original works

43

CHIRAL EXPANSIONS OF THE 7#° LIFETIME

varied. This would allow one to determine the relevant
combinations of chiral couplings. In the following section
we discuss an alternative, more approximate method, to
estimate these combinations.

IV. CHIRAL EXPANSION IN m;

From now on, we assume that the mass of the strange
quark is sufficiently small, such that the chiral expansion in
m, is meaningful. One can then calculate the 7° lifetime
using the three-flavor chiral expansion. Instead of doing so
directly, as it remains true that m,, m; << myg, it is instruc-
tive to start from the SU(2) expression, Eq. (18) and
perform a chiral expansion of the couplings ¢} as a func-
tion of my. A priory, one expects expressions of the follow-
ing form to arise

B()m.r
2

@
e =—+ (ﬁ; + 3 i Cy" + 8;log
mg a M

) + 0m,),

(22)

where CW", a = 1...24 are the coupling constants of the
NLO Lagrangian in the anomalous sector in the SU(3)
expansion [23] and By = lim,, _B. Analogous expansions
were established in Ref. [31] for the SU(2) couplings B, F
and /7. This problem was reconsidered recently in Ref. [32]
in which the NNLO terms in that expansion have been
derived. Also in Ref. [33] the m, expansions of the SU(2)
LEC’s in the electromagnetic sector were studied. In order
to generate such expansions one can work in the SU(2)
chiral limit m, = m,; = 0, compute sets of correlations
functions having SU(2) flavor structure in both the SU(2)
and the SU(3) chiral expansions and equate the expres-
sions. The authors of Ref. [32] have shown how to perform
this matching at the level of the generating functionals. In
the SU(3) generating functional, one must use external
sources s, p, v,, a, which correspond to those used in
the SU(2) functional embedded into 3 X 3 matrices. Since
there is no source for strangeness, the classical SU(3)
chiral field involves the three pions 77, and the 7 field
but no kaons
T, inAg
exp——

iA,
Uy = exp———

2
Fy Fy (23)

(F, being the pion decay constant in the three-flavor chiral
limit). Using the equation of motion one can express the
field n in terms of an SU(2) chiral building-block [32,33]

c 1
G =0~ jarg) OO @b

The terms proportional to 7 thus generate contributions
proportional to 1/(mB). These can be also seen as result-
ing from 7 meson propagators in tree diagrams. Besides,
Eq. (24) shows that 7, counts as O(p?) in the SU(2)
counting. Inserting U from Eq. (23) in the SU(3) Wess-
Zumino action and expanding to first order in 7, we

PHYSICAL REVIEW D 79, 076005 (2009)

obtain,

L = iNc el
K 4872 \J3F,

3 3
- §i<f+aﬁf+,u,1/> + Zi<.f+ozB><.f+p.I/>

1
Eﬂyaﬁ{§<f+aﬁuuuu>

1
~ 5 asf -} ©3)
This allows one to deduce the leading terms, which behave
as 1/my, in the expansion of the couplings c}'”. Next, the
terms proportional to (m,)° are generated from three
sources.

(1) From the SU(3) Lagrangian LY, by inserting U,
(with 7 set to zero), which gives contributions
proportional to LEC’s C}V".

(2) From one-loop irreducible graphs with one vertex
taken from the Wess-Zumino action and having one
kaon or one eta running in the loop.

(3) From corrections to the 1 pole contributions stem-
ming from tadpoles or from vertices proportional to
the O(p*) couplings L;.

The results are presented in Eqs. (26) below and (B1) in
Appendix B.

Let us now examine the applications of this exercise to
the problem of the 7 lifetime. As seen in sec. II the NLO
corrections involve two independent pieces, one propor-
tional to m2 and one to B(m, — m,), and they are con-
trolled by two combinations of the four couplings ¢/, c¥",
¢y and cl". For these, we take into account the first two
terms in the m, expansion which read

Y= *%CO + C¥" 4+ 3¢y + O(my)

Wr =3¢y —3CY + LY + O(m,) 26)
" =y + 4O + 3V~ Kl + 0l
et =¥+ 0(my),
where
1 1 2
0= ﬁ[_ 16Bm, F—%(3L§ th
“sia (e 310))] @
and
Ly = 10gm;1290’ L,=Lg+ log;—t‘ (28)

At this point, one observes that by using the m, expansion,
we have expressed four SU(2) couplings in terms of three
SU(3) ones. This might look as a modest improvement.
Fortunately, the combinations relevant for the 70 lifetime
at NLO actually involve only two couplings C¥’, C¥"
while C¥)" drops out.
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Let us now consider the terms proportional to m% and

m2(my — m,). One can see from Eq. (18) that they involve

four more LEC’s, ¢¥", c/", ¢, c'". It makes sense here
to retain only the part of these LEC’s which are dominant

in the m; expansion, i.e. the 1/m part,

1
C;)Vr = Cy, L'er = — 550, chr ~ (),
29
er = 750 50 = 771 ( )
6 ’ 51272 Bm,

and we perform a similar approximation in Eq. (26). We
will also retain the part involving the LEC CY as it will
appear that the size of this coupling is comparable to that of
the 1/m terms. Inserting the m, expansions (26) and (29),
in the SU(2) chiral expansion of the 7° decay amplitude
(18) we obtain the following expression
111 64 1 myg—m

Tio+nL0), = F_{ -5 miCy+ 4

472 3 6@  m,

3 my

><[ —EmLﬁ]ﬁ-ﬂB(md—mu)
4 m>2

X —CW'+4CW’(1—3—’TL )
[3 7 8 1672 F2 "

1

- (3L + Ly — ——

16772F3,( T8 51242

<t 300))) - s e t)
K3mm 2472 \16m2F2 ") |

(30)

A modified SU(3) chiral counting

Some comments are in order concerning Eq. (30). In
particular, one expects it to be related to the formula that
one can compute starting from SU(3) ChPT. Such a com-
putation was performed, e.g. in Ref. [7]. In SU(3) ChPT
m,, my and my are counted on the same footing,

my, my ~ my ~ O(p?) [standard SU(3)]. (31)

In the physical situation, however, m,, m; << m,. For
processes which involve only pions this can be accounted
for by adopting the following modified counting,

my, mg ~ 0(p2)’ mg ~ O(P)

(32)
[modified SU(3)].

The formula (30) for the 77 lifetime can be argued to be a
consistent expansion in this modified counting. One notes
first that all the corrections must be proportional to m,,, m,
since the starting point is exact in the SU(2) chiral limit.
The formula (30) includes the leading corrections of order
p (which must be proportional to m,/m,, my/m,) as well
as the subleading corrections of order p> (which must be
proportional to m,,, m). It also includes the corrections of
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order p* which are logarithmically enhanced (which must
be proportional to m,mg, mym; multiplied by log(m, +
my) as well as the corrections of order p* which are double
logarithmically enhanced. Obviously, by retaining loga-
rithmically enhanced terms at a given order instead of the
full set of terms, one introduces a chiral scale dependence
into the amplitude. Clearly, one should use a value of the
scale of the order of the kaon or the eta mass for this
approximation to make sense. Finally, we have verified
that, starting from the expression for the amplitude in
standard SU(3) at NLO obtained in Ref. [7], and expanding
in powers of m, /my, m,/m, one recovers exactly the terms
of order p, p* and p?log(p?) in the modified SU(3)
expansion (32). In practice, the expression (30) is some-
what simpler than the standard SU(3) NLO expression and
contains the double logarithm term. The latter turns out to
be numerically small so that the two expressions are es-
sentially equivalent in practice. In order to derive a nu-
merical prediction from Eq. (30) one needs inputs for: F,
(mg — m,)/mg, B(my — m,) and C¥, CY. We will give an
update on the determination of these quantities in Sec. V

In addition to the chiral corrections induced by the quark
masses, one should also take electromagnetic corrections
into account. These have been considered in Ref. [7],
where the correction terms of order e? and of order
e*(m, + my)/m; have been computed. Here, it is consis-
tent to retain only the term of order e, its expression in
terms of Urech’s chiral couplings [14] is recalled,

e2

4
To= o {— 3 (Ki + K3) + 2K — K;

10 c
— g K5+ K+ g (5 + 4L, + LK)}. (33)

This term is defined such that the 7% — 2y amplitude is
expressed in terms of F o which is the neutral pion decay
constant in pure QCD and mZ% which is the physical neutral
pion mass (i.e. including EM corrections).

V. PHENOMENOLOGICAL UPDATES

Let us now update the various inputs needed to calculate
the numerical prediction for the 7¥ lifetime in ChPT.

A. The pion decay constant

An obviously essential input here is F', the value of the
pion decay constant. Marciano and Sirlin [34] have eval-
uated the radiative corrections in the process 7" —
ntv(y) decay rate such that it is expressed in terms of
F .+ the charged pion decay constant in pure QCD. In pure
QCD the difference between F_o and F_+ is quadratic in
the quark mass difference m,; — m, and can be expressed
as follows in ChPT,
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F’n'Jr 1 Bz(md B mu)z

ik —~16¢}
F_o |qcp Fi [ c5(w)

__b (l+lo m%f):|~0710*4 (34)
167> g,u2 e '

A rough numerical evaluation has been made by using
leading order 1/m, estimates

F?2 3/ F2\2
[, = m , I~ 2T 3
77 8Bm, “©=73 (Bms) (35)

Equation (34) shows that the difference between F .+ and
F 0 is negligibly small for our purposes, and we will ignore
it. In the expression of Ref. [34] for the radiative correc-
tions, one constant term, called C;, was left undetermined.
Matching with the ChPT expansion of the 77+ decay rate at
O(p*) one can express C| in terms of chiral logarithms and
a set of chiral couplings [35]. The latter can then be
estimated using chiral sum rules and resonance saturation
[36]. Using these results and the updated value of V,, from
Ref. [37]

V,a = 0.974 18(26), (36)
we find

F,=9222+0.07 MeV. (37)

B. B(md - mu)9 (md - mu)/m_w 3L7 + L§

Because of the Kaplan-Manohar invariance [38] it is not
possible to determine independently the quark mass ratios
and the couplings L;, Lg in ChPT using low-energy data.
One may use an input from lattice QCD, e.g. on the quark
mass ratio r = 2m,/(m, + my). Using the results obtained
in Ref. [39] as well as those from other recent QCD
simulations which are collected in table X VI of that refer-
ence and averaging, one can deduce

2
r=— 280+ 15. (38)
m, + my

Using this input for r, we may treat terms linear in the
quark masses in NLO ChPT expressions as follows,

mBy = -mk. (39

(mu + md)BO = m%r’ 2

The value of the LEC combination 3L; + Lg, can be
deduced using r and standard O(p*) ChPT formulas for
the pseudoscalar meson masses [31]

3L, + Li(p) = (0.10 = 0.06)1073 (= M,). (40)
Concerning the quark mass difference m,; — m,, we will
use the recent determination made in Ref. [40]. It is based
on the 7 — 37 decay amplitude which is an isospin break-
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ing observable with very small sensitivity to electromag-
netic effects [41,42]. The amplitude has been computed at
order p® in ChPT by the authors of Ref. [40] and they
deduce the following result,!

M T 420 1)
mg — my

R =

(with M = (m,, + my)/2). No figure for the uncertainty is
given. We have estimated it by noting that the main source
of uncertainty in this result comes from the unknown
values of the coupling constants C! from the O(p®)
Lagrangian. For these couplings, it was shown that simple
resonance models are sometimes misleading [44] because
of their strong scale dependence. We have estimated the
order of magnitude of the uncertainty by taking the differ-
ence between the value of R obtained from a p® calculation
and the value obtained from a p* calculation and dividing
by two, which gives

AR =35, (42)

Using (38), (41), and (42), we obtain®

my —my
=T (229 +0.23)1072,
m; 43)

B(my — m,) = (0.32 + 0.03)M2,.

c.cy

This constant obeys a sum rule in terms of the form
factor associated with the photon-photon matrix element of
the pseudoscalar current [2]. A simple resonance saturation
approximation in this sum rule gives a relation between C¥
and the 77(1300) mass and its couplings to the pseudoscalar
current (d,,) and to two photons (g ) [7]

8 dm
oy = ek (44)

Recent experimental data by the Belle collaboration has
confirmed the extreme smallness of the coupling of the

'An alternative evaluation of R can be made based on the
K* — K" mass difference. As one can see from Table 6 of
Ref. [40] this method tends to give values of R smaller than Eq.
(41). The calculation of the K — K mass difference in ChPT,
however, has uncertainties related to the couplings C; and also
from estimates of the electromagnetic contributions, beyond the
Dashen low-energy theorem, which have some model depen-
dence. One could also use isospin violation in K;; form factors.
For an updated discussion of these effects, see [43].

’In Ref. [45] a determination of the quantity By(my — m,)
from n — 37¥ was proposed, based on using both the decay rate
and the slope parameter «, obtaining By(m,; — m,) = (0.25 =
O.OZ)MfTO. This appears somewhat smaller than the result in Eq.
(43) but one should keep in mind that the ratio By/B, while
expected to be close to 1, is not accurately known.
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7(1300) meson to two photons [46]

Ty <72eV. (45)

The validity of the resonance saturation approximation in
this case might be questioned since, in the sum rule, CY,
could pick up more important contributions from energies
higher than the mass of the 77(1300) resonance. There has
been several attempts at estimating this high-energy con-
tribution to C¥ in the literature: Using a quark-hadron
duality picture, Kitazawa [2] argue that this contribution
arises from a triangle diagram and should thus be propor-
tional to the constituent quark mass (this result was applied
to 1 decay in Ref. [47]). In QCD, one expects the con-
stituent quark mass to be momentum dependent (see e.g.
[48]) and to decrease at high momenta, which is not taken
into account in this evaluation. A calculation of the triangle
diagram in the NJL model was performed in Ref. [49]. As
this model implements a momentum cutoff, however, it
rather concerns the low-energy rather than the high-energy
contribution to C¥. An alternative idea was proposed in
Ref. [50] based on a minimal resonance saturation model-
ing of the three-point function VVP and enforcing a correct
asymptotic matching to the OPE expansion of this three-
point function. The result, unfortunately, cannot be shown
to remain stable under inclusion of more resonances. None
of the estimates, finally, appear to be quantitatively very
compelling. It seems however quite safe to assume that the
coupling C¥ should be suppressed, say by 1 order of
magnitude, as compared to the coupling CY. Indeed, in
an analogous sum rule representation, CY’ picks up a strong
contribution from the 7’ resonance. We will therefore take

IcY| <o0.1|c¥|. (46)

D.CY

Having assumed the validity of SU(3) ChPT, together
with the result (46) of the above discussion on C¥V , one can
determine CY from the experimental information on the
1 — 2 decay width. According to the PDG? [53]

T, ., = 0.510 =+ 0.026 keV, 47)

n—2y

while the corresponding amplitude computed in ChPT,
including LO and NLO contributions, reads

é? F 64
Ty = ——| (1 + x,) — —m2CY
" J3F, |:477'an( Xy) 3 Mala
256 1
+ T(r - l)me(gC;V + Cgv) + O(mf)il, (48)

*The PDG now rejects the Primakoff experiment [51] which
gave a smaller result. A rediscussion of that experiment has
recently appeared [52].
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where x, encodes isospin breaking effects
Xy = V3(—€ + X8, — §,)) = —0.023, (49)
using notations and results from Refs. [7,31]. We need an

input for F,, in Eq. (48). Up to corrections quadratic in m,
F, is linearly related to F, and Fy [31],

AF¢—F, m2 202r + 1)
F, = + 2r + logm T2
" 3 96772F,,[ (r+ Dlog70=5
2+ 1
il ] + 0(md). (50)

The review in Ref. [54] quotes the following result for Fy
from averaging over recent experiments on 7, and K,
decays

FK Vux _
m = 0.27599(59). (51)

Assuming exact Cabibbo-Kobayashi-Maskawa quark-
mixing matrix (CKM) unitarity we can deduce Fy and
then F,,

Fi =109.84 % 0.63,  F, = 1184 =80 (MeV).

(52)

The error on F,, is dominated by the O(m?) contributions
in Eq. (50). We have estimated that it should be smaller
than the O(m) contribution by a factor of 3. Finally, using
these results in conjunction with Eqgs. (47) and (48) we
determine the coupling CY

CY = (0.58 £ 0.20)1073 (GeV~?). (53)

We have estimated that the uncertainty stemming from
unknown O(m?) chiral corrections in the 7 decay ampli-
tude to be of order 30% compared to the O(m,) corrections.

E. Numerical result

The numerical results for the current algebra amplitude
and the corrections according to the modified chiral SU(3)
counting, using the updated inputs presented above, are
collected in Table 1. One remarks that the O(p?) contribu-
tion is larger than the O(p) one. This is induced by the size

TABLE I.  Current algebra contribution to the 70 — 2y decay
width (in eV) and corrections of various chiral orders using the
modified SU(3) counting.

CA  0(p) oY)
776 009 029

0(e?)
—0.05

O(p*log?p)
—0.004

O(p?logp)
0.005
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of the LEC CY/. Expressed as a sum rule, C} is dominated
by the 1’ contribution, which can be written [7]
8 ’~m
Cy ==+, (54)
M.']/

where AD/I,]/ is the mass of the n’ in the chiral limit. In the
large N, limit one has,

S (R e U N
1287 F 2/6 2567 My

(55)

The enhancement of C}/ can then be understood, qualita-
tively, as a large N, effect. In practice, the value of CY that
one can estimate using the resonance saturation formula
(54) agrees reasonably well with the one deduced from a
ChPT expansion of the 7 — 27y amplitude* [Eq. (53)]. The
enhancement of the O(p?) contribution is therefore a well
understood effect and does not signal a breakdown of the
expansion. Table I shows that the logarithmically enhanced
contributions of order p?log(p) and p*log?(p) are quite
small in practice and tend to cancel each other. Finally, the

prediction for the 770 decay width reads,

8/

| )

oy = (8.09 £ 0.11) eV. (56)
The two main sources for the uncertainty are: my; — m, ( =
0.05) and C;V (= 0.098). We have added the errors in
quadrature. Compared to Ref. [7] the main modification
in the input is the value of the n — 2y width in the PDG.
The branching fraction for the 2y decay mode is (98.798 =
0.032)% [53] (the most sizable other decay being the
Dalitz mode 7° — ye* e, for review see e.g. [55]). Our
result, Eq. (56), then corresponds to the following value for
the 70 lifetime

7.0 =(8.04+0.11)107 7 s, (57

VI. SUMMARY

In this paper, we have reconsidered the chiral expansion
of the 7 — 27 amplitude. At first, we have focused on the
two-flavor expansion. We have considered the expansion
beyond the known NLO (which we have expressed in terms
of the coupling constants introduced in Ref. [23]). We have
computed all the loop graphs which contribute at NNLO.
As expected, we found that the divergences are renorma-
lizable by Lagrangian terms of chiral order p® in the
anomalous sector. We found that chiral logarithms are
present at this order. For physical values of the quark

4Our result disagrees with Ref. [11] in which the correspond-
ing contribution is smaller by 1 order of magnitude.
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masses m,, m, these NNLO corrections turn out to be
negligible. Even the terms enhanced by logarithms are
numerically very small in practice. Our final expression
[Eq. (18)] could be useful in association with lattice QCD
simulations in which unphysical quark masses can be used.
This would provide a direct evaluation of the SU(2) cou-
plings. As an interesting application, one could deduce
(using also experimental data such as from PrimEx) a
precision determination of F . uncorrelated with the value
of V,4. Such simulations have not yet been performed for
correlation functions in the anomalous sector, but this
would be of obvious interest.

In order to perform a more detailed phenomenological
analysis at present, it is possible to enlarge the chiral
expansion from SU(2) to SU(3). This allows one to derive
some information on the SU(2) coupling constants. We
have derived the expansion of the SU(2) couplings ¢! as a
function of m, up to O(m,) and inserted this result into the
SU(2) expansion formula. The leading, 1/m, terms in this
expansion, reflect the influence of 7° — 7 mixing. We then
implemented a modified chiral counting in which my is
counted as O(p) rather than O(p?). This counting accom-
modates the fact that m,,, m, are significantly smaller than
my. The formulas obtained in this way are somewhat
simpler and easier to interpret than those obtained in the
usual chiral counting but the numerical results are essen-
tially identical.

We have updated the inputs to be used in the chiral
formula. A key input is the value of F, the pion decay
constant in pure QCD. Another important input is the value
of the n — 27y decay width, which we use to determine the
value of the SU(3) LEC CY. In the chiral approach, this
LEC encodes the effect of n — 5’ mixing. Our result
agrees well with that of approaches which account for n —
1’ mixing explicitly, using large N, arguments in addition
to chiral counting [2,9,10]. The overall uncertainty is
dominated by the unknown terms of order p?, i.e. propor-
tional to m,m,, mymg in the chiral expansion. As a final
remark, we note that F is determined from the weak
decay of the 7% assuming the validity of the standard
model. Some recently proposed Higgsless variants can
accommodate deviations from the standard V — A cou-
pling of quarks to the W as large as a few percent [56].
Precision measurements of the 7¥ lifetime can provide
constraints on such models.
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APPENDIX A

We give here the result of our computation of diagrams
1(f) and 1(g) in Fig. 1:

M* 11 1 1
F,T = {_7[1\2 + A(L,T 3 ) +-12

Pyl 105672) 2
31 1 467
- - . (Al
10567> ™ 614477-2] 9830477'4} (AD

M* (7 59 1
Falip = g {§[A2 * A(L” - 1792772) * ELET

59 1 :| 1
- L,+ +
179272 614472 51274
T 4 1135
X|13V3Ch{=)—=23) — —— |}, A2
[J’ 2(3) %) 576]} (A2)
with
1
AN=—x"°"——. A3
167%(d — 4) (A3)
APPENDIX B

We collect below the expansions of the SU(2) couplings
" as a function of m up to O(my). The notations L, L,
and ¢ having been introduced in Eqgs. (27) and (28) these
expansions read
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1 11 1

=y —7CW’+77(L +1+=L )

‘i 2 72 i@k ek

1 3

2 2

3
CXVV: *500+C¥V’+3C§V’

Wr — Wr _ Wr Wr
ey =cyt+Cy CI"+ - Cy

1
CXV’= *ECO + C(‘;V’ +3C%’

1 1 2
cW’=CW’+—7(LK+1+—L )
> 8 (3277)°F 37
3 1 1
"= —co + CYT =Y -l — 5Ol
Wr — 3 Wr 1 Wr
¢y —500—3C8 +ZC22
3 1 1
7 =S+ 5CY 3 - Cl
3 1
Cgl/r = _C‘l)‘;r + Cm’ + C‘l/‘gr - 5 (32772)2F(2) (LK + 1)
3 1
=l — Clr — ¥ — ¥ + (Lg+1)

2 (3272)2F2
=l =0

el =200 + (Lg + 1). B1)
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1. Introduction

We would like to study unflavoured decays of light
neutral pseudoscalar mesons. This reduces the parti-
cle content to #°, ;7 and eventually 7/, ruling out K°
decays that violate hypercharge conservation and are
suppressed by G% (two-photon decays are further sup-
pressed by a? compared to hadronic ones). Standard
model is thus reduced to QCD (extended eventually
only by QED corrections) which is successfully de-
scribed by an effective theory known as chiral pertur-
bation theory (ChPT).

The 7° meson being the lightest meson cannot decay
to other hadronic states. Its dominant decay mode (with
more than 98% probability) is 7% — yy and is connected
with the Adler-Bell-Jackiw triangle anomaly [1]. The
7%y vertex is closely connected with other allowed 7°
decay modes: e*e"y, eteTete”, e"e” (with branching
ratios [2]: 0.01174(35),3.34(16)x 107>, 6.46(33)x 1078,
respectively). In order to describe these processes with
sufficient precision one can employ two-flavour ChPT at
appropriate order. This can simply incorporate correc-
tions to the current algebra result attributed either to m,, 4
masses or electromagnetic corrections with other effects
hidden in the low energy constants (LECs). Naively,
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two-flavour ChPT should converge very fast and next-
to-leading order (NLO) should be sufficient from the
point of view of today’s experiments. However, as
we are exploring the anomalous sector which is poorly
known, phenomenologically richer SU(3) ChPT must
be also used in order to obtain numerical prediction for
low energy constants. This on the other hand enables to
describe 7 — yy in the same framework.

The motivation for our study is both theoretical and
experimental. As mentioned, 7° — yy represents
(probably) the most important example of the triangle
anomaly in quantum field theory. It is interesting that
at NLO the amplitude gets no chiral corrections from
the so-called chiral logarithms [3] and this motivate the
calculation at NNLO even for SU(2) ChPT as was done
in [4]. It was found that there are indeed chiral log-
arithms generated by two-loop diagrams, but they are
relatively small. It turns one’s attention back to NLO
order and contributions proportional to LECs. To this
end the phenomenology of 7 — yy and inevitably n—17’
mixing must be employed. We intend to do the full
two-loop calculation of both 7° — yy and 5 — yy in
three-flavour ChPT. As a first step we will present here
the calculation and result in the SU(3) limit, i.e. for
my = mg = M.

From the experimental side let us mention the PrimEx
experiment at JLab. It is designed to perform the most
precise measurement of the neutral pion lifetime using
the Primakoff effect (for first run results see [5]). After
JLab’s 12 GeV upgrade the extension of the experiment
for n and 1’ radiative width measurements is planned.
Neutral pion decay modes were studied with interesting
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results at KTeV and it is promising to measure them in
forthcoming NA62 at CERN.

2. Chiral expansion

Let us briefly summarize main points of ChPT, for de-
tails see [6]. Starting point is the chiral symmetry of
QCD, called chiral because it acts differently on left and
right-handed quarks, which is exact for m, = my = m; =
0:

G =SU3) x SUQB)r,

where we dropped U(1),4 which is not a good symme-
try due the anomaly. However, this anomaly is propor-
tional to a divergence which must thus vanish in any
order of perturbation theory. We are touching the prob-
lem referred as U(1) problem and we will avoid fur-
ther discussion assuming that the ninth axial current is
really not conserved and a possible divergence term is
not present in QCD Lagrangian (referred itself as strong
CP problem). Assuming further confinement it can be
proven that the axial subgroup of G is spontaneously
broken and the associated 8 Goldstone bosons can be
identified with pions, kaons and eta. The real non-zero
masses of u, d, s quarks, explicit symmetry breaking, are
added as a perturbation and this expansion around the
chiral limit together with the momentum expansion is
referred to as ChPT. Standard power counting assumes
that m, 4 = O(p?), and Lorentz invariance implies that
only even powers of derivatives (p) can occur. The lead-
ing order (LO) thus starts at O(p?) and one can have
only tree diagrams. The next-to-leading order (NLO) is
O(p*) and can include one-loop contribution and sim-
ilarly next-to-next-to-leading order (NNLO) is O(p®)
and can have up to two-loop diagrams. The last impor-
tant point to be discussed here is the so-called chiral or
external anomaly which would correctly incorporate the
full symmetry pattern of QCD. It is connected with the
fact that quarks carry also electromagnetic charge. In
fact some Green functions of QCD (e.g. V'V A) are not
invariant under chiral symmetry, the difference was cal-
culated first by Bardeen [1] and incorporated to the ac-
tion by Wess, Zumino and Witten (WZW) [7]. This ac-
tion starts at O(p*) and thus the anomalous vertex shifts
our counting by one order (i.e. NNLO here is O(p®)).

3. Decay modes

We are primarily interested now in two-photon decays
of n° and 7. Nevertheless let us summarize shortly their
“spin-off” products, namely

o 1% — e*ey so called Dalitz decay is important in

normalization of rare pion and kaon decays. This
was supported by its precise and stable prediction:
for 30 years its official PDG value was same (based
on LAMPF experiment). However the last edition
changed this number, based on ALEPH results and
so it will have impact in other measurements via
the normalization. The differential decay rate is

discussed in [8].

e ¥ — e*e ete” or double Dalitz decay enables ex-
perimental verification of 7° parity. KTeV set re-
cently new limits on parity and CPT violation [9]

e 1% — e*e™ depends directly only on fully off-shell
ndy*y* vertex. KTeV measurement [10] is off by
3.50 from the existing models. It can set valuable
limits on models beyond SM

o 7% — invisible(y), exotics and violation processes
were also studied in 7° decays. It includes mainly
decay to neutrinos but is also interesting in beyond
SM scenarios (neutralinos, extra-light neutral vec-
tor particle, etc.)

(for more references cf. [2]). The same modes are also
possible in i decays, see e.g. [11].

4. LO and NLO calculation

In the chiral limit the decay width is fixed by axial
anomaly with the result

3
m,  aN¢ \?

I(n° CA:—”°( )z7.76 V.

(=) 64n\3nF, ¢ &
It is in excellent agreement with experiment, which is
the opposite situation to two-photon r7 decay. In SU(3)
limit (and also in chiral limit) the two studied ampli-
tudes are connected by Wigner-Eckart theorem V3T, n =
T 70, ie.

m . aN, 2
r . —”(—C) ~173eV, (2
n—yy) 6473 VanF, e 2

which is far from experiment 0.510 = 0.026 keV [2].
(Note that using F;, instead of F; makes this difference
even larger.) The difference is attributed to n—7," mixing.
At NLO order, apart from tree diagrams coming from
WZW and O(p®) odd-parity Lagrangian, we should in-
clude two one-loop topologies (depicted in Fig.1).
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Figure 1: One-loop corrections to two photon pseudoscalar decays. A (red)
dot represents the odd-parity coupling.

The full one-loop calculation based on wave function
renormalization and chiral expansion of masses and de-
cay constants leads to:

2567 2
(@ = y)*0 = Ta® — yy)“x|1 - 3” m2Cy,
1 F2  256n?
T = yn™0 =T = ) 5[5 + =5 3
n

2
x ((4mg, = Tm2)CY" + 24(mi - m)CY")] .

Note, as anticipated, the very simple, polynomial form
of the results without logarithms. This is especially ac-
complished by correct replacement of Fy, i.e. Fy — Fr
and F,, in 7° and 7 decay respectively.

It is clear from (3) that 7—7" mixing must be hidden in
CgV LEC. A rough estimate using resonance saturation
suggests that C;V must be much bigger than C;V . For
further discussion see [12] and [4].

5. Two-loop calculation in SU(3) limit

The O(p®), (or equivalently NNLO, or two-loop) cal-
culation was already performed for 7° — yy in two-
flavour ChPT. Natural extension for SU(3) will supply
us with both 7° and also  — vy and enable to test
and verify chiral expansion in odd intrinsic sector (cf.
study for even sector [13]). It is, however, clear that
this calculation will be difficult: we are facing instead
of one, three different scales in overlapping two-loop
diagrams (sunset and vertex). Big effort was already
given in the simpler two-point (sunset) case, and we still
lack general analytic form. We plan to calculate it using
method described in [14] but we need to go beyond the
loop integrals computed there. There exists, however,
apart from chiral limit, one non-trivial limit which can
be used to obtain analytical result as it depends again
only on one scale. It is an SU(3) limit, where we set
m, = my = my = m # 0. This we can simply connect
with O(p?) mass: Mf,o)z = 2Bm.

The current algebra prediction, fixed by the anomaly,
is free from any mass contribution. The mass enters
explicitly at NLO order only, and therefore to obtain

NNLO order we need to connect O(p?) parameter with
physical SU(3) mass.

M72f M7'2f L r r r r
A=l ﬁ[g — 8L} + L - 6Ly - 2Lp)| + O(M)

n

with chiral logarithm defined as (47)2L = In M2 /u?. On
the other hand connection of F,, with physical SU(3)
decay constants is needed up to NNLO order
LR K’Zf(12U +4L; §L) + %f +O(M®)
Fo  FzO AT TR pa IO "
The NNLO part was already calculated in general
SU(NF) in [15] and for our Ny = 3 is given by

Ap

fono = Tt Gt s 1SOIL 421
NNLO = gz TP TR T TE T g an)? ~ 2304(4n)

with

Ap = =215 —9L; - 7/3L;

A = 8L, + LL) (1L, + 7L, — 24L; — 8L})

Kr = 1/2(34K; + 135 + 135G — 45K, — 15%)
re = 8(Cly +3C}5 +3C}s + Cly)

and K; = (4L;-T;L)L using renormalization coefficients
taken from [6].

As already mentioned, for SU(3) limit #° and 7 de-
cays are related by Wigner-Eckart theorem and we thus
need to calculate only one of these processes. Follow-
ing Weinberg power-counting at NNLO we need to con-
sider a) tree graphs with either a;) one vertex from odd
O(p®) sector or a;) one from odd (even) O(p®) and sec-
ond from even (odd) O(p*); b) one-loop diagrams with
one vertex with NLO coupling (even or odd) and c) the
two-loop graphs with one vertex taken from the WZW
Lagrangian. All other vertices should be generated by
the O(p?) chiral Lagrangian.

Case ay) is treated via wave function renormalization.
However, the odd-sector Lagrangian at O(p®) for three
flavours has not yet been studied. The connected LEC
will be denoted as DIW and set only a posteriori to cancel
all local divergences. Concerning one-loop Feynman
diagrams, we have already summarized them in Fig.1,
for NNLO the topology stays the same, we need just to
insert higher-order vertices. Non-trivial part of calcu-
lation is hidden in two loops. The Feynman diagrams
to deal with are summarized in Fig.2. Corrections (tad-
poles) to propagators are not depicted. Note that the
most of diagrams are the same as in the two-flavour
case. As anticipated by the nature of the anomaly there
is one new topology (the last one diagram in Fig.2) with
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anomalous vertex without direct photon insertion (so-
called Chesire-cat smile). Of course, into these graphs
one should insert all possible combinations of pions,
kaons and eta (fortunately in SU(3) limit with identical
masses).

X o
g
)

Figure 2: Two-loop corrections to two photon pseudoscalar decays.

We summarize the preliminary result in the following
form (T is normalized as T4 = 1 at LO, cf. egs (3)).

:_{;ZTNNLO _ ﬁ + (42 A + (4K +r + %
9V3Cl(x/3) - 4£(3) - 1%
(4r)* @
with
1=0
A= -2y -3 - 1)

3
K = 4K, + 10K; - 2Ky + 4K}, — 3Ky = 2K], — Ks
r=-32C7, - 96C}, —4D)I"
and K = (4F3C"" - '’ L)L using renormalization co-
efficients taken from [16]. The O(p®) chiral coupling
which would cancel local divergences in SU(3) limit is
denoted by DZ.’; and our exact calculation fixes its de-
composition
wo (e dHr ,127 208

DY = TR D) + AP+ NS Ly + 3215

248 1
+ L5+ 361 + 1215 + ——— + (4nFo)*(8CT"
9 3 4 5T Tagganye T 0BG

100

4 Clr = acl +sCly -l - acly - 2Cf§’))].

6. Conclusion

We have summarized here our preliminary results con-
cerning a two-loop calculation of 7°(17) — yy in SU(3)
limit (where m, 4 = my; = m). The word preliminary
refers also to the fact that independent calculation with
physical masses is in progress [17] and it should al-
low us to crosscheck here presented result in this limit.
The possibility of studying two-photon decays of light-
meson on lattice was very recently demonstrated in [18].
The simple analytical result can be very useful in this di-
rection as one can vary masses without changing LECs.
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Using the large N approximation we have constructed the most general chiral resonance Lagrangian in
the odd-intrinsic parity sector that can generate low-energy chiral constants up to O(p°). Integrating out
the resonance fields these O(p®) constants are expressed in terms of resonance couplings and masses. The
role of i’ is discussed and its contribution is explicitly factorized. Using the resonance basis we have also
calculated two QCD Green functions of currents, (VVP) and (VAS), and found, imposing high-energy
constraints, additional relations for resonance couplings. We have studied several phenomenological
implications based on these correlators which provided, for example, a prediction for the 7’-pole
contribution to the muon g — 2 factor: a,’f’ = 65.8(1.2) X 10711,

DOI: 10.1103/PhysRevD.84.014036

I. INTRODUCTION

As is well known, there are two regimes where the QCD
dynamics of the current correlators is well understood. The
first one corresponds to the high energies where the asymp-
totic freedom allows us to use the perturbative approach in
terms of the strong coupling constant «; and where the
asymptotics of the correlators for large Euclidean momenta
is governed by operator product expansion (OPE). The
second well-understood region is that of low external
momenta where the dynamics is constrained by the sponta-
neously broken chiral symmetry. As a consequence, the
dominant contributions to the correlators and related am-
plitudes of the processes of interest come from the octet of
the lightest pseudoscalar mesons (7, K, 1) which are the
corresponding (pseudo)Goldstone bosons (GBs). The cor-
relators can be studied here by means of chiral perturbation
theory (ChPT) [1-3], which is the effective Lagrangian
field theory for this region, in terms of systematic simul-
taneous expansion in powers (and logs) of the momenta
and quark masses. The applicability of ChPT extends up to
the hadronic scale Ay ~ 1 GeV, which corresponds to the
onset of non-Goldstone resonances and where the ChPT
expansion fails to converge.

OPE and ChPT provide us with an asymptotic behavior
of the correlators in different regimes; however, both these
approaches need further nonperturbative information
which is not known from the first principles, namely, the
values of the vacuum condensates for OPE and the values
of the effective low-energy constants (LECs) for ChPT. In
the latter case the LECs parametrize our lack of detailed
information on the nonperturbative dynamics of the de-
grees of freedom above the hadronic scale Ay and are
connected with the order parameters of the spontaneously
broken chiral symmetry. The predictivity of ChPT heavily
relies on their determination. At the order O(p®), which
corresponds to the recent accuracy of the next-to-next-to-

1550-7998/2011/84(1)/014036(26)
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leading order (NNLO) ChPT calculation (for a compre-
hensive review and further references see [4]), 90 + 4
LECs in the even-intrinsic parity sector [5,6] and 23
LECs in the odd sector' [7,8] appear in the effective
Lagrangian. Though only special linear combinations of
them are relevant for particular physical amplitudes, the
uncertainty in their estimation is usually the weakest point
of the interconnection between the theory and experiment.

A dispersion representation of those correlators which
are order parameters of the chiral symmetry breaking (and
therefore do not get any genuine perturbative contribution)
enables us to make use of information on the asymptotics,
both in the low- and high-energy regions, and to relate the
unknown LEC:s to the properties of the corresponding spec-
tral functions in terms of the chiral sum rules [2,9-12].
These are usually assumed to be saturated by the low-lying
resonant states; such an assumption (known as the reso-
nance saturation hypothesis) connects the LECs to the
phenomenology of resonances in the intermediate-energy
region 1 GeV = E <2 GeV. Though the inclusion of only
a finite number of resonances has been questioned in the
literature [13,14], it proved to be consistent in the O(p*)
case with other phenomenological determinations of LECs.

The necessary ingredient of the resonance saturation
approach to the determination/estimation of LECs is the
phenomenological information on the physics of the lowest
resonances. It can be conveniently parametrized by means
of a suitable phenomenological Lagrangian. Along with
the chiral symmetry, the guiding theoretical principles for
its construction are those based on the large N expansion
of QCD [15]. Within the leading order in 1/N, the corre-
lators of the quark bilinears are given by an infinite sum of
contributions of narrow meson resonance states, the mass

!These numbers of LECs are relevant for an SU(3) variant of
ChPT. In the SU(2) case we get 53 +4 LECs in the even-
intrinsic parity sector and 5(13) LECs in the odd sector.

© 2011 American Physical Society
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of which scales as O(Ng) and the interaction of which is
suppressed by an appropriate power of 1/./N¢. Such a
large N representation of the correlators can be recon-
structed using the effective Lagrangian L,,, including the
GB and an infinite tower of resonance fields with couplings
of the order O(N(l;"/ 2), according to the number n of
meson fields in the interaction vertices. The 1/N expan-
sion is equivalent to the quasiclassical expansion; thus at
the leading order only the tree graphs contribute and each
additional loop is suppressed by one power of 1/N.

Though L, is not known from first principles, the
information on the large N, hierarchy of the individual
operators together with general symmetry assumptions
allows one to construct all the relevant terms necessary
to determine the LECs in the leading order of the large N
expansion up to a given chiral order. The large N approxi-
mation of LECs can then be formally achieved by means of
integrating out the resonance fields from the Lagrangian
L. One gets LECs expressed in terms of the (unknown
from the first principles) masses and couplings of the
infinite tower of resonances.

The large N inspired phenomenological Lagrangian
suitable for the resonance saturation program for LECs
can then be obtained as an approximation to L, where
only a finite number of resonances are kept. Such a trun-
cation of L, seems to be legitimate at low energies, where
the contribution of the higher resonances is expected to be
suppressed. However, the lack of an effective cutoff scale
which could play a role here analogous to Ay for ChPT
prevents us from interpreting the resonance phenomeno-
logical Lagrangian as a well-defined effective theory in the
usual sense. It is rather a QCD inspired phenomenological
model which should share as many common features with
QCD as possible. The latter principle generally puts vari-
ous constraints on its effective couplings. For instance, the
finite number of resonances involved generally corrupts the
asymptotic behavior of the correlators required by pertur-
bative QCD and OPE. However, it is natural to expect that,
for the correlators which are order parameters of the
spontaneous chiral symmetry breaking, the latter behavior
extends down to the region of applicability of the phe-
nomenological Lagrangian; thus, it is desirable to ensure
the correct asymptotics by means of adjusting its cou-
plings. This is, however, not enough to fix all of them
(often it is not even possible to satisfy all the OPE require-
ments at once by a finite set of resonances); therefore,
further phenomenological input is needed.

At the leading order in 1/N¢, the above strategy for the
determination of LECs is essentially equivalent to a similar
approach known as the minimal hadronic ansatz (MHA)
[16]. Within this approach the correlators are approximated
by a meromorphic function with a correct pole structure
corresponding to the resonance poles, and the free parame-
ters are fixed, both by OPE constraints and by experimental
inputs. Only a minimal number of resonances are taken

PHYSICAL REVIEW D 84, 014036 (2011)

into account, just those necessary to satisfy all the relevant
OPE (when only the lowest resonances in each channel are
included, the method is called the lowest meson dominance
(LMD) ansatz [12,16], but in this case not all OPE con-
straints are guaranteed to be met [12,17]). Matching this
ansatz to the low-energy ChPT expansion enables us to
determine relevant linear combinations of LECs.

The method based on the resonance Lagrangian is,
however, a little bit more general than the MHA or
LMD. On one hand, it enables us to determine (at least
in principle) the individual LECs, not only their linear
combinations connected with particular correlators; on
the other hand, it provides a natural framework for going
beyond the leading order in 1/N¢ by means of integrating
out the resonances at one-loop level [18-22], which also
correctly takes into account the renormalization scale
dependence of the LECs.

The above principles of construction of the phenome-
nological Lagrangian with resonances have been known
since 1989 when the seminal paper [23] on what is now
known as resonance chiral theory (R yT) was published. In
this paper the resonance saturation of the O(p*) LECs was
studied systematically, while the O(p®) LECs of the even-
intrinsic parity sector of ChPT was systematically ana-
lyzed 17 years later in [24]. For a recent review and further
references see [25].

The study of the odd-intrinsic parity sector of R T with
vector resonances and corresponding saturation of the
LECs for the O(p®) anomaly sector of ChPT started in
[12,26-28], where axial-vector resonances were also in-
cluded and where the particular operator basis of the RyT
Lagrangian contributing to the correlators of interest was
constructed. The influence of pseudoscalar resonances on
the odd-intrinsic parity LECs has been studied in [11,12]
and the corresponding part of the RyT Lagrangian has
been constructed in [29] (see also [30]). In this paper we
resume this effort and construct the most general odd-
intrinsic parity sector of the RyT Lagrangian, including
the lowest multiplets of the vector V(1™ ), axial-vector
A(17Y), scalar S(0T"), and pseudoscalar P(0~") reso-
nances. In the 0~ channel we thus introduce, besides
the GB, the lowest non-GB resonance multiplet; therefore,
we go beyond the LMD approximation (our correlators
then correspond to what is called in [12] the LMD + P
ansatz). The resulting Lagrangian is then used for the
lowest-resonance saturation of the O(p®) anomaly sector
of ChPT. We also illustrate the general strategy of match-
ing the correlators with OPE on the concrete example of
(VVP) and (VAS) three-point functions and discuss related
phenomenological applications.

The paper is organized as follows. In Sec. II we fix our
notation and briefly mention the principles of the construc-
tion of the Lagrangian of the R yT. Section III is devoted to
the presentation of the complete basis of the odd-intrinsic
parity sector of RyT. In Sec. IV we discuss related

014036-2
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phenomenological applications, and in Sec. V we give the
results of the resonance saturation of the odd-intrinsic
parity O(p®) LECs. A brief summary is provided at the
end. The large N counting of the relevant operators is
discussed in Appendix A, and the operator redefinitions
and reduction of the Lagrangian is studied in Appendix B.

II. THE RESONANCE CHIRAL THEORY

The LECs represent nonperturbative characteristics of
the low-energy QCD correlators in the chiral limit and, as a
consequence, their values do not depend on the quark
masses. In what follows we will therefore work in the limit
mg, — 0 without loss of generality. This simplifies the
calculations of the LEC saturation considerably.

The standard basic building block which includes the
octet of the GB (here we assume that 1’ has already been
integrated out of our effective Lagrangian; for details see
Appendix A) is

u(e) = exp(i \;;F) (n

where ¢ :715)1%')", Al being a standard Gell-Mann
matrix and

PHYSICAL REVIEW D 84, 014036 (2011)
u, = u}: = i{uT(B# —ir,)u—u(d, — M#)uT},
x- = utyut = uxtu, Y = uFtut = utFR,

hyy =Vu, +Vou, 3)
with y = 2By(s + ip), where s and p stand for the scalar
and pseudoscalar external sources. The vector source v#
and the axial-vector source a* are then related to the right
and left sources r* and €# by the relations v* = %(r“ +
€*) and a* = L (r* — €#), respectively, and F}'} are the
corresponding left and right field-strength tensors:

FRY = arr” — avr* — i[r#, r¥],

, , )
Fi" = okl — oviv — i[1*, 1]
The covariant derivative is defined by
V,X=9,+[[,X] 5)

where the chiral connection is
r,= %{MT(B# —ir,u+u(d, — il#)uT}. (6)

Inspired by the large N limit the GBs couple to massive
U(3) multiplets of the types V(177), A(1*"), (0™ ), and

04 1 + K+
VAL m P(0~"), denoted generically as a nonet field R. This field
d(x) = T - 713 w0 + 716 N K° can be decomposed into the octet Rg and singlet R, via
K~ K° -3 1 Ai
V6 18 R=—=Ry+ Y “LR; %
@ V2
One can form the basic covariant tensors [5,31,32] The explicit form of the vector multiplet V(1™ 7) is
Vlip0+7'ga)8+71§w| p" K**
Vi = P _71§P0+713w8 +71§w1 K* ®)
e <0 _ 2 1
K K T EO

(and similarly for other types). Here we use the antisym-
metric tensor field for the description of the spin-1 reso-
nances. The reason is that, though it is, in principle,
equivalent to the Proca field formalism [see [33,34] for
the general discussion of the equivalence at the orders
O(p*) and O(p°®), respectively, and [35] for a particular
discussion of the one-loop equivalence], the antisymmetric
tensor has several advantages. This tensor field naturally
couples to the lowest order O(p?) chiral building blocks
without derivatives, and therefore it does not require addi-
tional contact terms necessary to compensate the wrong
high-energy behavior of the amplitudes and form factors of

I

interest.> Moreover, when using the Proca field without
such contact terms, it is not possible to saturate the O(p*)
LECs in the even-intrinsic parity sector. On the other hand,
there is a contribution generated by the Proca fields for the
O(p®) LECs of the odd-intrinsic parity sector (see [24,34]).
However, integrating out the resonances from the antisym-
metric tensor field Lagrangian generates a much richer
structure of the resulting effective chiral Lagrangian which
covers almost all the structures resulting from the Proca
field formalism. A consistent way to incorporate the ad-
vantages (if any) of both approaches at the same time is the
first-order formalism introduced in [34]. The price to pay

’In fact, for some correlators calculated within the Proca field formalism, the OPE constraints cannot be satisfied unless operators of
the higher chiral order [i.e. those which contribute only to O(p®) and higher LECs] are taken into account.

014036-3
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here is its relative complexity. The discussion of such a
general case is beyond the scope of this paper, and we leave
this subject open for future studies.

According to the large N counting of interaction verti-
ces with resonances, we can organize the Lagrangian Lt
of RxT as an expansion in the number of resonance fields,

‘ER)(T = £GB + -ERR,kin + LR + LRR’ + £RR1RH + ...,
®

Here Lgg contains only Goldstone bosons and external
sources and includes terms with the same structure as
the usual SU(3); X SU(3)y ChPT Lagrangian, but the
coupling constants are generally different. The resonance
kinetic terms £ g in, which are of the order O(N2), have
the form

L RRkin — 7%<V#R/LVVDIR(1V> + %M%<RI‘“}R”V>
+ XVR'V,R') — IM%(R'R'), 10

where R stands for V#” and A*” while R’ stands for S and
P. The terms Lz, Lgpi, and L gpipr collect the interaction
vertices linear, quadratic, and cubic in the resonance fields,
respectively.

There is also another type of expansion for Lg,r. It is
based on the ordering according to the contribution to
chiral coupling constants. Within this counting, the reso-
nance fields are effectively of the order

R = 0(p?), an

while the chiral building blocks with GBs are only counted
in the usual way. For Lgg it is therefore just the usual
chiral power counting. Combining this with the large No
expansion (9) we can write

— r@ “) @ (6) )
Lryr = Lgg + Log + £RR,kin + 'ERR,kin + Ly

+ LY+ LY+ L+ L

12

where the subscript () stands for the contribution to the
O(p™) chiral constant. For our further discussion we will
explicitly need

F2
2) _
L=

T(uﬂu” + X+ (13)

The leading order of the odd-intrinsic parity sector of Eg])g

coincides with the Wess-Zumino-Witten (WZW)
Lagrangian [36] £$)zw~ For the explicit form of the even

parity part L(é% and the complete L(&, see [3,5,8] (see also

[7D.

The most general interaction Lagrangian Lg) which is
relevant for the saturation of the O(p*) LECs [23] is linear
in resonance fields, namely,

PHYSICAL REVIEW D 84, 014036 (2011)

LY = cSutu,) + c,(Sx+) + id,(Px_)

-dmO FV v
PP )+ LV,

NPHX-) 3V, f)

iGy F,

Vlut, u’ ) + —=(A,, 1), (14)

N 22
and all the couplings are of the order O(Nlc/ %). This is true
also for the first term of the second line with two traces
which is enhanced due to the 5’ exchange [see Appendix A,
especially (A20)]. This term with d,,, (depending solely on
the singlet component of P) has not yet been studied in the
phenomenology, as it always contributes to the saturation
of LECs together with the large N enhanced 7’ exchange.
The complete operator basis of the O(p®) even-intrinsic
parity of R T has been constructed in [24].

Integrating out the resonance fields at the tree level we
reconstruct the Lagrangian L pr of ChPT, schematically

exp(ifd“xﬁxpr) = fDRexp(ifd“xﬁRXT). (15)

The integration over R can be effectively done by insertion
of the solution Rggy of the classical equations of motion
into the Lagrangian Ly ,r and keeping only the terms up to
(and including) the order O(p®). Let us expand Rgoy as

Reom = R® + AWR, (16)

where R? = O(p?) and AWR starts at O(p*). Then R? is,
at the same time, the solution of the leading order equa-
tions of motion (i.e. those derived from Lg))(T = £(I?I)€,kin +
£§;‘>). Inserting now the expansion (16) into Ly, the
A@R can contribute to the order O(p°®) only when Rpoym
is inserted into the leading order Lagrangian Eg))(T and then
expanded at R® up to the terms linear in A®R. However,
the coefficients of these linear terms are just equal to the
leading order equations of motion calculated at R and
therefore they vanish. As a consequence, effectively up to
the order O(p®) the integration over R is equivalent to the
insertion only of the solution R® of the lowest order
equation of motion into the Lagrangian Lg,r. Because
the resonance field R couples to the O(p?) building blocks
in Lg) and the resonance masses are counted as O(p"), we
are consistent with the chiral counting (11). Finally, we get

Lor=LY+LY+LP+...

with an explicit separate contribution from the Goldstone
boson part of the R yT Lagrangian Lgg and the leading N
contribution of the resonances

£ =1rd, a7
LY = L8+ L, (18)

where, particularly,
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@ _(r@ )
L)(,R - (LRR,kin + 'ER )lR—>Rm’

©6) _ (r© (6) (6) (6)
EX,R - (£RR,kin + Ly + LRR’ + LRR’R”)|R—>R(2)'

The structures of the Lagrangians £((;11)3 and L():}e are iden-

tical to Lg’); just the couplings are different. Then for
generic chiral coupling constants k, of L pr, we may write

ky = kop + kyr, (19)

where k,  corresponds to the resonance contribution. The
usual hypothesis of resonance saturation assumes the ex-
istence of the saturation scale u at which the renormalized
kgp 1s very small and where the resonance contribution
k r is expected to be dominant.

The above resonance saturation strategy and the con-
struction of all relevant operators have already been
studied. The basis for all relevant resonance operators
contributing to @O(p*) and their contribution to LECs
were established in [23], while in [24] the authors presented
the extension to @(p®) in the even-intrinsic parity sector.

In this paper, we complete this effort by presenting the
construction of the basis and resonance saturation at O(p®)
in the odd-intrinsic parity sector.

III. LAGRANGIAN OF RxT IN THE
ODD-INTRINSIC PARITY SECTOR

Before starting the construction of resonance mono-
mials, let us summarize the structure of the pure
Goldstone boson part of the odd-intrinsic sector. The lead-
ing order starts at O(p*) and the parameters are set entirely
by the chiral anomaly. The Lagrangian is given by [36]
(see also [8]; note we have the same convention for the
Levi-Civita symbol, i.e. €yjp3 = 1):

_ Ne e [1 gttt ot ot ot @
Ly = o e B{L dt(oholotol
- i<W/u/aﬁ(Ur l’ r) - W/U/aﬁ(l, l; r))}: (20)
with

Wovap=LuLyLoRg +%L#RVLQRB +il,,LoRg
+iR,,LoRg—io, LR, Lg+0,R,,Lg
—o,o,RLgto, L, Lygt+o,L,Lg—ioc,L,L,Lg

+io,L,0,Lg—ioc,0,0,Lg—(L—R),

where we have defined

L, = ul#uf,

P L, = uaul,,u‘t, R, = u*rﬂu,

s

R,, = uaur,,uT,

o, = {ut, o it}

and (L < R) also stands for the o < ot interchange. The
power & indicates a change of u to uf = exp(i£p/(F~/2)).
Concerning the O(p®) part, we will stick to the form

introduced in [8]. Let us only note that we will drop the

PHYSICAL REVIEW D 84, 014036 (2011)

index r and the explicit dependence on the renormalization
scale p from the corresponding LECs CY, but one should
have in mind that any C}¥ studied in this text is a renor-
malized LEC with a scale set to some reasonable value
(~ M,, M) to make good sense of the following study.

For the construction of the operator basis in the odd-
intrinsic parity sector of Ry7, we use the same tools as
employed in [24], where the reader can find further details.
First we construct all possible Hermitian operators built
from chiral building blocks and resonance fields that are
invariant under C, P, and chiral transformations. Then, in
order to find the independent basis, we use the following.

(1) Partial integration.

(2) Equation of motion,

v, =3(e —y-00) e

(3) Bianchi identities,
v,r,,+v,r,,+V,I,=0

1 i
for Iy, = 3 [ ] = 5 f e 22)

(4) Shouten identity [37],

gapEaBp,V + ganB,qu + go’ﬁe;wpa

+ ga',u,elfpaﬁ + ga'Vepa,B,u. =0. (23)

(5) Identity,
VEh,, = V., hi — 2[u*, iI‘M,,] —VEf . (24)

All relevant operators in the odd parity sector can be
written in the form
X
oY= s“”“ﬁ@mmﬁ, (25)

with the basis for individual monomials (Af)ﬂmﬁ, where

X=V,A P, S, VV,AA SA, SV,VA, PA,PV,VVP,VAS,
AAP; so the Lagrangian becomes

D Y
X i

The basis of the operators (AD,)-(M,,W is summarized in
Tables I, II, III, IV, V, VI, and VII. We have included there
only the operators relevant in the leading order in the 1/N
expansion, i.e. operators with one flavor trace and those
with two traces that are enhanced by n’ exchange (see
Appendix A for details). This represents the main result of
our work.

As is shown in [24,34], we can further modify the
resonance Lagrangian (26). The reason is that the reso-
nance fields play merely the role of the integration
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TABLE I. Monomials with one vector resonance field.
i Ol,u,VaB i @xuvaﬁ
1 VA (h*u,uf — uPu,h®o))y 11 (VAP f‘”}}g -
2 KVA(ugh®uP — uPh*ou,) 12 (VE{f7’, ﬂ”})g -
3 VA (u uPh®” — h*ouPu,)) 13 l(V’“faBX,\/ )
4 i[ver, vy, Juf) 14 ivertref x )
5 KV, ugu]) 15 KVrefes, x, ]
6 KVA(FeouPu, — u,uP £27)) 16 <V‘“’{V“fﬂ” Uy}
7 VA (uy feouP — ub feou,)y 17 (VA{V 97, ufly
8 VA (feTu, uf — uPu, 7)) 18 Ve ucuPy(y_)
9 Ve, uubl)
10 (VA u® y_uPf)y
TABLE II. Monomials with one axial-vector resonance field.
i Ol,u,VaB i @I,U.VD(B
1 (AP TuuP, u,u) 10 AP uXVPy_)
2 (AP Tuu’uP, u) 11 i(APP{f2B x_ 1)
3 (AP {V2RB by 12 (AP {V x_, uP}y
4 KA FSE, uou, )y 13 A"y, uufl)
5 WAR(fTuguf — uPu 97y 14 AR fP x )
6 AR (f17uPu, —u uPra”)y 15 (AR{VAFET 0,
7 AR fETuP = uPfu,) 16 ARV, 20, )
8 (amrifac, by
9 KA F2F Yy )
TABLE III. Monomials with one scalar or pseudoscalar reso-
nance field.
i OI,LLVaﬂ i @l}LVﬂﬂ i Ozp,va/}

(Putu’u®ufy 1
(P 2P 2

(SLFEP, utu”l)
(SLE", f2PD)

L (Plrer, fefy) 4
2 KPuftuPy 5
3 KPS ) 6

TABLE IV. Monomials with two resonance fields of the same
kind.

i Operator (meﬁ, R=V,A Operator O,#,,QB, R=P,S
1 i(R™RBY(x )

2t iR, R*PYy )

3* AV, R*, R }uP)

4 (VERM R*Yu,)

TABLE V. Monomials with two resonance fields of different
kinds.

i Operator o i Operator (9, uvap Operator os"

i([ver, S]f<F)
(Ve vesluf)

iwvap invap
" iqar, SRy 1

2% (AMV[S, u®ufly 2"

PHYSICAL REVIEW D 84, 014036 (2011)

variables in the path integral (15) and can therefore be
freely redefined without changing the physical content of
the theory. As a consequence, we can choose an appropri-
ate field redefinition in order to eliminate some subset
{OX}x »yem of O(p®) operators from £ s, “dd) and shift their
influence effectively to the O(p®) terms, including the
remaining operators {OX}(X ney and also to the higher

£(>6 odd)

chiral order terms , symbolically

r(6odd) _

L ZKX Of = Y WFOr+ L5 @

(XDEM
The possible new terms £ >6 Odd) of the order O(p?®) and
higher generated by such a redeﬁnition can be neglected
because they do not contribute to the O(p®) LECs when the

resonance fields are integrated out. Note, however, that
after such a truncation we get a new Lagrangian,

(6,0dd) _
RXOT B Z

(X, )EM

W ox, (28)

which is not equivalent to the previous one on the reso-
nance level. On the other hand, the LECs obtained from

Eg;{ld) coincide with those derived from L{g’("Tdd).

The stars in Tables I, II, III, TV, V, VI, and VII indicate
those operators which can be eliminated by the resonance
field redefinitions discussed above and mean, therefore, a
redundancy of a given monomial as far as its contribution
to the resonance saturation is concerned. The details are
shown in Appendix B. Note, however, that this redundancy
concerns only the saturation and not the direct calculation
of the correlators and amplitudes with resonances in the
initial and final states. We will return to this point later on.

In the following section we will demonstrate the use of
the resonance basis for two classes of examples. The
resonance saturation will be studied in Sec. V.

IV. APPLICATIONS
In this section we illustrate applications of the
Lagrangian L} 6°dd) using two examples. We study two

three-point correlators, namely, (VVP) and (VAS), and
use both OPE constraints and phenomenological inputs
to fix the relevant coupling constants. In the first case we
also discuss some phenomenological applications in more
detail.

A. VVP Green function revisited
The standard definition of this correlator is
H‘;Lbf(p, q) = [d4xd4ye"1"”"‘1'y(0|T[Vz (x)VE(y)P<(0)]0)
(29)

with the vector current and the pseudoscalar density
defined by
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TABLE VI. Monomials with two resonance fields of different kinds.
i Operator (b,-‘;f,,a 8 i Operator (AQ,(Z\W 8 i Operator @f;vya B
I (VAR uu,]) 1 {arr, PyfF) v, Pu®uf)
2" VA (A u, uP — uPu,A")) 2" AR, Ve PluP) 2" (VA u® PuP)

3* i(VEY (A uPu, — u, uPA)
4* VA (u, A uP — uPA“u,))
5" {vrr, AP ) g

6" i(ver, ARy )

3* (e, PPy

TABLE VII. Monomials with three resonance fields.
i Operator (bf: VRa 8
1* (vrryebp)
> Ve, AP)S)
3" (A*Y A*B P)

/\a
Pi(x) = é(x)iysyq(ﬂ
(30)
14,2,,3

(our convention is ys = iy%y'y?y?). This correlator was
already studied in the past; see e.g. [11,12,28,38]. Here we
provide a complete result based on our L, i.e. also with
two- and three-resonance vertices that were not considered
in [28]. Using Ward identities and Lorentz and parity
invariance, one can define

() = d* €,,app®aTL(P?, 4% 7).

The OPE constraints dictate, for high values of all inde-
pendent momenta [up to possible O(a;) corrections; see
[3911,

Vi) = 2097, 5 400,

(€Y

BOF2 p2 + q2 + 2

22,2

((Ap)% (Ag)*: (Ar)?) = YU

ofi)
(32

whereas in the case where only two operators are close to
each other, one gets

ByF? 1
2

1
(PP (g = Ap)sg?) = =2 p2q2+@(ﬁ), (33)

11 1
PP, g5 + ApP) = Thure?) + 0(35). 39
In the following we will use only all-large-momentum
OPE (32). The reason is that, for a general correlator, not
all the high-energy constraints can be simultaneously sat-
isfied using only a finite number of resonances in the
effective Lagrangian. This statement has been proved in
[17] for the case of the (PPS) three-point function. For the
(VVP) this problem has been partially studied in [12] (see
also [38,40,41]).

By means of an explicit calculation based on Ef;}ld)

(the relevant Feynman graphs are depicted in Fig. 1) we get

1 TIRAT(2, g2 ) — — N¢ 4F2 1YV p? _1632d,FykbY 32d,kt
By 16722 P(p*—=Mi) (> —M3) (P> —MP)(r*—M2) 1> —M3
_ 8d, FikVVP N 2F% 8KV — K1V
(P* = M)(q* = M) —M3)  (p* — M3)(q” — My)
2\2F
- 2 =0) ]l‘:lz)[]JZ(KY6 +2k1,) = ¢*(klg — 261, + 2k1y) — P8k}, + kg +2k],) ]+ (p—=gq).  (35)
p 4
From OPE (32) we then get the following constraints for the couplings:
N N N
/- C s Vo c Vo c P _
K{, = , Kig + 2K|, = — , Ki; = — ) K5 =0,
4 056\2m2Fy 16 12 32272Fy 17 6422 Fy 5
v Pt 16v2d,,Fyif’  NeM3, gtV _ v — 36)
2 32F2 5122 F% 2 5 8F

By employing these constraints one gets®

*Note that these constraints also automatically imply the fulfillment of (34). However, the requirement (33) cannot be satisfied until
«&V = 0, which is in contradiction with another high-energy constraint for a related pion transition form factor; see the next subsection

(cf. also [12]).
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r
~®p° ®
O A

FIG. 1.

PHYSICAL REVIEW D 84, 014036 (2011)
&

Feynman graphs contributing to the VVP Green function. Double lines stand for resonances and dashed lines for GBs

(double lines together with dashed lines show the sum of both possible contributions). The crossing is implicitly assumed.

NeM
F2 (P’ + ¢ +7°) — g

16d,,F2k"VP

LHRXT(pZ’ g =
By

2 (PP - MY)(g? — MY
_ 16\/§d,,,FVK§V[(p2 + ¢*)M3 — 2r2M%,:|

(= MR)(p* — My)(q* — M3)

PR = MG — M) ("~ M)

This should be equivalent to the LMD + P ansatz intro-
duced in [11] so that the two independent constants b and ¢
introduced there are directly connected with the phenome-
nological couplings x}¥ and x"V”. Considering just vector
resonance interactions, kVV? = V' = 0 [or equivalently
taking the limit Mp — o0 in (35)], we can reconstruct the
LMD ansatz [12]

»
P2 (PP + @+ ) — 1

2 (PP - MA(P - MR 58

1
[IIMD (2 02. 42) =
By (p* g r

The result in ChPT up to @(p®) at the leading order in
1/N¢ expansion includes two LECs from the O(p®)
anomalous sector,

8CY(p* +q%)

1 Nc¢
B—OHChPT(pZ, q*rt) = S22 +32C% — 2

87
(39
Comparing this with a low-energy expansion of the RyT

result (35), we give the following lowest-resonance con-
tribution to C¥ and C¥, (cf. also Sec. V):

v = FL8kYY = &YV d, Foe"VF _ \/-2-deka‘/
sM7, 2MEM, MZM?,
_ FyQxly + 8y, + kY) | 2d,kE
42M3, M
C§Vz _ FVKY7 _ F%/K%:V 40)
2M3 o 2My,

Using the OPE constraints (36) we obtain

v _ PP APy (V2R MS + Py

77 A, 2MEMY, :
P N 232d,, Fy iV
Cgvz:_ Tt 2C 2 \/_m4VK3 (4D
16M% " 64 M, M

(37

1. Form factors

Let us define fully off-shell form factors for the P*y*y*
vertex, where P can represent either the pion (or any other
Goldstone boson) or pseudoscalar resonance via

1
F pyy (% g5 = Z(rz = m)U(p? g% %), (42)

where the Z factor interpolates between the pseudoscalar
source and 2. Let us discuss in detail the 77°yy form factor.
We have Z o = 3/2BF, and using the OPE constraints (36),
we can define (note we are working in the chiral limit)

FRT (2, g r2) = 2

2 RxT
F i L et T SRR

where TIRXT(p2, ¢%; r?) was introduced in (37). For an on-
shell pion the x"V” drops out (note that this is not connected
with the chiral limit simplification) and we get a simple
result,

Fo, (P2 a%:0)
_F (PP )+ 32D ) — s B
3 (p* — M})(g* — M)
Dropping «£"

Fo (P2 % 0) v

(44)

we can again reconstruct the LMD ansatz,*

7777
2 N{'MV
F, PPH¢—i5%
= Fuw no)="r AT 45
IR P P

Using the Brodsky-Lepage (B-L) behavior for a large mo-
mentum [43,44],
: 1
B-L cond.: lell‘l:loofﬂuyy((), Q% m2) ~ — &

“For p* =0 we reproduce the incomplete vector meson
dominance (VMD) ansatz for the semi-off-shell form factor
studied in [42] with the free parameter ¢ expressed in terms
of the coupling «%".

(40)
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one can arrive at the following constraint
F2

322d,,Fy
Before discussing a possible violation of the Brodsky-
Lepage condition, let us study the influence of the constraint
(47) on the original VV P Green function. The IT®XT corre-
lator in (37) will now depend only on one constant, *”, and
we get

IR, )
By

B-L cond.: k§V = — 47)

NeM?,
_ PP+ ) -

2 (P M) - M)
P+ )M~ 27
2 P07 — Mg — M — M)
_ 16d,,F%x"VF
(F = M) ~ MR)(q* — M3)’
The violation of the OPE (33) is manifest here. The remain-
ing constant «"V? will drop out for an on-shell pion in the

(48)

PHYSICAL REVIEW D 84, 014036 (2011)
RYT
B-L cond.: fﬂo"w(pz, q%;0)

_ Ne M3,
127F (p* = M})(q* — M)’

49)

For completeness, let us also provide the ChPT result. From
(39) using (41) we have

N, P>+ q* 47’ F?
ChPT ()2 2.0y = — - C [1+ (1_
Tt 450 =~ 7 op M} NeM?,
d,,F
X (1 + 32\/5# K§V)>:| (50)
and

B-L cond.: FOFT(p?, g2,0) — — ¢ (1 N q2>
Ty 127 F My )
(5D

For the reader’s convenience let us also summarize pre-
vious results based on the VMD and LMD + V ansitze’
[12] (see also [38] for corresponding terms in Lagrangian

form factor, and one gets formalism):
N¢ M3 M3
FOP(p? g% 0) = — y VY (52)
™y 127°F, (p* — M}) (¢> — M})
Fvov(2 2. — Fa P’¢ P’ + @)+ h(p* + ¢ + hap* + hs(p® + 7)) + Iy 53
Ayy WP AHY) T T T 202 — M — MR — 2 , (53)
(p v,)(P Vz)(q Vl)(q vz)
T
with (valid in the chiral limit) F?
KBV = ————— (1 + 8p.p). (55)
Ne MM, 32V2d,,Fy

hy

47> F2

We therefore have the following relation [compare with
(45)1,

F iy, (0% @ 0lgr = FIN0 (P2 4 0).

Now let us turn back to the Brodsky-Lepage condition. We
have seen that it has important consequences on the actual
form of the 7 — y — 7 form factor within R yT. However,
recent the BABAR measurement [45] showed phenomeno-
logical disagreement with this condition. There are also
theoretical arguments [17] which showed that high-energy
constraints cannot all be satisfied for a given form factor
within the ansatz with only a finite number of resonance
poles. (For a recent study on the Brodsky-Lepage revision,
see [46]; see also [47] and references therein.) We will thus
relax the Brodsky-Lepage condition by allowing a small
deviation from (47) parametrized with o1,

RxT

vy (54)

Its actual value can be set by fitting the BABAR and CLEO
data. In this fit, and also in the following phenomenological
applications, we set

My =m, ~0.775GeV,  Mp=m, =13 GeV,

F=F,= 9222 MeV (56)
and also (for details see [48])
Fy =F,=1463 = 1.2 MeV, d,, =26 MeV. (57)

The new BABAR data indicate an important negative shift
in 6p-r, with the result

Sp-. = —0.055 = 0.025. (58)

5The LMD + V ansatz adds one extra vector multiplet in
comparison with the LMD one (45). This corresponds to MHA
for which all the OPE and B-L constraints can be satisfied
simultaneously.
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FIG. 2 (color online). The CLEO (blue points) and BABAR
(green squares) data with the fitted function fi{;ry(o, —-0%0)
defined in (44) using the modified Brodsky-Lepage condition in
(55). The solid line is for dg-; = —0.055, and the (blue) dotted
line stands for the standard B-L condition (i.e. dg.p = 0).
The dot-dashed (red) line shows the fitted function
A(Q?/(10 GeV?))P with A = 0.182 GeV and B = 0.25 as ob-
tained by the BABAR Collaboration [45]. The asymptotic 2F is
represented by the horizontal dashed line.

Our fit, together with CLEO and BABAR data, is depicted
in Fig. 2.

2. Decay p — my

In this subsection we illustrate a particular phenomeno-
logical application of the above results, namely, a predic-
tion for p — 7y decay. For this process we can use a
connection with the off-shell 77yy form factor introduced
in the previous subsection. First, let us define the amplitude
A for the process p*(p) — 7t (p)y(k) (we will use only
the charged decay process to avoid the discussion on w-p
mixing for the neutral one):

1
T 83

r ZIAp—m’ySﬂyaﬁpaqﬁep(p)e,;(k)lz
pol

e, (59)

from which we have already factorized out the Levi-Civita
and momentum dependence. Similarly, one can define the
amplitude for 7%(p) — y(k)y(I),

1 (e (DL
F’Iro—‘yy = E%lﬂﬂ”—wysﬂ Bkalﬂeﬂ(k)eu(l)lzﬁ
(60)

The connection with the 7y form factor is obtained via

A ‘ lim (g% — M) F 1,0, ¢%0) (61)

PV D FyMy g

and quite simply,

PHYSICAL REVIEW D 84, 014036 (2011)
A oy = EF 1,(0,0;0). (62)

Putting these two definitions together, we can extract the
ratio and the corresponding parameter x [11]:

2eFy | Ay
My

A

=1+x (63)
=YYy

Using the experimental value I',_ ., = 68 = 7 keV, this
parameter was obtained to be equal to x = 0.022 = 0.051
in [11] based on the 1992 edition of the particle data book
(the same number was also used later e.g. in [12]).
Updating this prediction with a new experimental input
we can get a flip in the sign,

exp: x = —0.003 = 0.054. (64)

The change is mainly due to a new value of Fy (studied e.g.
in [48]) and a new precise measurement of the 70 lifetime
by the PrimEx group [49] (see also [30]).

Within our formalism, the parameter x defined above is
proportional to the deviation from the simple VMD ansatz
(52), or in other words, from the exact Brodsky-Lepage
condition [cf. (54)]. Using (44) and (55) we get, in terms of
Op-L»

. 4772 F?

x - 27
M2N,

OB-L- (65)
The results of the previous subsection allow us to make a
rather precise determination of this value (cf. also a similar
fit in [42] which yields a compatible value of x),

R xT: x = —0.010 = 0.005, (66)
which, using (63) and experimental input for Fw"—»w» leads
to the following prediction:

RYT: T, = 67.0 2.3 keV. (67)

3. Decays of 7(1300)

In the previous section we have obtained a prediction for
the p — 7y decay width. However, it was based on the
ratio of two decay widths [cf. (63)] and the experimental
input from one of them. We could also predict the absolute
value for p — 7y directly from (59) and (61) without the
necessity to use the experimental value of 7° — y7y (in
fact, we will discuss briefly the latter process in the very
next subsection), but one should remember that we have
been making several simplifications; namely, we are work-
ing in the large N limit, using only lowest-lying reso-
nances, and we are in the chiral limit. All together, within
this approximation we cannot expect the accuracy of the
result to be better than 30%—40%. On the other hand, one
can expect that some of the systematic uncertainties will
cancel out in ratios similar to the ones studied in the
previous subsection.
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The same strategy can be repeated for 7(1300) decays.
In fact, we can work in exact correspondence; the two
decays would now be 7(1300) — py and 7(1300) —
yvy. The only problem now is that neither of these two
processes have been seen so far. The most recent limit on
(1300) — 7y by the Belle Collaboration [50],

r,”/_,yy <72 eV,

(63)

sets at least a rough limit in our studies. Using the defini-
tion (42) the main object needed here is

RxT
Fpyy (0% q*smp)

_ %F \/EK!;V(ZM%/ _ pZ _ q2) _ FVKVVP

(69)

30 (p? = MY)(g> — M)
The amplitude for 7(1300) — yv is given by
ﬂ 77/—>'y'y = eszyy(Oy 0; m%,./) (70)

and similarly for 7(1300) — p7 [see also (61)]. Then

ART _ 2 8\/'2'F 2\2kEYME — FykVVP o
T=yy 3 Y M, ’
ARt 42 2BV ME — Fyi"VP -
,77./4,!)7 - e 2 . ( )
3My M3

Both of these amplitudes depend on one so far undeter-
mined constant «"V”. Provided we have experimental
values of both the branching ratios, we could verify the
consistency of our model. In the present situation we can
visualize how one decay mode depends on the second one,
and this was done in Fig. 3. One can see that we have two
solutions for k""", as we have a quadratic equation for the
decay width as a function of k"V”, and neither of these two
solutions can be ruled out. Note that the full width for

20 ¢

Ty (keV)

0 20 40 60 80 100
TV

FIG. 3 (color online). The connection of the decay width for
7(1300) — yy and 7(1300) — py (note that we have two
possible solutions). The dashed line represents Belle’s limit
(68) on I' ., (the grey area is thus excluded by this experi-
ment).
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7(1300) is assumed to be between 200 and 600 MeV (see
[51]), so both processes are extremely suppressed for either
of these two solutions.

The experimental bound on I';._,,, can be used to get
the estimate of xVV”. In order to fulfill the limit (68), we
expect the numerator in (69) to be suppressed. This ex-
pected suppression leads, in analogy with (55), to the
following ansatz:

F*M?,
Kooy = —
vve 16d,,F?

(I +68,), (73)

with the parameter 6,4, which should be reasonably small.
In terms of this parameter we get the decay width in a
compact form,

r - (0‘7172
T \ev2d,, M,
~ (1514.0 eV) X (85 — 84)%

2
) 77”13,/(513—L =64

(74

and thus the extreme phenomenological suppression of
7(1300) — y7y can be understood within our formalism
to be due to the small factor (8-, — 8,)2. The experimen-
tal limit, together with (58), sets the allowed range for the
parameter &4,

—-0.27 =<6, =0.16, (75)
which is good enough to set the value of kyyp to
Kkyyp = (—0.57 £0.13) GeV. (76)

4. Decays 7 — yy and n — yy

As we have stated, the absolute decay widths are acces-
sible via our approach only with limited precision. For
instance, for the 7% — yy amplitude we have obtained
only a very simple prediction (62). It turns out, however,
that it agrees very well with the experimental determina-
tion. On the other hand, a similar determination for
n — vy would be a phenomenological disaster.

In order to go beyond the leading order, we can use the
chiral corrections calculated with ChPT. The most recent
study of the 7% — yy amplitude went up to NNLO [30].
The motivation for going beyond next-to-leading order
(NLO) lies in the fact that there are no chiral logarithms at
NLO [52,53]. At NNLO these logarithms, though nonzero,
are relatively small, so the C}" play a very important role.
We can therefore use existing calculations within ChPT
with our estimate (41) of C'. Here our approximation,
namely, the chiral limit, does not make any difference, as
by construction, LECs (C,W in our case) do not depend on
light quark masses. With the previous phenomenological
determination of the couplings k%" and kyyp, we obtain

F? M3
cy = m(l + 21‘4—1{(53_L - 6A))

~ (0.35 + 0.07) X 1073 GeV~2 77
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The second and last unknown LEC at NLO for 7% — yy
and n — yvy is C}f’ . Anticipating the result of the next
section and using the OPE constraints (36), we get

v — Ne  Nc  Fyxy | FoulV
S T68Mim?  S12mPMy \2ME o 2MY
dF? doF?
m0 — m0 ;/K\QVP’ (78)
96d,,M3M3;,  6M3M3,

where we have also dropped the term proportional to 6g-1,
because it is not numerically relevant. Unfortunately, at this
moment, similarly as for the already-mentioned d,,y, we
cannot make an estimate for «}; and x|V (all these cou-
plings are dominated by the 1’ exchange, cf. Appendix A).
We may, however, again connect the two-gamma decay
widths of 779 and 7. For example, we can set the unknown
CY¥ from the experimental value of T'(n — y). This was
done for the NLO 1 — y+y expression in [30]. There is an
ongoing project which should enlarge this calculation to the
NNLO within ChPT (for the preliminary results in the
SU(3) limit, see [54]). We thus postpone, as a future project,
the final determination of 7° — y7y based on the experi-
mental value Fn_,w. Let us only mention that, if we assume
that the NNLO corrections for n are indeed small as for
7% — 7, the value in (77) has roughly the influence at the
0.5% level for I' .o — 7y (with the opposite sign). A new
study of isospin breaking effects in [55] indicates another
shift of similar size (however, now with a positive sign), and
thus at this moment we do not expect a quantitative change
of the prediction made in [30].

5.¢6—-2

The main motivation for studying the VV P correlator is
probably hidden in the determination of the muon g — 2
factor. It is beyond the scope of this paper to discuss this
problem in great detail (for details see e.g. [56]). Let us
only mention that the main source of theoretical error for
its standard model prediction comes from hadronic con-
tributions, more precisely, from the hadronic light-by-light
scattering which cannot be related to any available data.
The hadronic four-point correlator VVVV is further sim-
plified into three classes of contributions: (a) 7 and K=
loops, (b) 9, 1, 1’ exchanges, and finally, (c) the rest,
usually modeled via constituent quark loops. It is clear that
this separation is not without ambiguity, and different
approaches can calculate the contribution differently, es-
pecially between (a) and (c) or (b) and (c). Our contribution
based on the VV P correlator study belongs to group (b). To
avoid inconsistency we will work in close relation to
similar work done for LMD or VMD ansitze [57-59].
Using the fully off-shell (i.e. including also the 7° off-
shellness) 7 — y — y form factor (43), we arrive at

aPHT = (65.8 = 1.2) X 10711, (79)

PHYSICAL REVIEW D 84, 014036 (2011)

TABLE VIII.  Contribution of the 7

g — 2 factor for different models.

exchange to the muon

Model aPET s pon
VMD 572
LMD 737
LMD + V “on-shell” 582
LMD + V “off-shell” 72*12
This work 65.8 = 1.2

In the error only the uncertainties of our model (i.e. its
parameters) were included. The systematic is mainly in-
fluenced by the above-mentioned ambiguity of how one
defines and splits the pion-pole and regular parts from the
(VVVV). We have put the cutoff energy at 10 GeV. For a
better comparison let us present in Table VIII predictions
for the studied contribution to the muon g — 2 for the
different models summarized in (53). We have recalcu-
lated there the light-by-light contributions based on VMD
and LMD ansiitze. We have also reevaluated the case of
LMD + V ansatz or, more precisely, its on-shell simplifi-
cation as defined in (53). Three unknown constants are set
similarly to what was done in [12]; i.e. h;, = 0 and hs is
based on the p — 7y phenomenology hs = 6.99 [ob-
tained for the updated value in (64)]. The full LMD + V
“off-shell” ansatz has seven parameters (for details see
[40,41]). One relation can be obtained from the chiral
anomaly, and others can be from Brodsky-Lepage behav-
ior, higher-twist corrections in the OPE and one-large
momentum OPE, together with data (CLEO for this
turn) we are still left with two undetermined parameters.
Their variations in a reasonable range set the final error for
the corresponding LMD + V value in Table VIIIL. Let us
note that the possibility of B-L violation, together with the
new fit of two parameters (k1 and hs), was also studied in
[40,41] with no influence on the central value of the g — 2
contribution. Having too many parameters is not the only
problem connected with the LMD + V ansatz. The status
of p(1450) as a first radial excitation of p(770) is doubted
by the possible existence of lighter p(1250) [60]. Its
presence is also supported by the study within AdS/QCD
approaches [61]. On top of that, the inclusion of the
complete set of all excitations in all channels (i.e. inclu-
sion of 77"") can again change the studied ansatz, similar to
what we have encountered for the first excitation [see (45)
and (54)].

Let us also note the quite astonishing coincidence of our
result with the most recent study based on the AdS/QCD
conjecture [62] a,’f = 65.4(2.5) X 1071,

B. VAS Green function

The (VVP) Green function studied in the previous sec-
tion represents, without any doubts, the most important
example of the odd-intrinsic sector of QCD. However, it is
not the only quantity one can analyze using our complete
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lowest-lying resonance model. As the second example, we
have chosen (VAS), which has not yet been studied (to our
knowledge) in the literature. It also enables us to demon-
strate the use of the ‘“‘second half” of our resonance
Lagrangian, i.e. those terms with 17* and 0" states.
We define (beware of the same symbol as for (VVP))

T2 (p, q) = [ dxd'yelP S O] TLVE ()AL() S (0)]0),
(80)

with [cf. also (30)]
_ e
AY(x) = g(x)y Vs >

Similarly as for VV P, one can write

H(p, q)i = f*€rapp®qP(p% %1%,  (81)

g Sp = 3007 g0

where r = —(p + ¢). In the resonance region, we have
Ln(pz’ g2r?) = Sﬁsz(KX _22"}/5) + 16\2/§FA ’;?4
B, pe—My q°—Mj

32¢,K5 16\/§FAchfA

FoM MR- M)

_ 8\/§Fvcm(2kfv +x5Y)
(p* = M3)(r* — M3)
16F 4 Fy /A

(q*> = M) (p* — M3)
16F 4 Fyc,,k"4S
(@ = M~ M) = M)

(82)
At high energies one can obtain the following OPE relation
(ct. [39]):
IL((Ap), (Ag)*; (Ar)?)
_BOFZ p2_q2 _ I’2
2/\4 p2q2 r2

+ (Q(ax, %) (83)

and again we will not consider here one-momentum OPE
limits. The high-energy constraint leads to

F2
32F4Fy’
F2

16\/§cm '

Finally, if we use these relations, we have only one free

parameter: x"45; the result is

S — A — V9,V VA _
Ky = Ky =0, Ky = 2Kjs, Ke =

Fy2i3V + 13Y) = 2F 4§41 = (84)

LHR)(T(p2’ )
By

2(q> = M3)(p* = M3)(r* = M)
(85)

F2(p? = q* —r2 = M}, + M3 + M3}) +32F yFyc,, "5

PHYSICAL REVIEW D 84, 014036 (2011)

From the theoretical point of view, we are thus in a better
position than we were for (VVP). After imposing OPE we
are left with one free parameter, whereas in the case of
(VVP) we had two [cf. (37)]. We can thus simply connect
all processes schematically, represented as

Vip, 0, K*, y,...)~ (A:ay, f1, K|, GB,W ...)
~(S:0,k,aq, fo, H...) (86)

via a single parameter. The problem is that they are very
rare and have not yet been measured; on top of that, the
status of some of the particle content is controversial by
itself (especially if talking about a scalar sector). The
parameter k"5 can be, however, set using other (not that
rare) processes it enters. One way is to check, in the next
section, to which of the 23 parameters it contributes, and
directly use the system of LECs. This can be done here
already within the calculation of (VAS). At low energies,
up to O(p®) one has

1
B I(p% ¢% r?) = —32C¥‘1. (87)
0

Comparing with the low-energy expansion of the full RyT
result (82), we get

v :FAK’]“4 Fy(kY —2k}s) | cuis | FpFyxlt
2M3 2N2M% M;  2MAM,
CaFy(2ilY +13Y)  Fuc,kft | FaFyc, k'S
20202 "
2EIEM,  AMIME | 2MEMMG
(88)
Using the OPE (84) we obtain
v _ F2[ 1 N 1 1 ] FuFyc, k"8
1~ e - :
64LMIME,  MAME  MAM? 2MAMEMS,

The knowledge of C} leads directly to the value of k"5

and thus to the rare processes schematically specified
above. The current attempts for a C}| estimation were
summarized in Table I of [63] with rather inconsistent
values obtained both from the phenomenology [64,65]
and from a model-dependent determination [63]. The
most precise value seems to be obtained from K™ —
I"vy data [66]: CJ = (0.68=0.21) X 1073 GeV ™2
[64]. Using the values set in (56) and (57), together with

Mg =m, ~9847MeV, ¢, ~42MeV  (89)

and the Weinberg sum rules (to get values of M, and F),
we arrive at

kA = 0.61 = 0.40 GeV. (90)

C. Short note on the field redefinition

The previous two examples were calculated using the
full resonance Lagrangian Lg’;’]‘}d). Here we would like to
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address the question of what would happen if one repeated
the same calculation but instead used the reduced reso-

nance Lagrangian Lff;’Tdd). This Lagrangian is established
in Appendix B and can be obtained from the full
Lagrangian (26) by dropping the operators marked by the
star symbol in Tables I, II, III, IV, V, VI, and VII, i.e. by
means of omitting 26 two- and three-resonance parame-
ters: kR, kA, w3V, k/A, kPA, kPY, kRRR and using the bar
over the rest of x¥ (see Appendix B 5). This can be
motivated by its equivalent contribution to the saturation
of LECs. This exercise was already performed in [24] for
(VAP) with an interesting finding, that after imposing the
OPE condition both results are the same. In our case the
conclusion is, however, different. Using the reduced reso-
nance Lagrangian we would not be able to simply fulfill the
OPE constraints by imposing some conditions on «%. In
addition, the precise definition of the reduced Lagrangian
is up to one’s taste. One can keep some of the two- or three-
resonance monomials and, in exchange, drop some of the
one-resonance terms (for example, dropping | and keep-
ing «¥V). One can also decide not to drop all possible 26
terms, but a smaller number. In all cases we have, in
principle, a big set of nonequivalent Lagrangians that can
produce different predictions, but still the same contribu-
tions to the resonance saturation. One can then obtain
curious conditions in order to fulfill the OPE (the relation
My = :‘/LNL is a typical outcome of such a study: it can be
c

obtained, for example, for the above-mentioned exchange
KV o k).

Thus we have to conclude that the equivalence of both
calculations in the even sector for (VAP) was just a coin-
cidence and it is not a general feature.

V. RESONANCE CONTRIBUTIONS TO THE LECS
OF THE ANOMALOUS SECTOR

We have seen in the previous two applications the
explicit examples of the calculation with the resonance
J

_ dmkf n ZﬁdeVKfv B \/EdeVng n \/EGVKX

PHYSICAL REVIEW D 84, 014036 (2011)

fields. A match between this result in a region of small
momenta (i.e. p << My) on one side and the ChPT result
on the other side enables us to extract the dependence of
LECs on resonances. In this way, we have obtained
within the VV P calculation C;’V and C;VZ [see (40)], and
from VAS it was possible to extract C‘ﬁ (88). The
dependence of all other CV on the parameters of the
resonance model can be obtained by systematically in-
tegrating out all resonances. A Lagrangian obtained in
this way can be expanded over the canonical basis of the
NLO odd-intrinsic Lagrangian established, for example,
in [8]. In this way, we have saturated 21 of the 23
constants, and only CY and C} stayed intact, as they
are subleading in the large N limit. The 5’ was con-
sidered (see Appendix A), and its contribution generated
by WZW is explicit in CfY, CY, and CI (see also [67]).
It is always the first term in these LECs (see below) to
stress its large N~ dominance over the rest. Generally,
we have the following expansion in the large N limit
for all C¥, schematically,

i

CY = a;N2 + b;Nc + O(NY), 1)

where a; # 0 for i = 6, 8, 10 and b; = 0 for i = 3, 18.

The field redefinition, similarly to what was done in
[24], was performed, and details are summarized in
Appendix B. To get exactly the same results for the follow-
ing constants, all 26 parameters denoted by stars in
Tables I, II, III, IV, V, VI, and VII can be dropped, and
for all others, a bar must then be added (bar parameters Kf
are defined in the last section of Appendix B). We prefer,
however, to use the original parametrization, as it repre-
sents a direct connection with the resonance phenomenol-
ogy and is thus simpler to use.

The explicit form of the resonance saturation generated
by the resonance Lagrangian defined in (26) is

232Gy . V2Gy kY,

CW
I VAN VAT A7 T ) 72
4Gk 3GRkYY  2«YVPd, G},
MY, 2MY, MMy
Wo_ FAK‘?3 c,,,Kf CmFAKgA \/EcmGVKISV CmFVng FVKX _ \/EGVKYS FAGVKXA kV4S¢, FAGy
*oaME o MR \aMAME S MEMG 22MEME  2\2M3 M3, M2M?, M2MAM?,
cy =o,
A P PV VA A A 2 AA
cw_ _ Fard _dug V2d,,Gy i} L FaFyri® 2Fuif  Furly | Fakls  F3xd
o 2 M MM 2MEM?, M> 2 2 4M}
242M3 P My AMy A 2V2M%  22M3 A
_ dyFarbt  d,FytV  2c465 _ \/EchAKfA \/EchVK]SV
22MEIME  \2MAMEL MG MM MM},
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cFyi3V  Fyxl _ \/—Z-FVKX Fyk!  Fyky _

Fyxd  \2Gy«kl, N FpFykl4

PHYSICAL REVIEW D 84, 014036 (2011)

VM, aME ML MR RME Mk MG
FAFVK;/A B 2FVGVK¥V kVASc F4Fy, B «YVPd,F,Gy
2MAM3 My, MAMIME, MM,

A P PA PV 14 14 Vv
_ Faxty duky | duFaky”  d,Fyky Fykly Gyky;  FyGykg

>

CW
MR My \DMAMR 2MGMG N2RMG N2M3, M,

MM,

CW=— 1 FAK‘E;‘ _FAF‘/K:\;A_F‘/'GvK%/V_Z\/EFAKQ+FAK"|AO
6 192M37*  32M3  3MAMS, 3MY, 3M3 2M3
B FAK’f‘5 n FiKQA _ 4cd/<§ 4 ZﬁchAKfA _ ZﬁchVKfV _ \/chkagv
32M2 0 6MYy 3M3 3MIM3 3MIM, 3MIM?,
B \/—Z-FVKY N 2\/§FVK¥ \/EFVKX \/—Z-FVKX N \/EGVKY3 _ Gyk}; _ Fykly
3M3 3M;, 3M3 3M3 M}, 32ME \2M3
_ 2FAF‘/KYA _ FAFvK‘z/A _ 2FvaK}/V _ ZKVASCdFAFV _ \/EFAdmngA
3MAME 3MAME, My 3MAMEME, 3MAM2
2d,0k | duokb | dugFyi8Y  2d,0FykY | 292d,0GykY 2d,,FyGyk¥'?
3M;,  3M;  32MAMY 3MyM3, 3MLMS, 3MAMS,
o _ 2dwd 2, Fyid  Fyly  V2Fyily Pyl | Fod R k", F
’ M3 M3M3, 242M3, M3 4om: o My 8M7, MM,
o — 1 Fykl, Fykls  Fykls  Fyc{V  Fyey¥
S U256MZm 6VIMZ  N2ME O 12ZME 0 2MY  24MY
 N2d,0FykY | doFyk""" 2d,0kt
3MIM3, 6M2 M7, M
w_ _ Fakd  FRN  Fag  N2Fuily  Fuly,  Facls
’ 42ME: 8MY 2aMm2 M3 2M3 42M3
Ff‘KE‘A n deKf B JideAKfA _ deAKgA n KAAPdei
ML My MM VMR 2MAMG
o _ 1 N Far4 Fardt  Furxg  Faxg | Faurt Fakfs | Firit
0 256MEm  1242M3  24MY 62M3 2M2 2\2M3  122M3  2M
FikMPd,g  2Fydokt*  Fad, ok . 2d,,0k"
6M4M> 3MAM3 3V2MAME 3MG
w Farly [ cukd e Farit o FykiY | e FyidY Fyky  Fyls  FaFysg*  k"*5c, FyFy
2MAIMY  2MAMAMG

ch = + -
YoaME o MR O\DMAME O \2MAME  2\2MAME 2\2ME \2M3
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ol — \/—Z-GVKY _ \/—Z-Gv"g \/—Z-Gv"g Gyry”

My My My My
con — - Fard | FaFyky*  FyGywy" 22RF kY | Farts  FAkGY | degk  242c4F 4kt

VoM MEMG My My oM M3 M2

n ZﬁchVKfV N \/ECdFVKgV n \/EFVKY B 2\/§FVK¥ _ \/iFVKg

MEM?, MEM?, M3 M3 M3
_N2Fyk§  2GykY, Gyl N V2Gykly  2F,Fyil®  FoFykdd  2kV4Sc,FuFy
M3, M, V2M3, M, MiME MM, MMM,
o = - Fard  FykY  FoFydh  V2Fak} | Fals  Fiedt | 2c468  N2c,F it
22M2 2ME - 2MAMY M3 22ME: AMY T M3 MAM?

\/EchVKISV . CdFVKgV n FVK}/ _ \/EFVK;/ _ FVKg
MMy, \2MAMY N2MG My M

_ FVK;{ FAFvKYA FAF‘/K%/A KVASCdFAFV
g sy agMy MM

wo_ FAK’Q‘ FAFV@/A B FVGVKXV \/EFAKQ FAKfS B FiK?A ZCng _ \/EchAKfA \/ichVKISV
5T oM MM M} MY 2aM: AMY T MG MM MM,

caFvisV  Fyxy _\/EFVK;/ Fyk!  Fyk} _GVKY., FoFyx}4

3 _ FoFyrYt  kVASc,FuFy
V2MAME  \2ME M3 2ME \2ME O 2ME S MM, 2MAM3

MIMEM,
o V2F k4 L FaGyiidh V2Gy ! N V2Gyk)  2Gyk! | FAGyk¥*  F,Gyk{*  GyxYY
©TTh CaEMy g My My MMy MM M
CW o FAK? _ CdKf _ \/ECdFAKfA + \/ECdFvaV _ \/ECdeKfV FAFvKYA
17 = \/z 2 M2 M2M2 M2M2 M2M2 M2M2
M3 5 aMy sMy sMy aMy

_ F,Gyk}A n FyKy N \/ZFAKQ N Fakis _ Fiih  2c463 _ cgF a3t n cgFyKsY _ \/iFVK;/ N \/EGVK;/

MMy N2MG o MR 2VaMG o AMG MG 2MGMG O 2V2MGMG M Mj,
_ FykY _ Fyky | FyFyx¥4  Fj Fyxy? _ FyGyrY  Gi}v B FyGykY¥  kYASc,F,Fy _ kVASc,F, Gy
ZME \2ME O 2MAMG 2MAMG 4My, 2MY, 4My, MAMEM, MAMEMY,
e =o,
cv = — \/EFAK? _ FAGV";/A _ \/EFVK("J/ _ \/EGVKYI + FVKYs _ GVK}/s \/EGVKY7 FAFVK;/A
19 MZ M2 M2 MZ MZ \/EMZ \/EMZ M2 MZ MZ
A AMy v v 4 v 4 AMy
FvaKXV _ F%/KXV FvaKXV
My 2M7, My

A 2 AA 2, VV Vv A
oV — \/EFAK4 Firg™  Fyrg FyGyry'  Fak§
20

_ FAKQ FAK’I‘5 ZCdkg _ \/—Z-CdFAK‘lgA
M3 2M% aMy, 2M7, 2ME O 2ME MR MG MZM?
n \/chFVKfV n chvkgv _ \/EFVK;/ B \/EFVKX _ \/ZFVK;{ FVK}/6 _ GVK}/6 FAFVKYA
MMy MMy MY M3 My 2V2My 2My o MM
FyFyr¥*  FoFyid*  FyGyelYV  k"45¢,F,Fy
MiM3 MAM? 2M7, MAMEME
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C§V1 _ \/—Z-FAKQ FZ‘KQA B FAFVKXA F‘z,KXV _ FVGVKXV FAK§‘ B FAK/I‘5 B ZCng \/—Z-CdFAK‘lSA
M3 2My 2MAME AMY 2M7, NGYY NG Y R M3M?
B ﬁchVKfV _ CdFVng n \/-Z-FVK;/ n FVKg FVK¥ FVK;{ _ FVK}/6 GVK}/() _ GVKY7
MMy 2MEMG My 2MG O RMG MG 2V2MG V2MG V2MG,
_ FuFyel*  FyFyr¥*  FyFyid*  FyGyelV  k45c¢,F,Fy
MAM?, 2MAM?, 2MAM?, 2M7, MAMEME
CZ:_FVKY7_F%/K¥V, w=_FAK/1‘6_Ff\K§m. 92)
Vam: oMy V2ME o 2MG

The transformation established in Appendix B was em-
ployed as an independent check of the previous relations.

Apart from the already-mentioned C}y = 0 and CJ} = 0,
we have found one further relation free from K,’-( s

F2
ﬁc% = Fy(CY, = CI%) + G, CY,. (93)
VI. SUMMARY

In this paper we have studied the odd-intrinsic parity
sector of the low-energy QCD. We have constructed the
most general resonance Lagrangian that describes the in-
teractions of the Goldstone bosons and the lowest-lying
vector-, axial-, scalar-, and pseudoscalar-resonance mul-
tiplets. We worked in the large N, approximation and
considered only those terms that contribute to the O(p®)
anomalous Lagrangian (i.e. to the first nontrivial order).
This was the main aim of our work. We then demonstrated
the use of this Lagrangian for three different applications.
The first two represent calculations of two three-point
Green functions (VVP) and (VAS). The third application
is the complete integration out of the resonance fields,
establishing the so-called saturation of LECs by resonance
fields.

The first application V'V P is the most important example
of the odd-intrinsic sector, both from the theoretical and the
phenomenological points of view. We have discussed dif-
ferent aspects of this Green function. First, after calculat-
ing this three-point correlator within our model and
imposing a certain high-energy constraint, we ended up
with the result which depends only on two parameters.
They were further set using new BABAR data on myy
oft-shell form factors and the Belle Collaboration’s limit
on 7’ — vy decay. After setting these two parameters we
can make further predictions. The outcome of our analysis
is, for example, a very precise determination of the decay
width of a process p — 7y: I',_,, = 67(2.3) keV. We
have also studied a relative dependence of the rare decays
7' — yvy and @’ — p7y. Based on the experimental upper
limit of the former, one can set the lowest limit of the latter.
The prediction of our model is the range 30 keV =

| = 4 keV (based on Belle’s I',. =< 72 eV).

m=pY -YY

Next, we also evaluated the value of the C;” LEC, together
with a short discussion on 7° and 5 two-photon decays.
Last but not least, a very precise determination of the oft-
shell 77°-pole contribution to the muon g — 2 factor was
provided. Our final determination of this factor is a/’f] =
65.8(1.2) X 1071, The RyT approach has thus reduced
the error of a similar determination based on the lowest-
meson saturation ansatz by a factor of 10 and is in exact
agreement with the most recent determination based on
AdS/QCD assumptions. Let us note that the present theo-
retical error for the complete anomalous magnetic moment
of the muon is around 50 X 107!, and the experimental
error is around 60 X 10~ '' [68] (with the well-known
discrepancy above 30). A new proposed experiment at
Fermilab E989 [69] plans to increase the precision to the
preliminary value 16 X 107! and thus a reduction of the
error in the theoretical light-by-light calculation is more
than desirable.

If the VVP represents a very important and rich phe-
nomenological example, the three-point correlator (VAS)
is connected with very rare processes and represents an
example of the odd sector which has so far not been
studied. We have established its OPE behavior, which
enabled us to reduce the dependence of the VAS Green
function to one parameter. This opens the possibility of a
future study of these rare but interesting processes.

In the last section we have studied the resonance satu-
ration at low energies. We have integrated out the reso-
nance fields to establish the dependence of LECs of odd-
sector C/¥ on our parameters. As we are limited by large
N, we cannot make predictions for C¥ and C} but we
have set all other 21 LECs. We have found one relation
which connects C}5, C};, CY%, and CY; and is free from the
O(p®) resonance parameters. It is interesting to notice that
CY, gets only contributions from the vector resonances, and
this can play an important role in the new AdS/QCD dual
study (for details see [70,71]).
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APPENDIX A: THE LARGE N COUNTING

1. General considerations

Let us start with the Up(Np) X Ugr(Ng) invariant
Lagrangian for the nonet of the GB and resonances without
using the equations of motion or the Cayley-Hamilton
identities. Then the large N, behavior of the couplings
accompanying individual operators in the -effective
Lagrangian with octet GBs (after ' has been integrated
out) can be understood as follows.

Let us write in the same way as in [24],

i = eiagOTO/F\/fuy (A1)

where 70 = ‘/Nil and
F
u= ei(b"T"/F\/i

is the SU;(Np) X SUR(Ng) basic building block, and

therefore
F |2
0 = — |- In(deti).
¢ iVNF n(deti)

Let us also remind the reader [24] that ¢° and ¢¢ do not
mix under the nonlinearly realized U (Np) X Ugr(Np)
symmetry. For the construction of the U (Ng) X Ug(Ny)
effective Lagrangian, we have the usual building blocks
constructed from # and the usual external sources / w T X
and " (now also with singlet components), e.g.

\/_T

(A2)

iy, =u, —D,¢°——

< o~ $ONIT/F  +

X+ = u )(u* + oI IF

uxtu

i |2
= X+ F NF¢ X+

Nr
1) = By,

etc., at our disposal. In the above formulas, the covariant
(in fact invariant) derivative of ¢° is defined as

D, ¢ = d,¢° — 2a%F;

(A3)

(A4)

however, it does not represent an independent building
block because of the identity

(ii )—\/EDF¢O

(A5)
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The above set of building blocks has to be further enlarged,
including also the external sources 6 for the winding
number density

2

w 16 ——— .G, LGM?, (A6)
with the covariant derivative
_ 0
D,0=29,0+2a,.

We also have to include the following invariant combina-
tion,
0
=0+ i (A7)
Let us remember the large N counting for the generating
functional of the connected Green function of quark bi-
linears and winding number densities,

Z[Lr x x*t, 0] = NEZo[6/N(]

+ NeZ\[Lr, x, xT,0/Ncl+ ..., (AS)

where the ellipsis stands for the subleading terms in the
1/N¢ expansion. This implies the usual N counting of the
physical amplitudes with g glueballs and m mesons,

ﬂ am — O(Néfﬂsmo*g*(m/z)). (Ag)

This counting should be reflected within the construction
of the effective chiral Lagrangian of RyT.

According to (A9), an explicit resonance field has to be
counted as O(N. % 2). As far as the GBs are concerned,
within the tilded building blocks, each member of the
pseudoscalar nonet is automatically accompanied by (mi-
nus) one power of the decay constant F = O(N/ Y 2), which
ensures the right counting of the vertices with GBs, pro-
vided the corresponding fields are counted as O(N?). The
only subtlety is connected with the field ¢°.

The origin of the field ¢° in the individual terms of the
Lagrangian is twofold. It can either come from the tilded
building blocks ¥ = i, h ur» X= (and from their covariant
derivatives D «Y; note that it completely decouples from
', and f%”) or from the X dependence of the Lagrangian.
Each operator O constructed from the tilded building
blocks only (and therefore including at least one flavor
trace, the only exception being O=1)is, in general,
accompanied by a potential V(X) which is a function of
the variable X only,

L=>vsx0. (A10)
0

While ¢° originating from the tilded operators is counted

as O(N2) as the other GB, however, the same field coming

from the power expansion of the potentials counts as

O(1/N¢) within the large N expansion. Therefore, ex-

panding the general operator O and the corresponding
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potential V(X) in powers of ¢° and its derivatives [and

taking into account that F = O(N, NY 2)] we have the fol-
lowing natural rule for the order O(N ) of the resulting
coupling constant at a term of this expansion with 7 flavor
traces, R resonance fields, and n fields 0,

2—-T-— 1R —n0<n<2 T— R 2n0 (A11)
The lower or higher bounds are saturated when all ¢%’s
come exclusively from either Vg (X) or 0.

Suppose that we had used the LO GB equations of
motion prior to the expansion in powers of ¢°. This allows
us to eliminate the terms with derivatives, namely [24],

4 @0
Ly o= 3 2
Vi, =3 + mMO - (A12)

Such a transformation of the original tilded operator does
not create any extra trace, in contrast to the octet case.
Because the singlet mass M2 = O(1/N¢), the ¢° depen-
dence of the resulting operator brings about a factor of the
order O(N 3/ %) (the same as if ¢° came from the potential)
and the above bounds on n therefore remain valid. On the
other hand, a further simplification using the Cayley-
Hamilton identity can destroy them, provided we use it
in order to eliminate terms with less traces in favor of the
terms with more traces.

The next step is to integrate out ¢°, treating the mass M2
as O(p®). This can be done using its equation of motion,
derived from the corresponding part of the LO Lagrangian
expanded in powers of ¢,

£e =%D¢°~D¢O 7M2(¢°) 2\/270\/ )$°

+ do(P)¢° +
(A13)

where the d;, term comes from the expansion of the poten-
tial and is therefore of the order O(N,'). The solution for
¢ reads, in the leading order of the p expansion,’

1 F
v (g + o)

= O(NY?) + O(ND),

¢0(2)
(Al14)

where we have depicted the orders of both terms. ¢°@
should then be inserted into the original Lagrangian ex-
panded in powers of ¢". As a result, taking (All) into
account, the orders of the multiple trace operators within
the SU;(Ny) X SUr(Np) operator basis are enhanced.
Namely, we have the following bound for the correspond-
ing couplings,

®Here we have taken into account that the resonance fields
should be counted as O(p?).
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2 - TO - %RO -
=2-T,—

ey =

(A15)

1 1
2Ro + ngyy = ey

where Ty and R are the numbers of the traces and reso-
nance fields before elimination of ¢° and ¢y y, and ngpy
are the numbers of the new factors (y_) and (P) (which
appear after ¢° is integrated out), respectively. More con-
veniently, this can be expressed in terms of the actual
number of traces T = T, + npy + n(, ) and resonances
R = R() + npy as

2—T—%R+n<)(7>SnﬁZ—T—%R+n<P>+2n<X7>.

(A16)
The loophole of this formula is that, for its application, one
has to trace back which of the factors (P) and (y_) origi-
nate in the ¢° dependence of the tilded Lagrangian. The

extreme cases are either none or all of them, which gives a
very raw estimate,

2-T—R=n=2-T-IR+Np +2N, ) (Al7)

where now N, y and N(p, are the total numbers of (P) and
(x_) traces in the operator, and the lower bound now
corresponds to the usual trace and resonance counting.

2. Explicit examples
Let us illustrate the above statements by means of ex-
plicit examples. For instance, the coupling at the term
(Sx-Xx-), at first sight of the order O(N, Y might be

of the order O(NC/ 2) or even O(Ng/ ), because it can
originate either from the term

{SY)Wisy_y(X)

= i(S(x— + .. Nwls, \ X +..) = —(Sx-)
X%(W%s >;<x7>+...), (A18)
Mg\~ X 22Ny

which has the constant w<'SX y = O(N, 1 %) [this corre-
sponds to the lower bound (A16)], or from the term

(Sx+IWisy ) (X)

= (- %\/Nz(bo’\/_ ) R
<5X+>F\/—¢0<SX Y+

~3 W<SX+>(2N JSx-2x) + -

= O(Nlc/ %) [this corresponds to the upper

(A19)

0
where Wiy

bound (A16)].
Similarly, the coupling d,, at the operator i{P){y_) [see
(14)], naively of the order O(N. Y 2), can be enhanced by
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the ¢° exchange. Indeed, inserting (14) into the term
dy(P)¢? of the Lagrangian (13), we get the following
contribution to d,,o:

dy F./N
dyo = — 0L = o), (A20)
M3 22

where we have taken into account that dy = O(N1).

Let us also give some examples of the odd-intrinsic
parity terms with resonances, which, similar to the pre-
vious example, lead to N enhanced multiple trace terms
when ¢V is integrated out. Some terms with one resonance
are, for example,

ZR = S,uvaB(V'Lw[ﬁa’ ﬁﬁ]>WRl(X)

+ S,uya,B(VMVfiﬁ)WRZ(X)
+ & uuap(AR FLP YW (X), (A21)
where
Wri(X) = 3 wig)X* (A22)
k
and where
w¥=0, wi)=0(WNz"%), for i=1,23 (A23)
These generate the operators
Ofs = 2ppap(VATu®, uP(x-),
O = iguap(VE"F XX ),
05 = iam FP)(x ) (A24)

with the couplings of the order O(Né/ 2) (i.e. of the same
order as analogous single trace operators and therefore
included in our basis) and

Spuaﬁ<vﬂp[uar MB]><P>:
(@arrfPyP)y

with the couplings of the order O(N,!) suppressed with
respect to the single trace operators.
The two-resonance example is

8/.4Vaﬁ<vl“/fiﬁ><P>y
(A25)

£RR = sﬂuaﬂ<vﬂyvaB>WRRl(X)
+ sMVaB(A"”A“ﬁ>WRR1(X), (A26)
where

Wrei(X) = zwg%ixk with  wigg, = 0,
x

wik = OWNgY),  for i=12
It gives rise to the operators
O}/V = is,u.uaﬁ(‘/'uyva'gx/\/f):

O = e ap(Ar" AP x_) (A27)

PHYSICAL REVIEW D 84, 014036 (2011)

with the couplings of the order O(NOC) (the same order as
the analogous single trace operators and therefore included

in our basis), and O(N. 3 2 operators

€uvap(V*VLNP), €uvap(ArAPKP),  (A28)

which are suppressed with respect to the single trace ones.

As the last step, we integrate out the resonance fields in
order to get the resonance contribution to the odd parity
sector LECs of the resulting ChPT Lagrangian. This can be
done using the O(p?) equation of motion for the resonance
fields and inserting their solution R back into the RyT
Lagrangian. The general form reads

1
R® =, (A29)
My R

where Jg) = O(p?) comes from the LO resonance
Lagrangian (14). Because Jg) = O(Né/ %), the order of
the contribution of the individual terms of the RxT
Lagrangian (with ¢° integrated out) can be obtained,
counting the resonance fields as O(Né/z). This gives, fi-
nally, the following simple bound on the order of the
contribution of the operator with T traces, total N(p factors
(P), and total N, , factors (y_) originating in the LECs,

2—-T=n=2-T+ N<p> + 2N<X7>. (A30)

The lower bound represents the usual trace counting. Note,
however, that the upper bound has to be taken with some
caution, because it can be saturated only in the case when
all (P) and (y_) traces appear as a consequence of the ¢°
dependence, where this ¢° dependence comes solely from
the tilded operators and not from the potentials. For a given
operator these two conditions need not be satisfied
simultaneously.

The fact that the N order of some operators can be
enhanced could further complicate the usual way of the
saturation of the ChPT LECs. Namely, in the process of
integrating out the resonances, it is assumed that loops can
give only NLO contributions suppressed by the factor
1/N¢ for each loop. This counting could apparently be
complicated by the enhanced operators. Let us illustrate
this point, assuming the contribution of the following term
of the odd RxT Lagrangian I,

L=+ WP (X)e 0, apAP”, VPP + ...

o 2 DPgO
...72W§P8#VQB<AM \Y P> N—F F

+... (A3D)

with wi? = O(N?). This gives rise to the following en-
hanced N term,
i 1
W8 e ap(AR VEPYIP () = O(NC). (A32)
r - Mg
Apparently, this term contributes to the O(p®) LECs, when
the resonances are integrated out at the tree level. However,

014036-20



Chapter 2. Original works

76

RESONANCE SATURATION IN THE ODD-INTRINSIC ...

the bubble with two such vertices gives a contribution to
the O(p®) operator 9,(y_)d*(x_) of the enhanced order
O(N2). The same is true also for analogous operators from
the even sector, e.g.

DH 0
¢ +..
F

. 2
ViP(X){D,S. Ptar) = 2va<PD#S>"N—F
(A33)

with v§¥ = O(N?), which leads to the enhanced operator

i

1
~ vfpm<PVMS>aﬂ<x_> = O(N¢) (A34)

Np
counted as O(p®) in the tree-level saturation process. The
bubble with two vertices,
i

1
N7 g PO,

N, (A35)

leads to the expression

,
&(LUSPLY f dhxdhyar(x_(x))a"(x_ ()

2 \N ! M2
d d
Xf Ak ey AP
@2m)? @m)?

« PuPv
(P = M2+ 10)((p — K)® — M3 + 0)
_ V[ g P
=3 (5iz) [ oo
L
M3 — M} 327

I'(e — 2)(4m)° + O(p®)

(A36)

and (after the addition of an appropriate counterterm)
results in the following O(N2) contribution to the coupling
Ci(yvon(yy associated with the O(p®) operator

dalx =) (x-),
CPS-]O()p — _ 1 LSP 2
9o (x-)3*(x-) 6472 M(%

M, M2
M%(lnﬂ—f +y - %) - Mfé(lnﬂ—zf +y - %)
M3} — M3 '

X

(A37)

Though the above loop contributions are enhanced by
the factor N2 with respect to the naive trace counting, this
does not mean that loop counting fails. The reason is that
the LO contribution to Cy_(, yse(,_) that comes from the
tree level and originates in the kinetic term of the field ¢°

1 , I F Y o
308" 9= =35y ) 2l )7 = 0N

(A38)
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so that the loop contribution is suppressed by 1/N. as
usual.

Let us finally comment briefly on one point, which also

might lead to confusion. In [24], the following operators
are abandoned, using the large N arguments, namely,
iPu Y x-), (SPXx-), iV, VEX_XP).  (A39)
These can be, however, derived from the operators (before
doing any transformations)
(P, a*)V(X), (SP)V(X), «V,VFg)V(X), (A40)
by means of integrating out the field ¢°, which appears
from the potential for the first two operators [and saturates,
therefore, the lower bound of (A16)] and from the building
block ¥, for the last one [and corresponds, therefore, to
the upper bound of (A16)]. According to our rules the
operators are of the orders O(NIC/ %), O(N?), and O(N, 1c/ 2,
respectively (as similar operators without an additional
trace), and all of them contribute, therefore, at the O(N()
order of the LECs of the effective chiral Lagrangian stay-
ing at the operators

(V. VEX Xx-).
(A41)

Y- WX x ) e x-Xx-h

However, these operators can be derived analogously from

</i‘/+ﬁp,ﬁ'u‘>) <X/+X/+>’ <v#v,u,/'\~/+>’ (A42)
by the process which saturates the upper bound of (A16)
and results in the order O(N2). The abandoned operators
lead, therefore, to the NLO contribution to the correspond-

ing LECs.

APPENDIX B: FIELD REDEFINITION

As we have discussed in detail in Sec. III, by means of an
appropriate field redefinition we can effectively eliminate a

subset of the O(p®) operators from the Lagrangian £§f)’(°Tdd)

and shift their influence on the ChPT LECs into the effec-
tive coefficients ¥ which stay at the remaining operators
of the chiral order O(p®) and higher. As a consequence, the
O(p®) LECs resulting from the process of integrating out
the resonance fields from the Lagrangian Ly ,r depend
only on these effective couplings «¥ which are particular
linear combinations of the original resonance couplings
x¥. In order to identify these relevant combinations and
the redundant operators, we can proceed in several steps.

1. Elimination of O}, 073!, OVV?, and 044*
By the elimination of O}, 014, O"'", and O**” with
the field redefinitions
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2

Vir = Vi = WS”V“B
2

Apy = Apy — msﬂvaﬂ

1
(’Kl V{x_yveB + ixdV{x_, VeP} + EKVVP{P’ V“B}>

1
(iKlA(X,)A“B + i y_, AP} + > KMPLP, A“5}>

) part of the Lagrangian,

we get, for the O(p
“) @ _, “)
‘ERR,kin + £ ‘ERRkln + ‘ER
KOV — KVV(QVV — KVVPQVVP — (MAOM — kMO — (AP OAP
—ikVVPOPY)

= Lgl)%kin + Lg) -
Fy ( vv ) Gy _ ;i j

— kY OY, + &YV OV, xVVPOLY 2iVV OV, + 2ikYVOY

\/EM%/ 1 13 2 2 \/EM‘z/( 18 2 9

: )+ 00"

pY).

_ Fy AADA 1 ( AADA 4 — (AAP OPA
oM 2 YTy 1
At the same time, the same redefinition applied to LSX‘?@ generates only the additional terms of the order O(p®) and
higher, which can be neglected as described above. We can thus eliminate the operators (OV;/ , 0P (9 , and O*4" and
include their influence on the O(p®) LECs effectively into the constants «ly, V,, «5V, Vg, l, 7V and KA, KA, kA,

2. Elimination of O}4 and OVAS

In the same way, we can also eliminate the mixed bilinear terms using the field redefinition
1
Vi =V, — M wraoik{AgG[AR, uPu, ]+ ikd (A*Pugu” — uugA®P) + iKY (A*Puug — ugu”A*P)
g

mwy o
+ iy ugA“Pu” — u"APug) + kYMAB, [P Ygp, + iki AP, ,\ur]gﬁ + ikVAS[AYB S]gB)
uvaﬁ _ Vaﬁuuua)

1
(ix}Ags[ulu,, VBl + iy u” Vel — veByuou?) + ik§A(

A, —A,, —
B
a2 wv Mi EaBuoc
+ iAWV — urVePu) + klA{veP, FY8 0 + ik X+ VeBlge + ikVAS[S, VaBlg?)
We then get
IMIVEYY )+ IMAARYA ) — IMEAVEYY ) + IME(ARYA ) — k{AOVA — kYA O34
KYAOYA — KYAQYA — kVAQYA — KVASQVAS,

— KVA@VA —

and the operators (QVA and OV4S are thus eliminated. The only relevant additional effect of the redefinition comes from the

transformation of £ R
VY= W) - szz [-xtroi+wr(0f -5 01)
+ K;/A((QA — 7(9?) + kyA05 — kA0, + KVAS(OSA:I
[VA0Y + kY2OF + K¥AOY + k{1 OY — A0V, + k{205 — K"SOV],

2\/—<A,u,uf'l“/> 2\/— ,ul/fluj> - 2\/_M2
— 0 + K04 - 0

[—2kA0} + kYA (04

TVl w0 = STV 0D+ S sz
+ kJAO} = 0F) + kKYA(0%F — 0F) + 2k2 0%, + 2¥45051].
Here we have used
A, rY Y8 o e uvac = 0

and other similar consequences of the Shouten identity
3. Elimination of 074, O3, OV, and O34

Finally, we can further eliminate other terms by the redefinitions
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S— S+ A[fﬁﬁ ARY] 4+ i3 [uuB, ARY]),

1
M2 ;LVaB(lKl

1
P— P+ ——&,,,5(kPMA, foBY + ikllV{VEY uuPy + ikEVuPVErue + kEV{ve, fi'B})

2M3
Ay A = 3Bl TS. PP 4 RS, ] 4 PP F5))
Vir = Vi — Miésﬂyaﬁ(ikfv{P, uuP} + ikhVu Puf + kLV{P, FoRY.
We then get

— IM3(PP) — IM3(SS) + IM%(A*7A ) + IM3(VFV )
— —IM3(PP) — IM¥(SS) + IM3(ARA ) + IM(VEY,,) — kPAOPA — kY OFY — K5V OFY
_ K§V@§V _ KfA(o‘fA _ KgAO%'A — Kfvofv,

and therefore the operators O34, OFV, and OF* are eliminated We get the additional contributions
calSutu,) = c(Sutu, >+ (* 404 — K520 — K3V OY),

cn{Sx s M2 (—KIA(DT‘4 + k5407, — KIV@YS
s
' PAOY, — KPVOY — KV OY, + LV OY)),
<P><X ) — l <P><)( )+ o (k710§ — k¥ Oy — —KzV(QYs + 15V O

NpM3 2

(k3405 — K52 O + KFAOD),

\/—<prf V) 2\/—<A/.wfﬂy> 2\/-2- )

V@P _ KZV@P + K3V(9P — K]V(QS)

J—Myf =3 \/—<V,wf -3 IMQ

iGy o _}lGV W Gy
\/—<V,_“,[M ]> \/‘(V,u,v[u ]>+\/§M%/

PY@OP _ PV OP _ PV OP 1 SV ([OS
eV Oy — K5V OY — kK5O + k7Y OR).

4. Elimination of 03, O}Y, O}4, and O3"

The operators with derivatives acting on the resonance fields can also be eliminated by means of a suitable field
redefinition; however, contrary to previous cases, one has to use integration by parts and the equations of motion for the
GB fields.

Let us assume the following redefinitions for R = V, A,

R
Ky
R/LV - R;LV - {V(TR(XP’ uﬁ} - (/-L -« V)) + p.Van {Raa' v'}'

KRR
3
M% (gvo'sapvﬁ
We then get, modulo integration by parts,
MR, R*") — IM¥(R,,,R*") — kRRORR — (RRORR

and (again up to the integration by parts and GB equations of motion)
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2\/—<wa >+2\/— u”l)
. \/—<V,wf’”> + szww[u W)+ FJV; (Y, + OV, + 20V,

Gyk! ForVV

+ 2\%;4% QOY - 0Y + 0) — OV — OY + 20} + 0Y —20Y,) + 2\;5;4% (-0Y, + 0), —20Y,)
GV"XV 1% v 1% 1% v
NP (OY + OY + O — 0Y - 0Y) \/_(AWf )

v F A K3
\/-<A,wf” )+ 5
Analogously, for the redefinition of the S and P fields

FAK4

222

(04 +200,) + (0} —20%).

i 1
§—8— ﬁgngs,uvaﬁva[uﬁ; V#V]y P—P— MP K2 8#Vaﬁva{AI“’ u'B]

we get, on one hand,
— %M%(SS) — %M,%(PP) — —%qu(SS) — %M,%(PP) — K3V O3V — kFAO5

and, on the other hand,

CnlSx )+ e {SuTuyy—cp{Sx+)+ c{Suu )+ SV@V+WK2V((9V+@V (9;/*(9‘8/),61,,1<P,\/_>+‘11\';10<P><X_>
S s F

2d,u0
—d,(Px- >+ paga, — 24n0 papa
Np
This completes the elimination of the operators which are Vv S v Fy VAS
bilinear and trllmear in the resonance fields from the Ks = Ks 2M3 ki 22M2 K
Lagrangian Ly XTd), A
_ Az KV
N 2 1 2 4
5. The effective couplings X 2V2m;3 2V2M3;

Putting the results of the previous subsections together, _

t th ters k¥ of th trized and t W=l = A~ DU
we get the parame erﬁs dI:i of the reparametrized and trun- 6 675 NI 3 1M 3
cated Lagrangian £§sz ), which is relevant for the satura-
tion of ChPT LECs, as functions of the parameters x¥. As Vv _ v_ Fa 4 v
we have discussed above, the LECs have to depend on the K =% NIYE Ky 2M2 k2

24/2M

couplings «¥ of the original Lagragian Lg’;ﬁd) only v Gy w
through their particular combinations «¥. We have proved B 22M2 k3o~ 22M2 Ky
this by means of direct calculation as a nontrivial check of v v
the f 1 2).

e formulas (92) _%/:Kg_ F, . 4 o Gy v Gy v
_ 2 3 2
P RTINS 2 MG My 2

o V2 2\/_M 2G d Gyk"VP G
G oV Ky vKy m ( py _ YvK ) V. .vv

Vo SV — v Vo K +— Ky — Ky,

=t 2M2 N7 2\/_M2 “ ’ VAT AN TV N7

— G Vo,V dy  py Gy vy
V — .V v 144 Kin = K{y — Ky, — K
kY = &YV, 10 10 7 K I
R W Vo M3 VoM
V_ vy Sm sv — v Fa VA Fy v Fv vV
T T p e S W 7R RN, VR BN, VR i
5 A v v
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Abstract

We add the Wess—Zumino—Witten term to the N = 3 massive nonlinear sigma model and study the
leading logarithms in the anomalous sector. We obtain the leading logarithms to six loops for 70— yry*
and to five loops for y*w 7. In addition we extend the earlier work on the mass and decay constant to six
loops and the vector form factor to five loops. We present numerical results for the anomalous processes
and the vector form factor. In all cases the series are found to converge rapidly.
© 2012 Elsevier B.V. All rights reserved.

Keywords: Renormalization group evolution of parameters; Spontaneous and radiative symmetry breaking; Chiral
Lagrangians; Anomalous processes

1. Introduction

Obtaining exact results in quantum field theory is rather difficult. One of the few things which
can be easily calculated to all orders in renormalizable theories are the leading logarithms of the
type (g2 logu?)" where p is the subtraction scale and g the coupling constant. The analogue of
this in effective field theories is not so simple since at each order in the expansion new terms in
the Lagrangian appear and the recursive argument embedded in the renormalization group equa-
tions for renormalizable theories no longer applies. Nonetheless, one can calculate the leading

* Corresponding author.
E-mail address: stefan.lanz@thep.lu.se (S. Lanz).

0550-3213/$ — see front matter © 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.nuclphysb.2012.02.014



Chapter 2. Original works 84

246 J. Bijnens et al. / Nuclear Physics B 860 (2012) 245-266

logarithms in effective field theories using only one-loop calculations. This was suggested at
two-loop order by Weinberg [1] and proven to all orders in [2].

In the massless case this has been used to very high orders in [3—5] for meson—-meson scat-
tering and form factors. In the massive case, many more terms contribute but in [6,7] a method
was developed for handling those, and the leading logarithms in the massive nonlinear sigma
model were obtained to five-loop order for the mass, decay constant and the vacuum expectation
value and to four-loop order for the vector and scalar form factors and the meson—-meson scat-
tering amplitude. A natural continuation of that program is to extend it to other sectors as well.
We therefore add to the massive nonlinear sigma model for N = 3 the anomalous part via the
Wess—Zumino—Witten (WZW) term. This allows us to study the leading logarithms for anoma-
lous processes in two-flavour Chiral Perturbation Theory (ChPT). In addition one can hope that
in this sector with its many nonrenormalization theorems it might be easier to guess the all order
results when the first terms in the series are known. The WZW term only makes sense for N =3
so we do not work out the results for general N in this case.

We have also improved the programs used in [6,7] so that they now can be used to arbitrarily
high orders given enough computing power. So, at least in principle, the problem of the leading
logarithms is solved. In practice we obtained one order more than in the earlier work.

The main part of the paper is devoted to the calculations of the leading logarithms (LL) for
the two main anomalous processes in the pion sector, the full 7%y*y* and y*7 77 vertices. For
the former we obtained the LL to six loops and for the latter to five. The results indicate that in
all cases the chiral expansion converges fast but we did not find a simple all-order conjecture.

The results agree with all known relevant earlier calculations. As an additional check we have
used several different parametrizations of the fields.

In Section 2.1 we introduce shortly the massive nonlinear sigma model and in Section 2.2
the two-flavour Wess—Zumino—Witten term. Section 3 contains the discussion of LL in the
nonanomalous sector where we present our new results and show some numerical results. Here
we also explain briefly the principles of the calculation. More details on the method can be found
in [6,7]. Sections 4 and 5 are the main part of this paper. The LL are calculated in Section 4. We
did not find a simple all-order conjecture but the LL indicate for example that the nonfactoriz-
able part in 7%y *y* with both photons off shell should be small. We present numerical results
in Section 5. In all cases we find good convergence. Section 6 shortly recapitulates our results.
Appendix A contains a dispersive argument to clarify the discrepancy with [4] for the vector
form factor.

2. The model
2.1. Massive nonlinear O(N + 1)/ O(N) sigma model

The O(N + 1)/O(N) nonlinear sigma model, including external sources, is given by the
Lagrangian

F2
E,,UZTD,L@DTD"@D—I—szT(P. (1)

@ isareal N + 1 vector, T = (#° @' ... ®"), which satisfies the constraint ®7 @ =1 and
transforms under the fundamental representation of O (N + 1). The covariant derivative is

D, ®°=0,0° +al®”,
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b pb 0
D, @* = 08,0 + v, P” —a, . 2)
The vector sources are antisymmetric, vﬁb = —UZ”, and correspond to the unbroken group gen-

erators. The axial sources a;; correspond to the broken generators. Lower-case Latin indices
a,b,... run over 1,..., N in the remainder and are referred to as flavour indices. The mass
term XT‘D contains the scalar, sO, and pseudoscalar, p“, external sources as well as the explicit
symmetry breaking term M?:

xT = (2B +M*)p' ... pM). 3)
The vacuum condensate
(@")=(10...0) 4)

breaks O (N + 1) spontaneously to O (N). We thus have in principle N Goldstone bosons repre-
sented by ¢. The explicit symmetry breaking term, the part containing M2, breaks the O (N + 1)
symmetry to O(N), enforcing the vacuum condensate to be in the direction (4) and gives a mass
to the Goldstone bosons which at tree level is exactly M.

This particular model is the same as lowest-order two-flavour ChPT for N = 3 [8,9] and has
been used as a model for strongly interacting Higgs sectors in several scenarios; see, e.g., [10,11].

The terminology for the external sources or fields is taken from two-flavour ChPT. The vector
currents for N = 3 are given by v?? = —g®<y¢ with ¢%%¢ the Levi-Civita tensor. The electro-
magnetic current at lowest order is associated with v>.

We write @ in terms of a real N-component vector ¢, which transforms linearly under the
unbroken part of the symmetry group O (N). We have made use of five different parametrizations
in order to check the validity of our results. They are

¢To
_e9 1
b = : F2 |, 452:;7(2),
¢ 1+22 \F
F T
179 cos. |27
2 F? F2
D3 = Dy = ,
_1979¢ o7 ¢
4 F2 F S T T
L dTe "
D5 = - 4F2 | 5)
1+ 22 ¢

@ is the parametrization used in [8], @; a simple variation. @3 is such that the explicit symmetry
breaking term in (1) only gives a mass term to the ¢ field but no vertices. @4 is the parametriza-
tion one ends up with if using the general prescription of [12]. Finally, @5 has been used by
Weinberg in, e.g., [1,9]. The reason for using different parametrizations is that for each one of
them, the contributions are distributed very differently between the diagrams and obtaining the
same result thus provides a thorough check on our calculations.

2.2. Wess—Zumino—Witten Lagrangian

For N = 3, the massive nonlinear O (N + 1)/O(N) sigma model corresponds to two-flavour
ChPT, which is an effective field theory for QCD. It is well known that the chiral axial current
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of the latter is anomalous [13-16], leading to the occurrence of processes such as 70 — yy

or 1y — mw. The Lagrangian that we have introduced above does, however, not account for
this. The necessary interaction terms are contained in the Wess—Zumino—Witten term [17,18],
which must be added to the effective Lagrangian. It is constructed such that it reproduces the
anomalous Ward identities. Kaiser derived the WZW term for two-flavour ChPT [19], where it
is considerably simpler than in the case of three flavours. His result can be re-expressed in terms
of the field @ as

N. (1 : :
Lwzw = _Q‘ZGMW {e“b‘ <§¢°aﬂ<p“avq§bapq§‘ — aucboauq>aapq>bq5‘>v2

1 :
+ (8,20 — %3, 0%)v29,00 + Ee“bcqﬁoq)“vfiv:apvg}. (6)

The interaction with the axial current coming from the WZW term has been omitted. Note that
the normalization of the vector field differs from the one used in [19]. The Lagrangian depends
on the Levi-Civita tensor €4°¢ in the SO(3) flavour indices. This is an object specific to N = 3.
There is no obvious simple generalization' to different N so for anomalous processes we restrict
the calculation to N = 3.

The Lagrangian in (6) is of chiral order p* implying that anomalous processes are of the same
order at leading order, while one-loop corrections are already O(p®). This is immediately clear
from the presence of the epsilon tensor with four Lorentz indices: each one of them must be
combined with either a derivative or an external vector field, both of which are O(p).

The interaction of the pseudoscalars with the photon field A, can be obtained from the WZW
Lagrangian by setting the vector current to

e
vp=Aw v =eAust. 7

The Lagrangian of (1) has also a symmetry that QCD does not have [18]. The fields under this

extra symmetry, called intrinsic parity, transform as
0= o, ¢ —pC, vzb—>vzb, a/‘i—>—az, s—>Ss, p——p. 8)
The Lagrangian (1) and higher orders are even under this symmetry while (6) is odd.

As in the even sector, we have used several of the parametrizations given in (5). Intrinsic parity
for the different ¢ is such that it is always odd, ¢¢ — —¢“. The WZW term leads to interactions
of one, two, or three photons with an odd number of pions. The anomaly also generates purely
mesonic interactions among an odd number of five or more Goldstone bosons. However, for two
flavours the purely mesonic odd intrinsic parity processes vanish to all orders.

We use anomalous and odd intrinsic parity as synonyms and refer to the N = 3 case here
occasionally as the two-flavour case since it corresponds to two light quark flavours.

3. Leading logarithms in the even sector
In this section we recapitulate and extend some results of the even intrinsic parity sector of

[6,7]. We focus on those results that will be needed for the later calculations in the anomalous
sector.

I The generalization to different n for the SU(n) x SU(n)/SU(n) case is easy but that is a different case than the
O(N + 1)/ O(N) considered here.
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The leading dependence on log i« at each order, with p the subtraction scale, is what we call
the leading logarithm. It can in principle always be obtained from one-loop calculations as was
proven using B-functions in [2] and in a simpler diagrammatic way in [6]. We will discuss some
of those results in the sections on the explicit calculation of the mass and y7 — 7.

In effective field theories there is a new Lagrangian at every order. The observation of [6]
that the needed parts of those Lagrangians can be generated automatically from the one-loop
diagrams allowed to perform the calculations. The actual calculations were performed by using
FORM [20] extensively.

We have extended the programs used in [6,7] so that they can in principle run to an arbitrary
order.” The only limit is set by computing time, which grows rapidly with the order. The neces-
sary additions include routines that generate the required diagrams at a given order and calculate
one-loop diagrams with an arbitrary number of propagators. In this way, we have verified some
of the earlier results and obtained the coefficient of one more order for the mass, decay constant
and vector form factor.

In effective field theories writing the expansion in terms of lowest order or physical quantities
can make quite a big difference in the rate of convergence. We therefore follow [7] in using two
different expansions in terms of leading logarithms. A given observable Oppys can be written in
different ways:

Ophys = 00(1 +a1L+a2L2+---), ©)
Ophys = 00(1 + Clehys + CZLIZ)hys +-- ')7 (10)
where the chiral logarithms are defined either from the lowest-order parameters M and F as
M2 MZ
L=———log—, 11
1672F2 8 M2 (b
or from the physical decay constant F; and mass M, as
2 2
7
Lohys = ——— log —-. 12
Phys = 622 08 12 (12)
3.1. Mass

In this subsection we will present the first few coefficients a; and ¢; of the expansions in (9)
and (10) with Oppys = MJ% and Oyp = M?. In addition, we have also calculated the generic two-
point function, which is needed for the wave-function renormalization. We extend the result
from [6] by giving the expansion coefficients a; and ¢; also at sixth order.

Let us briefly recapitulate the strategy that is followed to obtain the expansion coefficients.
The starting point is the Lagrangian (1) which generates vertices with an arbitrary even number

of pion legs. These lowest-order vertices are diagrammatically denoted by @ with the corre-
sponding number of legs appended. The zero in this symbol refers to the order in the expansion.
If we want to calculate the leading logarithm for the two-point function at one-loop level, we must
evaluate the tadpole diagram with one insertion of the leading-order four-pion vertex. Its diver-
gence must be canceled by a counter term from the next order. This can be depicted schematically
as

2 In [6,7], a different program was used for each diagram with a given number of vertices/propagators and the list of
possible diagrams was constructed by hand.
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(13)
—

Also at the next order, divergences must cancel, but the situation is somewhat more complicated.
There are two one-loop diagrams from which, using the results of [2,6], the leading divergence
can be determined. This thus determines the relevant part of the second-order Lagrangian:

(14)
) ﬂ eSS

We already have all information ready in order to calculate the second diagram: the tree-level
vertex follows directly from the lowest-order Lagrangian and the next-to-leading-order vertex
has been determined in (13). The first diagram, however, contains the next-to-leading-order ver-
tex with four pion legs, which we do not know yet. In order to obtain its divergence, we must
calculate two more diagrams:

Q@

The algorithm continues to higher orders in exactly the same way. All the diagrams needed for
the two-point function up to third order are shown in [6], Figs. 3-5. The total number of diagrams
needed for the mass up to order n is 1, 5, 16,45, 116, 303, ....

We did not find a simple formula to estimate the total number of diagrams needed. We did
find a conjecture, verified up to 12th order, about the number of diagrams needed with only two
external legs at each order:

n—3
M=243%x2 2 —1 fornodd,

n
M=24 922 | for n even,
thatis: 1,2,4,7,13,23,43,79, 151, ... diagrams with two external legs at order n.
The coefficients a; and c¢; in the expansion of the physical mass are listed up to sixth order in
Tables 1 and 2. The sixth-order results are new. We can use these results to check the expansions

and how fast they converge. We chose F = 0.090 GeV, F; = 0.0922 GeV and u = 0.77 GeV
for the plots presented here in Fig. 1.

# two-point diagrams = (16)

3.2. Decay constant

The decay constant F}; is defined by

(012 |6 (p)) = i Fx pps®™. (17)
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Table 1 )
The coefficients a; of the leading logarithm L' up to i = 6 for the physical meson mass.
i a; for N =3 a; for general N
1 —-1/2 1—1/2N
2 17/8 7/4 —1/4N +5/8N?
3 —103/24 37/12 —113/24N +15/4N% — N3
4 24367/1152 839/144 — 1601/144N + 695/48N2 — 135/16N> +231/128N*
5 —8821/144 33661/2400 — 1151407/43200N + 197587/4320N2 — 12709/300N3
+6271/320N* — 7/2N?
6 1o Seacer 158393809/3 888000 — 182792 131/2592000N + 1046805817/7776 000N

—17241967/103 680N 3 + 70046 633 /576 000N+ — 23775/512N5 +7293/1024 N6

Table 2
The coefficients ¢; of the leading logarithm L;hys up to i = 6 for the physical meson mass.
i cjforN=3 ¢; for general N
1 —1/2 1—1/2N
2 7/8 —1/4+3/4N —1/8N?2
3 211/48 —5/12+7/24N 4 5/8N% — 1/16N3
4 21547/1152 347/144 — 587/144N + 47/24N?% +25/48N3 — 5/128N*
5 179341/2304 —6073/1800 4 32351/2400N — 59933/4320N? + 224279/43200N3
+761/1920N* — 7/256 N3
6 2086004 177 —17467151/3 888000 — 10487351/2592000N + 68244763/1944 000N>
—5630053/172800N3 + 18673 489/1728 000N* + 583 /2560N> —21/1024N°
1.01 1.01
1 —
0.99
0.98
0.97
i 0.96 . i 0.96
= =
095 1 095+ B
o -
094 , . 094} 2 ]
3 do
093F . E 093F g = R
092} 2 - . 0.92F e i
0.91 ‘ ‘ ‘ ‘ 0.91 ‘ ‘ ‘ ‘
0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25
M2 [GeV?] M2 [GeV?]

Fig. 1. The contribution of the leading logarithms to M% / M? order by order for F = 0.090 GeV, Fr =0.0922 GeV,
©n=0.77 GeV and N = 3. The left panel shows the expansion in L keeping F fixed, the right panel the expansion in
Lphys keeping Fy fixed.

We thus need to evaluate a matrix-element with one external axial field and one incoming meson.
The diagrams needed for the wave function renormalization were already evaluated in the calcu-
lation for the mass in the previous subsection. What remains is thus the evaluation of all relevant
one-particle-irreducible (1PI) diagrams with an external aj;. At one-loop order there is only a
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Table 3 )
The coefficients g; of the leading logarithm L' for the decay constant Fy in the case N = 3 and in the generic N case.
i a; for N =3 a; for general N
1 1 —-1/2+1/2N
2 —5/4 —1/2+7/8N —3/8N?
3 83/24 —7/24 +21/16N — 73/48N% 4+ 1/2N3
4 —3013/288 47/576 + 1345/864N — 14077/3456N2 + 625/192N3 — 105/128 N*
5 2060147/51840 —23087/64 800 + 459413/172800N — 189875/20736 N2 + 546 941/43 200N
— 1169/160N* + 3/2N°
6 — 80228781 —277079063/93312000 + 1680071029/186 624 000N
— 686641633/31104000N2 + 813791 909/20736 000N
— 128643359/3456 000N+ +260399/15360N> — 3003/1024N°
Table 4 )
The coefficients ¢; of the leading logarithm L;)hys for the decay constant F; in the case N = 3 and in the generic N case.
i cjfor N =3 ¢; for general N
1 1 —-1/2+1/2N
2 5/4 1/2—7/8N + 3/8N2
3 13/12 —1/24+13/16N —13/12N% 4+ 5/16N°3
4 —577/288 —913/576 +2155/864N — 361/3456N2 — 69/64N> + 35/128 N*
5 —14137/810 535901/129 600 — 2279287/172800N + 273721/20736N% — 11559/3200N 3
—997/1280N* + 63/256N°
6 ~ 3B —112614143/93312000 + 3994826 029/186 624 000N

— 1520726023/31 104 000N 2 +276971363/6912000N3
—39882839/3456000N4 — 979/15360N5 + 231/1024N°®

single diagram, but at higher orders, we must calculate 2,4, 7, 13, 23, ... diagrams, not counting
the auxiliary diagrams required for the renormalization of higher-order vertices with more than
two legs. We do not show these diagrams here, but they can be found up to third order in [7]. The
total number of diagrams with an axial current that needs to be calculated for the decay constant
toordernis 1,5, 18,56,169,511,....

We give the coefficients for both leading logarithm series with Oppys = F and Og = F in
Tables 3 and 4. The sixth order is again a new result. Note that once the expression of F; as a
function of F is known one may express the remaining observables as a function of the physical
M2 and F;. This has already been used to calculate the coefficients c; in Tables 2 and 4 from
the corresponding a; .

We have plotted in Fig. 2 the expansion in terms of the unrenormalized quantities and in
terms of the physical quantities. In both cases we get a good convergence but it is excellent for
the expansion in physical quantities.

3.3. Vector form factor

Before we proceed to the discussion of anomalous processes, we turn to the last ingredient
from the even intrinsic parity sector which will be used later: the vertex involving a single photon
and an even number of pions. It is directly connected to the vector form factor, which is defined
by

(“(p|igt, — ivu 8" (i) = (88" — 5*16")i(ps + pduFyv[(pr — p)*].  (18)
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0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25
M2 [GeV?] M2 [GeV?]

Fig. 2. The contribution of the leading logarithms to F; /F order by order for u = 0.77 GeV and N = 3. The left panel
shows the expansion in L with F = 0.090 GeV fixed, the right panel the expansion in Lphys with Fr = 0.0922 MeV
fixed.

The procedure to find the leading logarithm for this observable follows the lines of the one for
the decay constant. For the wave function renormalization one may again use the results obtained

in the mass calculation. We express here the results in terms of 7 = ¢/ M% and
2 MZ

Lag=—2log L 19
M= Ten2F2 E AP (1%

with a scale M? that is some combination of ¢ and M2. Again we have added one more order
compared to the result in [7]. To fifth order we find

Fy(t) = 1+ Lpq[1/681+ L3 [f(=11/12 + 5/12N) +72(5/36 — 1/24N)]
+ L3, [F(+1387/648 — 845/324N +7/9N?)
+ 72 (—4007/6480 + 3521/6480N —29/180N?)
+3(+721/12960 — 47/1440N + 1/80N?)]
+ L4 [F(—44249/15552 +222085/31 104N
—55063/10368N? + 127/96N")
+ 72(+349403/155520 — 15 139/4860N + 86719/51 840N* — 199/480N°)
+73(—85141/155520 4 885319/1555200N — 5303/19200N? +21/320N°?)
+74(+4429/103 680 — 57451/1555200N +289/14400N? — 1/240N7)]
+ L3, [(—2278099/777600 — 2377 637 /466 S60N
+64763783/4665600N? — 178063/19 200N + 69/32N*)
+72(—62212433/11664 000 + 27 685279,/2 332 800N
—376597697/38 880 000N + 53519.593/12960 000N — 361/400N*)
+73(74033879/30240000 — 2247 054 421/544.320 000N



Chapter 2. Original works 92

254 J. Bijnens et al. / Nuclear Physics B 860 (2012) 245-266

+32125153/11340000N2 — 13264 877/12096 000N + 1209/5600N*)
+7*(=299.603257/816 480000 + 213 192 107/408 240 000N
—98330371/272 160 000N + 546 331/3780 000N — 233/8400N*)
+7°(3090331/163296 000 — 36097 349/1 632 960 000N
+28441883/1632960000N> — 15971/2268 000N + 1/672N%)]. (20)

Note that Fy (0) =1 as it should be.
The vector form factor was also calculated in the massless case in [4]. In order to transform
our result into this limit, we define

K L w Q1)
=———log[—— ).
"= Ten2r2 B\ T

Replacing M? — ¢ and then performing the limit MJ% — 0 (which implies F; — F), we get

FO() =14 K,/6+ K2(5/36 — N /24)
+ K7 (721/12960 — 47/1440N + N*/80)
+ K;'(4429/103 680 — 57451/1555200N +289/14400N? — N* /240)
+ K7 (3090331/163296000 — 36097 349/1 632 960 000N
+28441883/1632960000N* — 15971/2268 000N + N*/672). (22)

This differs from the result of [4]. The difference is discussed in Appendix A using a dispersive
approach as an alternative check, which agrees with [7] and (22). Up to the given order, the
coefficient of the highest power in N in (22) at each order is of the form

P o G 2 A (23)
fV_(n—i—l)(n—i—Z)(Z) ’

such that, assuming this representation of fy; to be valid also at higher orders, we can write

o0

FY@) =14 fiK!(1+ O(1/N)). (24)
n=1

The summation can be performed explicitly and we obtain the next-to-large N result in the chiral
limit in a closed form:

1 4 2 KiN
F‘()NLN(t):1+N+W|:1_(1+KIN>log<1+ ; )] (25)

These large N formulas are also present in [4] up to a sign mistake. In that article, the large N
has been explicitly calculated to all orders.

We close this section with giving the expansion for the radius and curvature of the vector form
factor defined by

1
Fy() =1+ )yt +evi 4. (26)

The coefficients ¢; for the expansion in physical quantities are given in Tables 5 and 6 in units
of M,z[, again adding one order compared to [7]. The result up to two-loop order agrees with the
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Table 5
The coefficients ¢; of the leading logarithm Lppys in the expansion of the radius (rz)v in the case N = 3 and for
general N.

i cjfor N=3 ¢; for general N

1 1 1

2 2 —-11/24+5/2N

3 853/108 1387/108 — 845/54N + 14/3N?

4 50513/1296 —44249/2592 +222085/5184N — 55063/1728N2 + 127/16N3
5 120401/648 —2278099/129600 — 2377 637/77 760N + 64763783 /777 600N?2

— 178063/3200N3 + 207/16N*

Table 6
The coefficients ¢; of the leading logarithm Lppys in the expansion of the curvature cy in the case N = 3 and for gen-
eral N.

i cjfor N=3 ¢; for general N

1 0 0

2 1/72 5/36 — 1/24N

3 =71/162 —4007/6480 4 3521/6480N — 29/180N2

4 —25169/7776 349403/155520 — 15139/4860N + 86719/51 840N2 — 199/480N3

5 —1349303/72900 —62212433/11664000+27 685279/2332800N — 376597 697/38 880 000N 2

+53519593/12960000N3 — 361/400N*

LL extracted from the full two-loop calculation [21]. We do not present numerical results for the
vector form factor since these are dominated in the physical case N = 3 by the large higher-order
coefficient contributions, see, e.g., [8,21].

4. Leading logarithms in the anomalous sector

4.1 wy > nnw

The process 7’y — 7970 is forbidden by C-symmetry and we will therefore concentrate on
n~y — m~ 7", The latter can be represented by the anomalous VAAA quadrangle diagram at
quark level. We follow the notation introduced in [22] where the one-loop order was calculated.
At tree-level, the amplitude for w~ (p1)y (k) = 7~ ( pz)no( Po) can be obtained from the Wess—
Zumino—Witten Lagrangian (6):
Ao = —cpape™ () pY pS Pl 27
0= 753 Cnvapt (k) pyp3 Py - 27)
For higher orders we express the results in terms of physical variables only as
A=iF¥ (5,1, w)emape’ () p! ps pl, (28)
with the Mandelstam variables
— 2 _ 2 _ 2 a2 4 12
s=(p1+k)° 1= (p1—p2)’, u=(p1—po), s+t+u=3M,+k>. (29)

The function F37 (s, t, u) for yrm — m is fully symmetric in s, ¢, u. We write it in terms of Fj;
as
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RGP R PR R

Fig. 3. The irreducible diagrams for the process 7y — mx up to two-loop level. The first two diagrams are the one-loop
level.

3 _ 3 3r __ €
F* (s, t,u) =Fy" f(s,t,u), Fg _4712F7§’ 30)

If one expands f (s, ¢, u) as a polynomial in s, t, u one can use the relation in (29) to see how
many new independent kinematical quantities can appear at each order. Up to fifth order in s, 7, u
there is only one at each order. At sixth order there are two. For the first five orders we choose as
independent quantities’

Ay =s"+1"+u". 31

We also define k2 = kz/Mg and A, = An/Mgn. In the end we write f(s,f,u) in terms of
kK2, M2, Ay, ..., As.

The main focus of this article is calculating the leading logarithms in the anomalous sector.
The procedure follows very similar steps as in the even sector. From the even sector we will
need the wave function renormalization and the expressions for the higher-order purely mesonic
vertices as well as the decay constant and mass when using an expansion in terms of physi-
cal quantities. Vertices coupling an even number of pions to a single photon are not needed at
this point, because the two-flavour anomaly does not contain interaction terms involving an odd
number of pions and no photon. What remains to be calculated are the irreducible diagrams with
three external pions and one external photon. The required diagrams up to two-loop order are

depicted in Fig. 3. As in Section 3, a box with » inside, , means a vertex of order n. To reach
the one-loop level, we must calculate the first two of these diagrams. Inspection of the remaining
diagrams for the two-loop level shows that all vertices are already known except the one with
five pions and one photon in the third diagram. The diagrams that are needed in order to obtain
its divergence are shown in Fig. 4. Note that the vertex with three pions and one photon in the
sixth diagram of Fig. 3 is fixed by the one-loop calculation, the first two diagrams in the same
figure.

To go to higher orders we rapidly need vertices with many more legs. We have generated all
diagrams needed and calculated them up to fifth order. We agree with the logarithm determined
from the full one-loop result [22]. The results were obtained in several different parametrizations
with consistent results.

We have calculated the amplitude for 7~y — 7~ 7% up to five-loop level. In the general case,
i.e., for k2, Mj% # 0, we obtain

s, ) :1+LMé(3+]€2)+L3\4%(122_3)(];2+33)

3 The same arguments can be applied to any process fully symmetric in s, #, and u. A prominent example is n — 370,
where s + ¢ +u :3M,.2[ +M%.
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R & Q%

Fig. 4. The irreducible (auxiliary) diagrams needed for the vertex 57y up to one-loop level.
+ L3 L(90A~3 — 6404, — 8157 +2105k% + 81k* + k°)
M 1296

1 - ~ ~
+ LY, 55530 [—153244 + A3(88538 + 1890k?)

— A>(577760 + 12240k 4 540k*)

— 2433375+ 1296 190k* + 57430k* 4 480k° + 185k"]
1 - " ~
L[ A513252156 — A4(160744 570 + 518 350k
* Li336592000 14 4 * )
+ A3(1465 187530 + 39593272k + 247 260k*)

— A5(6756522937 + 257781206k + 11 188 776k* — 9160k°)
— 6498695 163 + 12675091 794k* + 801259 373k* + 4780 240k°
+2948 600" — 1832k'°]. 32)

The symmetry in s, 7 and u is obvious in this expression. Note that at second order A, does not
appear even though it could be present a priori.

We can check whether we find a simpler expression in the massless limit and for an on-shell
photon, k> = 0. In this case we need to express the result in terms of the logarithm

PR e (33
4% Tem2r2 2\ A )

where A is some combination of s, 7, and u:

5 383 3313039

LLO 3 4 5

Jtu)=14+ —A3L) — —— —— As5L>,. 34
Jr by =14 gy A3ka = 194404404 T R 6400029 G
It is clear from symmetry considerations that there should be no term linear in L . We do how-
ever not know why the quadratic term is also absent.

42. 10— yy

This is the most important process in the odd-intrinsic parity sector of QCD, since it is the pro-
cess in which the chiral anomaly was discovered. It remains the main experimental test thereof.

We started our discussion of anomalous processes with 7y — 7w because the leading loga-
rithms for this process could be calculated from our results in the even intrinsic parity sector and
just one type of anomalous vertex.

We define the reduced amplitude F,,,, for 79— y (k1)y (k2)
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6
! \)/ [0} ! \)/ [0} 17

0

Fig. 5. First type of the irreducible diagrams contributing to 7“ — yy up to three-loop order.

0] 0]
0] 0]
0]
Fig. 6. Second type of the irreducible diagrams contributing to 70— yy up to three-loop order.
A = €pape’™ (k)es” (k)KL Freypy (K2, K3). (35)

Fryy (k%, k%) is symmetric under the interchange of the two photons.

The irreducible diagrams contributing to 70 — 'y consist of two different types of one-loop
diagrams. The first type contains the diagrams where both photons are attached to the same ver-
tex, while in the diagrams of the second type, the two photons connect to two different vertices,
only one of which is anomalous. We show here the diagrams needed for the calculation of the
leading logarithms up to third order. Those of the first type are depicted in Fig. 5. There is one
diagram at one-loop order, there are two at two-loop order, and four at three-loop order. The dia-
grams of the second type are depicted in Fig. 6. This time, there is one diagram at one-loop order,
there are three at two-loop, and eight at three-loop order. The figures do not contain the auxiliary
diagrams that are needed in order to determine the higher-order vertices with more than one pion
leg. We only mention that up to three-loop order, one needs to calculate 11 and 23 diagrams for
the first and second type of topologies, respectively.

The first type of diagrams is a consistent subset if we only keep the terms with two vector
sources in the Lagrangian (6). That this leads to identical results for several different parametriza-
tions provides a thorough check on the correctness of our programs for this class of diagrams
separately.

We write the result with 1212 = k?/M? in the form

2

Fryy (ki, k3) = An2F,

Fy (ki) Fy (k3) Fyy (k7 K3) . (36)
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The functions F), (kl.z) and Fyy(kz, k%) are defined to be equal to one for ki2 =0. Fw(kz, k%)
contains only those parts that cannot be absorbed in the F, and thus gives the part that cannot

be obtained as a product of single photon form factors. Finally F gives the corrections for the
on-shell decay 70 — yy.
We have calculated all contributions needed for the LLs up to six-loop order and obtained

F=1-1/6L3,+5/6L3, +56147/77T76L" ; + 446 502199/11 664 000L’ ,
+ 65694012997/367416000LS, ,,
Fy (k%) = 14 Lpq(1/6k%) + L3 (5/24k* + 1/72k*)
+ L3 (71/432k% + 1/24k* + 1/1296k°)
+ L%, (—24353/31 104k + 4873/10368%*
— 2357/31104k° + 145/31 104k®)
+ L3, (—548440741/81 648 000k* + 9793 363 /3 024 000k*
— 32952389/54432000k° + 487493/13 608 000k® — 2069,/10 886400k '°)
+ L, (—3519465627493/102 876 480 000k
+ 3560724235 307/205 752960 000k*
— 1524042 680197/411505 920 000k°
+4741599089/11757312000k% — 510932327/13 716 864 000k '°
+ 1775869/914457 600k '2),

Fyy(6.K3) = 1 + LR
+ LY (kTk3[—203/7776 +29/10368 (kT + k3 )
+1/216(k} +k3) — 1/144k3%3
+ L3 kik3[—5983633/10206 000 + 46 103 /1632 960(k{ + &3)
+372113/11664000(k{ + k3) — 211/5443200(k? + k3)
—394157/9072000k7k3 — 4/25515kiks (ki +&3)]
+ LS 1kk3[— 1072421939 773/205 752 960 000
+ 1444445383 /6531840 000(k7 + &3)
+ 10840553 807/102 876480 000(k{ + &3)
+282016297/205 752960 000(k? + &)
+6157391/4115059200(k} + &5)
— 3852620057/29393 280 000kTk3 — 154 739/58 320 000k k3 (kT + &3)
— 75041473/20575296 000k; k3 (ki + k3 )
+ 174329/35721 000k k5 |- (37)

The absence of the linear term in F agrees with the statement from [23,24] that the contribu-
tion from one-loop diagrams at NLO can be absorbed into F; . The quadratic term also coincides
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with the two-loop calculation of [25] and the complete one-loop expression for off-shell photons
is the same as in [24].

Note that the nonfactorizable contribution F),,, only starts at three-loop order and that the part
surviving in the chiral limit only starts at four-loop level. The leading logarithms thus predict this
part to be fairly small.

The lowest-order results for the two anomalous processes are connected via the current alge-
bra relation [26,27]

1
3 _

F~7(0,0,0) = EFnyy(O, 0), (38)
which holds exactly in the chiral limit. Even beyond this limit it is valid also at the one-loop
level for the leading logarithms as can be seen by comparing (32) and (37). The current algebra
relation remains true, if in both amplitudes one of the photons is allowed to be off-shell, i.e.

1

3 _
F7 (s, 1, ”)|s+z+u=3M;+k2 T oF2 Fryy(
b

k%, 0). (39)
It turns out that in the chiral limit, this relation holds for the leading logarithms up to two loops,
as can again be checked from (32) and (37).

5. Phenomenology of the anomalous sector
51. my > nw

The only direct measurement of the wy — mr vertex has been performed at the IHEP accel-
erator in Serpukhov [28] using 7~y — 7 ~7°, where the y comes from the electromagnetic field
of a nucleus via the Primakoff effect. The relevant cross-section was measured with a pion beam
of E =40 GeV and the photons’ virtuality was in the region k% < 2 x 10~2 GeV?, which can be
neglected at the present precision. The analysis is for values of s < 10M72T and thus within the re-
gion where ChPT is applicable. Assuming the function F37 (s, , u) of (30) to be approximately
constant, F37 (s,t,u)~ F37, they find

FT=12940.9+0.5GeV . (40)

exp

Another derivation used the data on 7 ~¢~ — 7 ¢~ 70 [29] to determine FS” [30]. They ob-
tained

Fyl, =99+ 1.1GeV™ or 9.6+ 1.1GeV ™, S

depending on the way electromagnetic corrections are included.

The value in (40) needs to be corrected for extrapolation to the point s = ¢ = u = 0. The
one-loop ChPT corrections were evaluated in [22] and a possibly large electromagnetic correc-
tion identified in [31]. The main conclusion is that the experimental values are in fairly good
agreement with the theoretical result of (30) which gives F03” =9.8 GeV 2 as discussed further
below.

The comparison with [28] goes via their result 0’/22 =1.631+0.23+0.13 nb and [28,31]

10M2 ) )
z=Z / ds (m Finax | Tmin _ 1) Oym—mn

qmin qmax

4m2

T
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Table 7

The extraction of the anomalous y3m factor Fg’” (in GeV_3) from experiment using various estimates of the higher-
order corrections. LO includes no higher-order corrections and thus coincides with (40). The next column contains the
QED correction f(];:M. Then come the values including in addition the leading logarithm and the complete correction

from flloop . The last three columns also contain fllree using the model estimates in (47).

LO fEM AP @D 70 fie (HLS) e QM) fle (SDE)
F3m 129 123 120 1.9 114 10.1 120
T
Oynosmn = Ms(s - Mﬂ)<1 - T”) /d@ sin® 0| Fg™ f (s, t,u)|”. (42)

0

Inserting the charged pion mass, g2, = 2 - 1073 GeV?, ¢2. = ((s — M2)/(2E))?, and
f(s,t,u) =11in (42) leads to the value in (40).
The various known higher-order corrections can now be included via f (s, ¢, u):

Flotouw) =1+ fEM 4 £ 4 plree 4 (43)
The dependence on s, ¢, u is tacitly assumed for all functions f;. The index i refers to the # order.
The leading-order electromagnetic correction f(f‘M was determined in [31] as f(FM = —2€2F7% /t

and higher-order electromagnetic corrections were found to be small. The next-to-leading-order
correction coming from one-loop graphs is, in the isospin limit, given by [22]

2

loop_LI:_ M3 1+ 310eMx )\ 4 g 1)+ 1( )} (44)
fi = 672 (471)2( + ogM2>+ (s) + +1(u)|,

with 1 (s) = (s — 4M§)J_ (s), where J(s) is the standard subtracted two-point function

_ —1
16727 (q%) = ologz Tt o= \1-4M3/g. 45)

The logarithmic term in (44) agrees with our LL calculation. The full expression accounting for
the pion mass difference can be found in [31].

The contribution from the NLO Lagrangian can be expressed in terms of the low-energy
constants introduced in [32] as

fiee = 12872 M2 ()" +¢d"). (46)

In order to estimate the value of fl“ee, several methods exist in the literature: hidden local symme-

try (HLS) [22], phenomenology [33], the constituent quark model (CQM) [33,34], Schwinger—
Dyson equation (SDE) [35], or resonance saturation [36], to name a few. The spread in results
can be seen from the estimates following from three of these methods
tree 3M7%
fiee = Ve =0.048 (HLS), =0.19 (CQM), = —0.01 (SDE). 47
P

The two-loop corrections, estimated using dispersive techniques [37], are found to be small.
These corrections can now be incorporated in the calculation of F03” from the cross section
measured at Serpukhov using (42). Turning them on one by one, we find the results listed in
Table 7. Comparison of the third and fourth column shows that at the one-loop order, the leading
logarithm provides a good estimate for the size of the complete correction: it accounts for 60% of
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Fig. 7. The leading logarithm contribution to the total cross section for 7 "y — 7~ 7" as a function of s.

the shift. The uncertainty on the listed values has two main sources: the experimental uncertainty
of about +1 GeV ™ and the model dependence of the cl.W ". From the spread of the estimates in
Table 7, the latter also is about +1 GeV 2. The total error, adding quadratically, is thus about
+1.5 GeV ™3, such that the theoretical result F03” =9.8GeV3 agrees reasonably with the final
values at the one-loop level.

Let us now return to the discussion of the expansion fLL in (32). The one-loop LL shifts the
result by —0.3 as already shown. Adding the LL contributions up to five-loop order in (42) leads
to

Fg™L = (12.9 — 0.3 4-0.04 + 0.02 4 0.006 4- 0.001 + - - -) GeV 2. (48)

Clearly, the series converges rather well. The small size of the LLs beyond one loop indicates
that the full corrections at higher orders are negligible.

The total cross section obtained from only the LL contributions as a function of the center-of-
mass energy is depicted in Fig. 7.

52. 109> yy

For the decay 7 — yy, there is more experimental information available. For a recent re-
view, see [38]. The current PDG average ([39], updated 2011) for the lifetime of the neutral pion
is based on six experiments: three relying on the Primakoff effect [40-42], a direct measure-
ment [43], an eTe™ collider measurement [44], and a measurement of the weak form factor in
xt — etvy [45], which is related to the 7 lifetime via the conserved vector current hypothe-
sis. This leads to the average lifetime 7,0 = (8.4 £ 0.4) X 10717 s. Including the recent precise
measurement by PrimEx at JLab [46],

F(7° = ¥¥)pimpy = 7-82£0.14 £0.17 eV, (49)
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leads to a smaller uncertainty, 7,0 = (8.35 £ 0.31) x 10~!7 5. Ongoing efforts by the PrimEx
Collaboration are expected to decrease the error by a factor two.
The partial decay width is related to the decay amplitude by

3

I, :&m 12, (50)
Yv 64 Tyy

At lowest order we find from the Wess—Zumino—Witten Lagrangian

2
FLO — 4JTeTFn = (@0 yy) o ~776eV, (51)
which is in perfect agreement with the PDG average as well as with the PrimEx result (49).
Higher-order corrections might still destroy the agreement and we can use the leading logarithms
to estimate the size of these contributions and to examine the convergence of the chiral series.
Notice that no chiral logarithms are present at the one-loop level once everything is expressed in
terms of the physical quantities F;; and M, [23,24]. At the two-loop level, leading logarithms
start to contribute [25]. At present the best prediction including electromagnetic and two-loop
effects is [25]

I

a9—yy

which leads to the lifetime 7,0 = (8.04 +0.11)107!7 5.

Our result for F in (37) indicates that the convergence is fast and higher orders are small.
Putting in u = 0.77 GeV we obtain

=(8.09+0.11) eV, (52)

A

F=1+0-0.000372 + 0.000088 + 0.000036 + 0.000009 4 0.0000002 + - - -, (53)

which clearly shows a fast convergence.

We now turn to the discussion of the meson—photon transition form factor ), (— 0?), normal-
ized to the value at Q% = 0, which has been given in (37). It was measured by CELLO [47],
CLEO [48], and recently by BaBar [49] mainly in the range 1 < Q2 < 40 GeV2. New activity is
expected for very low Q2 by KLOE-2 at DA®NE [50] which should directly test the prediction.

The LL contribution up to fifth order has been given in (37). Our result for the LL contribution
to this quantity is depicted in Fig. 8 together with the VMD prediction

2
my

YR (-0%) = (54)

= 7’” %/ 1o >
6. Conclusion

In this paper we have extended the earlier work on leading logarithms in effective field theories
to the anomalous sector. First we improved the programs used in the earlier work on the massive
nonlinear sigma model [6,7]. This allowed us to compute one order higher than in those papers
and we presented results for the mass, decay constant and the vector form factor. For the latter
we clarified the discrepancy with the chiral limit work of [4] and we presented some numerical
results as well.

The main part of this paper is the extension to the anomalous sector. We thus added the Wess—
Zumino—-Witten term to the massive nonlinear sigma model for N = 3 and computed the leading
logarithms to six-loop order for 70 — y*y* and five-loop order for the y*wmm vertex. We did
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Fig. 8. The LL contribution to Fy, (— 0?) at different orders. Also shown is the VMD prediction as a comparison.

not find a simple guess for the coefficients which was one of the hopes when starting this work. In
both cases the leading logarithms indicate that the chiral series converges fast and we presented
some numerical results for the pion lifetime, the transition form factor and the y*w 7w vertex.
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Appendix A. Dispersive approach for the pion form factor
Since the leading logarithms for the vector form factor in the chiral limit obtained in [7] and

here do not agree with the corresponding result from Kivel et al. [4], another check of our result
is in order. In [5], it was found that the partial wave amplitudes for w7 scattering are given by

1 S()" 1
I
t = — O(NLL), 55
/)= Z’”Zl+1 (s>+ (NLL) (53)
with the dimensionless function $ (s)= an F)2 The coefficients a) ; can be found in Tables I and
IIin [5].
The leading logarithms for the scalar form factor are
[ M2
$a
FS(S): E fl’l S(S)n ln"(—T) (56)

n=0
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In this case, the results from [4] and [7] for the coefficients fOS are in agreement. The disconti-
nuity across the cut of the scalar form factor must satisfy

disc Fs(s) = 1) Fs(s), (57

which can be easily verified to hold for the coefficients fnS given in [4,7].
A similar expansion holds for the vector form factor:

o0 2
Fy(s)=>)_ £/ 5(s)" In" (_MT) + O(NLL). (58)

n=0

This time, however, the results from [4] disagree with ours and [7] for n > 2. The discontinuity
across the cut of the vector form factor must hold

disc Fy (s) = 1] Fy (s), (59)

which is only given for the f from us and [7]. We therefore conclude that this is the correct

n
result.
Dropping the factor (—=1)P*! in (12) of [4] brings that result in agreement with ours. That
there is indeed a misprint in [4] was confirmed to us by the authors and was stated in the PhD
thesis of A.A. Vladimirov.
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Berends-Giele relations for the semi-on-shell currents and discuss their efficiency for the
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an explicit form of the partial amplitudes up to ten external particles. It is well known that
the standard BCFW recursive relations cannot be used for reconstruction of the the on-
shell amplitudes of effective theories like the SU(/V) nonlinear sigma model because of the
inappropriate behavior of the deformed on-shell amplitudes at infinity. We discuss possible
generalization of the BCFW approach introducing “BCFW formula with subtractions” and
with help of Berends-Giele relations we prove particular scaling properties of the semi-on-
shell amplitudes of the SU(NN) nonlinear sigma model under specific shifts of the external
momenta. These results allow us to define alternative deformation of the semi-on-shell
amplitudes and derive BCFW-like recursion relations. These provide a systematic and
effective tool for calculation of Goldstone bosons scattering amplitudes and it also shows
the possible applicability of on-shell methods to effective field theories. We also use these
BCFW-like relations for the investigation of the Adler zeroes and double soft limit of the
semi-on-shell amplitudes.
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1 Introduction

The chiral nonlinear sigma model is a widely used tool for description of many phenomena
in theoretical particle physics. It is based on a simple Lie Group G and the spontaneous
symmetry breaking G X G — G gives rise to massless excitations - Goldstone bosons. For
instance, in the theory of strong interactions, the group G is SU(Ny) where Ny = 2,3 is a
number of light quark flavors and Goldstone bosons are associated with the triplet of pions
(for Ny = 2) or octet of pseudoscalar mesons m, K and 5 (for Ny = 3). The interactions of
these degrees of freedom dominate the hadronic world at low energies. In this context, the
leading order nonlinear U(3) x U(3) chiral invariant effective Lagrangian, the kinetic part
of which corresponds to the chiral nonlinear U(3) sigma model, was constructed in the late
sixties by Cronin [1] while the SU(2) case was studied by Weinberg [2, 3], Brown [4] and
Chang and Giirsey [5]. Further generalization lead to the invention of Chiral Perturbation
Theory as a low energy effective theory of Quantum Chromodynamics by Weinberg [6] and
by Gasser and Leutwyler [7, 8]. Chiral Perturbation Theory became a very useful tool for
the investigation of the low energy hadron physics.

The focus of this paper is on scattering amplitudes of Goldstone bosons within the
SU(N) nonlinear sigma model described by the leading order Lagrangian. In principle,
the standard Feynman diagram approach allows us to calculate arbitrary amplitude. Be-
cause the model is effective, and the Lagrangian contains an infinite tower of terms the
calculation becomes very complicated for amplitudes of many external Goldstone bosons
even at tree-level. It would be therefore desirable to find alternative non-diagrammatic
methods which could save the computational effort and provide us with a tool to get the
amplitudes more efficiently. In the past an attempt to formulate the calculation of the
tree-level without any reference to the Lagrangian was made by Susskind and Frye [9].
They postulated recursive procedure for pion amplitudes based on certain algebraic dual-
ity assumptions supplemented with the requirement of Adler zero condition which should
have to be satisfied separately for group-factor free kinematical functions recently known
as the partial or stripped amplitudes. Such a condition had been proven in the special case
of pion amplitudes described by the SU(2) nonlinear sigma model by Osborn [10]. In [9]
the authors successively calculated the amplitudes up to eight pions and showed that these
results are equivalent to the diagrammatic calculation based on the SU(2) nonlinear sigma
model. The full equivalence for all amplitudes has been proven by Ellis and Renner in [11].

Over the past two decades there has been a huge progress in understanding scattering
amplitudes using on-shell methods (for a review see e.g. [12-15]). They do not use explicitly
the Lagrangian description of the theory and all on-shell quantities are calculated using
on-shell data only with no access to off-shell physics (unlike virtual particles in Feynman
diagrams). This has lead to many new theoretical tools (e.g. unitary methods [16, 17],
BCFW recursion relations for tree-level amplitudes [18, 19] and the loop integrand [20])
as well as practical applications of on-shell methods to LHC processes (for recent results
of the next-to-leading order QCD corrections for W + 4-jets see [21]). Most of the recent
theoretical developments have been driven by an intensive exploration of N/ = 4 super
Yang-Mills theory in the planar limit both at weak and strong couplings (see e.g. [22-33]).
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There have been several attempts to extend some of these methods to other theories.
The most natural starting point are the recursion relations for on-shell tree-level ampli-
tudes, originally found by Britto, Cachazo, Feng and Witten for Yang-Mills theory [18, 19]
and later also for gravity [34, 35]. The main idea is to perform a complex shift on exter-
nal momenta and reconstruct the amplitude recursively using analytic properties of the
S-matrix. More recently, this recursive approach was extended to Yang-Mills and gravity
theories coupled to matter, as well as more general class of renormalizable theories [36].

In this paper, we find the new recursion relations for all on-shell tree-level amplitudes of
Goldstone bosons within SU(V) nonlinear sigma model. This shows that on-shell methods
can be applied also for effective field theories and it gives new computational tool in this
model. Using these recursion relations we are also able to prove more properties of tree-level
amplitudes that are invisible in the Feynman diagram approach.

The paper is organized as follows: in section 2 we discuss SU(XN) nonlinear sigma
model, introduce stripped amplitudes and using minimal parametrization (the convenient
properties of which has been discussed in [11]) we calculate tree-level amplitudes up to
10 points. In section 3 we review BCFW recursion relations and their generalization to
theories that do not vanish at infinity at large momentum shift. Section 4 is the main
part of the paper, we first introduce semi-on-shell amplitudes, ie. amplitudes with n — 1
on-shell and one off-shell external legs. Then we prove scaling properties under particular
momentum shifts which allows us to construct BCFW-like recursion relations. Finally, we
show explicit 6pt example. In section 5 we use previous results to prove Adler zeroes and
double-soft limit formula for stripped amplitudes. Additional results and technical details
are postponed to appendices: in appendix A, we describe the general parametrization of
the SU(N) nonlinear sigma model. In appendix B we give the results of the amplitudes up
to 10p. Appendix C is devoted to the counting of flavor-ordered Feynman graphs needed
for the calculations of the amplitudes in nonlinear sigma models and other theories. In
appendix D we present additional scaling properties of the semi-on-shell amplitudes. In
appendix E, we study the double soft-limit for more general class of spontaneously broken
theories for complete (not stripped) amplitudes.

2 Nonlinear sigma model

2.1 Leading order Lagrangian

Let us first assume a most general case of the principal chiral nonlinear sigma model based
on a simple compact Lie group GG. Such a model corresponds to the spontaneous symmetry
breaking of the chiral group G, x Gr where G r = G to its diagonal subgroup Gy = G,
i.e. to the subgroup of the elements h = (g1, gr) where gr, = gr. The vacuum little group
Gy is invariant with respect to the involutive automorphism (gr,gr) — (9r,gr) and the
homogeneous space G, X Gg/Gy is a symmetric space which is isomorphic to the group
space (G. A canonical realization of such an isomorphism is via restriction of the mapping

(9z,9r) = grgy' =U (2.1)
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(which is constant on the right cosets of Gy in G, X GR) to G X Gg/Gy. Provided we
induce the action of the chiral group on G, x Gg/Gy by means of the left multiplication,
the transformation of U under general element (Vy,, Vi) of the chiral group is linear

U— VUV, (2.2)

This can be used to construct the most general chiral invariant leading order effective
Lagrangian in general number d of space-time dimensions describing the dynamics of the
Goldstone bosons corresponding to the spontaneous symmetry breaking Gr, x Gr — Gy as

@ _ F? ~1 ) y— —1
L8 = L (@,U04U ) = — (U 9,U) (U0 D)), (2.3)

where F' is a constant! with the canonical dimension d/2 — 1. Here and in what follows
we use the notation (-) = Tr(-) and the trace is taken in the defining representation of
G. The overall normalization factor is dictated by the form of the parametrization of the
matrix U in terms of the Goldstone boson fields ¢* which we write for the purposes of this
subsection? as

U = exp (\@%qﬁ) (2.4)

where ¢ = ¢*t® and t*, a = 1,...,dim G are generators of G satisfying

<tatb> _ 6ab
[ta’ tb} _ i\@fabctc.

Here f¢ are totally antisymmetric structure constants of the group G. According to (2.2),
the fields ¢® transform linearly under the little group Gy as the vector in the adjoint
representation of G' while the general chiral transformations of ¢ are nonlinear.

The Lagrangian £(2) can be rewritten in terms of the Goldstone boson fields as follows.

We have
. _exp (—vV24Ad(¢)) — 1 1 exp(—%Dy) -1
Ul9,U = — AT 8M¢——ﬁt~D—¢-8¢ (2.7)
where
Ad(¢)0,6 = (6, 0u0) = V2" D0, ¢" = V2t - Dy - 99, (2.8)

the matrix ng is given as
Dy = —ifebge (2.9)

and the dot means contraction of the indices in the adjoint representation. Inserting this
in (2.3) we get finally

(2)_1‘;2 T_lfcos(%ab)_ _ 4T . — (-1)" 2 ez 2n—-2 |
£ =00 D2 0 = —0¢ ;(271)! I D; d¢p. (2.10)

'The decay constant of the Goldstone bosons.
2In what follows we will use also more general parametrization of U.
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2.2 General properties of the tree-level scattering amplitudes

Note that, the only group factors which enter the interaction vertices are the structure
constants f9%¢. In any tree Feynman diagram each f%¢ is contracted either with another
structure constant within the same vertex or via propagator factor 6*° with some structure
constant entering next vertex. Therefore, using the standard argumentation for a general
tree graph [12], i.c. expressing any f° as a trace f®¢ = —(i[t% t*]t¢)/v/2 and then suc-
cessively using the relations like fede¢¢ = fi[td, t¢]/ V/2 in order to replace the contracted
structure constants with the commutators of the generators inside the single trace, we can
prove that any tree level on-shell amplitude has a simple group structure, namely

MOty gy p) = (0@ %) M (py, .., pn). (2.11)
0€Sn/Zn

Here all the momenta treated as incoming and the sum is taken over the permutation of

the n indices 1,2, ...,n modulo cyclic permutations. As a consequence of the cyclicity of
the trace we get
Mg(p17p2---ypn) :Mo(p27---7p7L7p1) (212)
Due to the Bose symmetry, the kinematical factors M, (p1,,...,p,) has to satisfy
Mo‘op(ply 9 :pn) = Md(pp(l)vpp@)v e 7pp(n)) (213)

(where o o p is a composition of permutations) and therefore

Ma(ph s 7pn) = M(pa'(l)>pa(2)7 s apo(n)) (214)

where we have denoted M = Mjq (here id is identical permutation). The amplitudes
M(p1,...,ppn) are called the stripped or partial amplitudes. Note that the same arguments
can be used also for the Feynman rules for the interaction vertices, the general form of
which can be written as

V':laz'“a" (p11p2a s apn) = Z <taa(1)tag(2) s tag(n)>vn(p(7(1)apo(2)a s 7p(r(n)) (215)
0€Sn/Zn

After some algebra we get explicitly (see appendix A for details) Vap11(p1, ..., pont1) =0
and

k=1 i=1

_1\n n—12n—1 n— 2n
Voo o) = ot (7)o (-1 <2kf>z<p¢-pi+k>. (2.16)

Let us note that besides (2.3), (2.4) we need not to use any algebraic relations specific for
the concrete group G when deriving this formula and it is therefore valid for general G.
In the general case we can therefore define the stripped amplitudes and stripped vertices,
however, their relation is not straightforward and may depend on the group G. In what
follows we will concentrate on the case G = SU(N).
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2.3 Tree-level amplitudes for G = SU(NN)
2.3.1 Flavor ordered Feynman rules

The standard way of calculation of the tree-level amplitudes M % (py,...,p,) is to
evaluate the contributions of all tree Feynman graphs with n external legs build form
the complete vertices (2.15) and propagators Ag, = i04/p%. This includes rather tedious
group algebra which is specific for each group G. In the special case of G = SU(N) the
calculations can be further simplified. Because we have the completeness relations for the
generators t* in the form

N2-1
3 (Xt y) = (XY) - %<X><Y>, (2.17)
a=1

we can simply merge the traces from the vertices of any tree Feynman graphs in one single
trace preserving at the same time the order of the generators t% inside the trace. Note
that the “disconencted” 1/N terms have to cancel in the sum in order to produce the
single trace in (2.11).% This enables us to formulate simple “favor ordered Feynman rules”
directly for the stripped amplitudes M completely in terms of the stripped vertices V.
The general recipe is exactly the same as in the more familiar case of SU(N) Yang-Mills
theory, i.e. the tree graphs built form the stripped vertices and propagators are decorated
with cyclically ordered external momenta and the corresponding ordering of the momenta
inside the stripped vertices are kept.

Let us note that such a simple way of the calculation of the stripped amplitudes might
not be possible for general group G. For instance for G = SO(N) we have the following
completeness relations

N(N-1)/2

S (X Eey) =

a=1

(XY) —(XY™)) (2.18)

N =

the second term of which reverses the order of the generators in the merged vertex and the
aforementioned simple argumentation leading to the flavor ordered Feynman rules has to
be modified.

The SU(N) case has also another useful feature. As a consequence of the completeness
relations (2.17) for the group generators of SU(N) and the analogous relation

N2-1 1
DXtV = (X)(Y) - ~ &) (2.19)

it can be proved [12] that the traces (t*M¢% @ .. . ¢% M) and (t%®¢%@) . ¢%m)) are
orthogonal in the leading order of N in the sense that

D (temtte@ | glm) (1%t . %m)* = N"T2(N? - 1) (&m +0 (%))

a1,a2;...,0n

(2.20)

3As we shall see in what follows, this fact can be understood as a consequence of the decoupling of the
U(1) Goldstone boson in the nonlinear U(N) sigma model.
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where 5, = 1 for p = ¢ modulo cyclic permutation and zero otherwise. This relation is
enough to uniquely determine the coefficients 7, in the general expansion of the form

Toezetn = N (flele@ )T, (2.21)

0c€Sh/Zn

(provided the coefficients 7, are N—independent) as the leading in N terms of the “scalar
product”

D Tmesan(glepte@  toam)* = N"3(N? 1) (7} +0 (%)) (2.22)

a1,a2;...,an

Because the stripped amplitudes and vertices by construction do not depend on N, the
coefficients at the individual traces in the representation (2.11) are unique a therefore the
stripped amplitudes and vertices are unique.

2.3.2 Dependence on the parametrization

Up to now we have identified the Goldstone boson fields ¢ using the exponential para-
metrization (2.4) of the group elements U(¢®). However, according the equivalence theo-
rem, the amplitudes M®*1%2-9n () py. ... py,) are the same for any other parametrization
U((;a) where

" = ¢" + F(9) (2:23)
where F%(¢) = O(¢?) is at least quadratic in the fields ¢. Therefore, according to
the aforementioned uniqueness, the stripped amplitudes for the nonlinear SU(N) sigma
model do not depend on the parametrization. Note, however, that this is not true for the
stripped vertices which do depend on the parametrization because the complete vertices
V" (p1, pas - - pn) do.

As far as the on-shell tree-level amplitudes are concerned, in various calculations we are
thus free to use the most suitable parametrization and consequently the most useful form
of the corresponding stripped vertices for a given purpose. We shall often take advantage
of this freedom in what follows.

A wide class of parameterizations for the chiral nonlinear sigma model with G = U(N)
and G = SU(N) has been discussed in [1]. The general form of such a parameterizations

U= gak (\/Q}(b)k (2.24)

where agp = a; = 1 and the remaining real coefficients ay, are constrained by the requirement
UU* = 1. The exponential parametrization (2.4) corresponds to the choice a,, = 1/n!. In

reads

fact, as was proved in [1], for SU(N) nonlinear sigma model with N > 2, the exponen-
tial parametrization is the only admissible choice within the above class of parameteriza-
tions (2.24) compatible with the nonlinearly realized symmetry with respect to the SU(N)
chiral transformations (2.2). On the other hand, for SU(2) and for the extended chiral
group G = U(N) with arbitrary N, the parameterizations of the form (2.24) represent an
infinite-parametric class. The more detailed discussion can be found in appendix A.
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2.3.3 Interrelation of the cases G = U(NN) and G = SU(N)

Let us note, that the SU(XN) and U(N) chiral nonlinear sigma models are tightly related.
Within the exponential parametrization we can write in the U(N) case

U = exp (;\/2450) U (2.25)

where U € SU(N) and ¢ is the additional U(1) Goldstone boson corresponding to the
U(1) generator t° = 1/v/N. We get then

_ i [2 PP
U-to,U = Ve Naugbo +U%0,U (2.26)

and as a consequence,
1 F2
£ = §a¢0 -0¢° + T(%U@”U*l). (2.27)

Therefore ¢° completely decouples. This means that for the on-shell amplitudes in this
model

Mal(mma" (p17p27 s 7pn) =0 (228)

whenever at least one a; = 0. Note that this statement does not depend on the parametriza-
tion. We can therefore reproduce the on-shell amplitudes of the SU(N) chiral nonlinear
sigma model from that of the U(N) one simply by assigning to the indices a; the values
corresponding the SU(N) Goldstone bosons. Keeping this in mind, in what follows we
will freely switch between the U(XN) and SU(N) case and use the general parameteriza-
tions (2.24) also in the context of the SU(V) chiral nonlinear sigma model.

The fact that the U(1) Goldstone boson decouples gives also a nice physical explanation
why the “disconnected” 1/N term can be omitted in the relation (2.17) when summing
over virtual states in the tree-level Feynman graphs for the SU(/V) nonlinear sigma model.
This term can be interpreted as the subtraction of the extra U(1) virtual state contained
in the first “connected” part. However, because this state decouples, no such correction is
in fact needed.

The decoupling of the U(1) Goldstone boson is an effect analogous to the decoupling of
the U(1) component of the gauge field in the case of the U(/V) Yang-Mills theory. For the
tree-level amplitudes (and the corresponding stripped amplitudes) we get as a consequence
a set of identities constraining their form. For instance taking only one a; = 0 (say a1)
in (2.28), we get the “dual Ward identity” (or the U(1) decoupling identity)

M(p1,p2,p3, -, pn) + M(p2,p1,03, ..., pn) + ... + M(p2,p3,...,p1,pn) =0 (2.29)

exactly as in the Yang-Mills case (see e.g. [12] and references therein).



Chapter 2. Original works 115

2.4 Explicit examples of SU(IN) on-shell amplitudes

Using (2.11) we can reconstruct the complete amplitude M % (py,...,p,) just from a
single stripped amplitude M(py,...p,) which is given by the sum of Feynman diagrams
with ordered external legs {1,2,...n}. Though the aim of this paper is not to calculate
scattering amplitudes using the Feynman diagram approach, in this section we provide
explicit examples for diagrammatic calculation of the stripped 4pt and 6pt amplitudes of
the chiral nonlinear SU(N) sigma model (the 8pt and 10pt amplitudes we postpone to the
appendix B) as the reference result for the recursive formula given in section 4.

We can easily see that the only poles in the stripped amplitude are of the form 1/s; ;
where

i
sij=pi;  with  pij=1 p (2.30)
k=i

(Obviously s; j = sj4+1,;—1 due to momentum conservation). The variables s; ; are therefore
well suited for presentation of the amplitudes.

As we have discussed above, the SU(IV) stripped amplitudes are essentially the same
as those for the U(IV) case and, as we have discussed above, they are independent on the
parametrization of the unitary matrix U in (2.3). The most convenient one for diagram-
matic calculation of on-shell scattering amplitudes is the minimal parametrization [11]

. B . o] k
U= \/5%¢ /1 - 2% —14 \/5%@23 -2y <2—;ﬂ> Cp1 (2.31)
k=1

where (), are the Catalan numbers (A.12). The stripped Feynman rules for vertices can
be written in terms of s; ; as follows (see appendix A for details)

1 n 1 n—1 2n+4-2
Vanta(sij) = (ﬁ) 3 > CrkCrk1 Y Siiporst (2.32)
k=0 i=1

Note that within this parametrization the stripped vertices do not depend on the off-
shellness of the momenta entering the vertex and when expressed in terms of the variables
s;; they are identical taken both on-shell or off-shell. This rapidly speeds up the calcu-
lation, because there are no partial cancelations between the numerators and propagator
denominators within the individual Feynman graphs and it allows us to find the final
expressions for the amplitudes in very compact form.

The four-point amplitude is directly given by the Feynman rule in the simple
parametrization,

2F2M(1,2,3,4) = 512 + s9.3. (2.33)

Note that for n-point amplitude > ;_;pr = 0 and this can be used to systematically
eliminate p, or equivalently s. .
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Figure 1. Graphical representation of the 6-point amplitude ( 2.34) with cycling tacitly assumed.

The six-point amplitude is given by diagrams in figure 1. The explicit formula reads

4F*M(1,2,3,4,5,6) =
_(s12+s23)(s1,a+845)  (s1,a+s25)(s2,3+834)  (s12+525)(s34+54,5)

51,3 52,4 535
+ (s12+ S1,4+ 52,3+ S25 + 534 + S45) (2.34)

This can be rewritten as

1 5
AF'M(1,2,3,4,5.6) = —5 (s12F 52’?;)1(51*4 T545) |y teydl,

with ‘cycl’ defined for n-point amplitude as
n—1
Alsigy- s Smm] + Yl =Y AlSigh sk Smakntk)» (2.35)
k=0
which will quite considerably shorten the 8- and 10-point formulae. These are postponed
to appendix B.

3 Recursive methods for scattering amplitudes

Feynman diagrams are completely universal way how to calculate scattering amplitudes in
any theory (that has Lagrangian description). However, it is well-known that in many cases
they are also very ineffective. Despite the expansion contains many diagrams each of them
being a complicated function of external data, most terms vanish in the sum and the result
is spectacularly simple. The most transparent example is Parke-Taylor formula [37] for
all tree-level Maximal-Helicity-Violating amplitudes.* The simple structure of the result is
totally invisible in the standard Feynman diagrams expansion.

Several alternative approaches and methods have been discovered in last decades, let
us mention e.g. the Berends-Giele recursive relations for the currents [38] and the more
recent BCFW (Britto, Cachazo, Feng and Witten) recursion relations for on-shell tree-level
amplitudes that reconstruct the result from its poles using simple Cauchy theorem [18, 19].

3.1 BCFW recursion relations

For concreteness let us consider tree-level stripped on-shell amplitudes of n massless par-
ticles in SU(N) Yang-Mills theory (“gluodynamics”).> The partial amplitude M,, is a

4Scattering amplitudes of gluons where two of them have negative helicity and the other ones have
positive helicity.

5The recursion relations can be also formulated for more general cases and also for massive particles.
See [39] for more details.

,10,
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gauge-invariant rational function of external momenta and additional quantum numbers A
(helicities in case of gluons)

M = Mn(p1,p2, .. .pniha,ha, . ha). (3.1)

The external momenta are generically complex but if we are interested in physical ampli-
tudes we can set them to be real in the end. Let us pick two arbitrary indices ¢, 7 and
perform following shift.

pi = pi(2) =pi+2q,  pj—pi(z) =p; — 2q (3.2)

such that the momentum ¢ is orthogonal to both p; and p;, ie. ¢ = (¢-p;) = (¢-p;) =0
and the shifted momenta remain on-shell. Let us note that such ¢ can be found only for
the case of spacetime dimensions d > 4. The amplitude becomes a meromorphic function
M, (2) of complex parameter z with only simple poles. The original expression corresponds
to z = 0. If M,(z) vanishes for z — oo we can use the Cauchy theorem to reconstruct

My = Mn(o)a
1 dz B Res (M, i)
0= 5 Jorw, 2 My(2) = My (0) +Zk: - (3.3)
where C(00) is closed contour at infinity. M,, can be then expressed as
R
M, = - 3 Bes Mo z) (3.4)

V4
k k

where k is sum of all residues of My (z) in the complex z-plane. Residues of M, (z) can
be straightforwardly calculated for the following reason: the only poles of M,, are pib =0
where poy = (pg + Pat1 + --.pp). The poles of M, (z) have still the same locations just
shifted, namely pzyb(z) = 0 where i € (a,a+1,...b) or j € (a,a+1,...b). If none of the
indices 7, j or both of them are in this range, the dependence on z in p,;(2) cancels and it
is not pole in z anymore. It is easy to identify all locations of the corresponding poles z4.
Suppose that particle i € (a,a+1,...b),

2
pa,b

2(q pap)’ (3:5)

2

Pep(2) = Pat - Dt + (i +20) +Pig1+ - p)° =0 = zgp=-—
In the original amplitude M,, the residue on the pole pg , = 0 is given by unitarity: on the
factorization channel with given helicity the amplitude factorizes into two sub-amplitudes,

and therefore
_ i
Res (M, 24) = ;ML(Z“J’) hab2(7

ab

Ml (2, 3.6
Q'pa,,b) R ( ,b) ( )

where the summation over the helicities hg;, of the one-particle intermediate state is taken.

The “left” and “right” sub-amplitudes Mf%b(zmb) are

M7 (2p) = Mp—ar2(Das - - -, Di(Zap)s - - - Pbr —Pap(Zap); Ry - - -, —hab) (3.7)
M‘;ézb (Za,b) = Mn,(b,a) (pa,b(za,b)vpb-‘rl? By 1 (Za,b)v <+ oy Pa—1; h(lb7 ey ha71)~ (38)

— 11 —
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The amplitude M,, can be then written as

_ i
My =" M (z0) pTM’}?b(zmb). (3.9)

ab,hay ab

It is convenient to choose i and j to be adjacent because it eliminates the number of
factorization channels we have to consider.

3.2 Reconstruction formula with subtractions

The BCFW recursion relations discussed above are very generic and applicable for a large
class of theories. The main restriction is the requirement of large z behavior: M, (z) — 0
for z — oo. However, this behavior is not guaranteed in general and there exist examples
when it is broken no matter which pair of momenta p; and p; is chosen to be shifted. In
such a case, an additional term (dubbed boundary term) is present on the right hand side
of eq. (3.9). The boundary term, which is hard to obtain in general case, has been studied
by various methods in the series of papers [40, 41] and [42], however no general solution is
still available. Sometimes this problem can be cured by means of considering more general
approach when all the external momenta py are deformed (such an all-line shift has been
introduced in [43], see also [44])

Pk — P(2) = Pk + 2k, (3.10)

where z is a complex parameter and ¢, are appropriate vectors compatible with the require-
ments of the momentum conservation and on-shell constraint for py(2), ie. pg-qp = ¢f = 0.
The on-shell amplitude

M (2) = My (p1(2),p2(2), - . ., pn(2)) (3.11)

become again meromorphic function of the variable z the only singularities of which are
simple poles and the residue at these poles have the simple structure (3.6) dictated by
unitarity. In some cases the desired behavior M, (z) — 0 for z — oo can be achieved
in this way. However, in general case the behavior of M, (z) for z — oo is power-like
with non-negative power of z. This fact requires some modification of the reconstruction
procedure.

This can be done as follows. Let us suppose that we have made any (linear) deformation
of the external momenta py — pi(z) in such a way that the deformed amplitude M,,(2) is
a meromorphic function the only singularities of which are simple poles and let us assume
the following asymptotic behavior

My (z) = 2K (3.12)

when z — oo. Let us denote the poles of My(z) as z;, i = 1,2,...n. Assume aj, j =
1,2,...,k+1 to be complex numbers satisfying |a;| < R different form the poles z;. Then
we can write for z # a; inside the disc D(R) (i.e. inside the domain |z| < R the boundary

— 12 —
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Im(z)

EY0)

Figure 2. Tlustration of the contour used for the derivation of the subtracted Cauchy formula (3.14)
with k =1 and ng(g) = 3.

of which is a circle C(R) of the radius R) the following “k + 1 times subtracted Cauchy
formula” (see figure 2)

k+1
1 M, 1
r / dw (w) H - (313)
1 C(R) w—z jzlw—aj
k41 k41 k+1 ne(r) k41
1 My (a;j) 1 Res (My,; 2;) 1
_'/\/ln(z),l_Iz—a-—i—,Z a; —z H_al—alﬂ_z 2i— 2 Hzi—al’
j=1 I =1 Y I=1,1£5 7 i=1 j=1 J
Here z1,22,..., 20, are the poles inside D(R) and Res(My;z2;) are corresponding

residues. In the limit R — oo the integral vanishes due to (3.12) and D(oc) will contain
all n poles. As a result we get a reconstruction formula with & + 1 subtractions

"\ Res (My; ;) Mle—a O ML a
o = ns 1 ] . -
My(z) = § P | [ ot § Ma(a;) ] P (3.14)
i=1 Jj=1 j=1 I=1,l#7

This is the desired generalization of the usual prescription. In order to reconstruct the
amplitude with the asymptotic behavior (3.12) from its pole structure, we need therefore
along with the residues at the poles z; (which are fixed by unitarity) also supplementary
information, namely the k + 1 values M, (a;) of the amplitude at the points a;. Such a
additional information is the weakest point of the relations (3.14): there exists no uni-
versal recipe how to get the values M,,(a;) for a general theory. This corresponds to the
well known analogous situation of k + 1 subtracted dispersion relations, which allow to
reconstruct a general amplitude from its discontinuities uniquely up to the k + 1 generally
unknown subtraction constants. Note that, provided we choose a; in such a way that
My (a;) = 0 (i.e. aj are the roots of the deformed amplitude M,,(2)), we can reproduce
the formula

n k+1
Res (Mp; z;) z— a;
Mp(z) =" p— 1T S— (3.15)
i=1 j=1

first written in this context by Benincasa and Conde [45] and further discussed by Bo Feng,
Yin Jia, Hui Luo a Mingxing Luo in [46].

,13,
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4 BCFW-like relations for semi-on-shell amplitudes

The straightforward application of the BCFW reconstruction procedure is not possible for
the SU(N) nonlinear sigma model because the amplitudes M, (z) do not have appropriate
asymptotic behavior for z — oo. The reason is that due to the derivative coupling of
the Goldstone bosons the interaction vertices are quadratic in the momenta. Therefore
after the BCFW shift the vertices along the “hard” z—dependent line of the Feynman
graph are in general linear in z and the linear large z behavior of the propagators cannot
compensate for it. For instance, under the shift® (3.2) with i = 1, j = 2 we get for the 6pt
amplitude (2.34) for z — oo

Me(2) = _22<(q'p2,3) (s1,4+845—513) + (q-p25) (g p23) + (g-p25) (83,4-1-84,5—83,5))
51,3 (4 p24) 53,5
+0(2). (4.1)

and analogously M, (z) = O(z) for general” n. As discussed in the previous section, in
order to reconstruct such an amplitude from its pole structure, it would be sufficient to
know the values of M, (z) for two fixed values of z. However, such an information is
difficult to gain solely from the Feynman graph analysis restricted only to the amplitudes
M,,. Tt is therefore useful to take into account also more flexible objects, namely the semi-
on-shell amplitudes, which unlike the on-shell amplitudes depend on the parametrization
of the matrix U and from which the on-shell amplitudes can be straightforwardly derived.
As we would like to show in this section, appropriate choice of parametrization together
with suitable way of BCFW-like deformation of the semi-on-shell amplitudes allows to
substitute for the missing information on the amplitudes M,, and to construct generalized
BCFW-like relations for them.

4.1 Semi-on-shell amplitudes and Berends-Giele relations

The semi-on-shell amplitudes J21%2% (py, po, ..., py,) (or currents in the terminology of the
original paper [38], where they were introduced for QCD and more generally for the SU(N)
Yang-Mills theory) can be defined in our case as the matrix elements of the Goldstone boson
field ¢*(0) between vacuum and the n Goldstone boson states |7 (p1) ... 7% (py))

S (prypay - pa) = (0[9%(0)[ 7 (p1) - 7 (pn))- (4.2)

Here the momentum p,, ;1 attached to ¢*(0)
n
Pntl = — ij- (4.3)
j=1

is off-shell. Note that Jn ****"(p1,pa,...,pn) has a pole for p?H_l =0.

SUnder the all-line (anti)holomorphic BCFW shift the large z behavior is the same. Here we can use
the general formulae derived in [44] which relate the number n of external particles, the sum H of their
helicities and the overall dimension ¢ of the couplings to the asymptotics of the amplitude under the all-line
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1
1 N
J1+1
9 ::Z .
' o . i

m. (i}

Jm-1+1
n .

Figure 3. Graphical representation of the Berends-Giele recursive relations

In complete analogy with the on-shell amplitudes, at the tree level the right hand
side of (4.2) can be expressed in terms of the flavor-stripped semi-on-shell amplitudes
Jn(p1,p2, - -, pn) in the form

(016 (0) 7 (p1) .- 7 (P o = 3 TR(EE90) 1900 o (Do 1y P -~ Do)
0ESK
(4.4)

Let us note that, at higher orders in the loop expansion the group structure contains also
multiple trace terms. We normalize the one particle states according to

Ji(p) = 1. (4.5)
In this section the above semi-on-shell flavor-stripped amplitudes J,,(p1, p2, - . ., pn) will be
the main subject of our interest. The on-shell stripped amplitudes M(p1,pa, ..., Pnt1) can

be extracted from them by means of the Lehmann-Symanzik-Zimmermann (LSZ) formulas

M(prp2,. o puet) = = lim P21 Ju(prpa.. . p)- (46)

pn+1*>0
The main advantage of the semi-on-shell amplitudes J,(p1,p2,...,pn) (in what follows
we also use short-hand notation J(1,2,...,n)) is that they allow to abandon the Feynman

diagram approach using appropriate recursive relation. The latter has been first formulated
by Berends and Giele in the context of QCD [38] and proved to be very efficient for the
calculation of the tree-level multi-gluon amplitudes. For the U(N) nonlinear sigma model
the generalized recurrent relations of Berends-Giele type can be written in the form (see
figure 3)

m

i . . ,
J(17 27 .o 7”) =5 Z Z 1Vm+1(p1,j17pj1+1,j27 <o Dim—141,ms *pl,n) H J(]k—1+1a s a]k‘)
Pl =2 (5 k=1
(4.7)

holomorphic (O(z%)) and anti-holomorphic (O(z°)) shift. These formulae reads 2s = 4 —n —c+ H and
2a =4—n—c—H. In our case H = 0 and the only coupling constant is F !, therefore ¢ = 2 — n, therefore
in general case a = s = 1 independently on n.

"The general statement can be derived by induction from Brends-Giele recursive relations discussed in
the next subsection.
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n 20 3| 4| 5 6 7 8 9 10 11
t(2n+1) |4|12] 33| 88| 232 609 1596 4 180 10 945 28 656
b(2n+1) |5|17| 50{138| 370 979| 2575 6 755 17 700 46 356
f(2n+1) [4]21]126|818|5 59439 693|289 510|2 157 150 |16 348 960|125 642 146
t4(2n+1) 3| 6| 10| 15 21 28 36 45 55 66
ba(2n+1)|4|10| 20| 35 56 84 120 165 220 286
fa(2n+1) |3 (12| 55|273|1 428| 7 752| 43 263| 246 675| 1430 715| 8 414 640

Table 1. A comparison of the number ¢ of the terms on the right hand side of the Berends-Giele
recursive relation with the total number b of terms needed for the Berends-Giele recursive calculation
of the amplitude J(1,2,...,2n+ 1) and with the total number f of flavor ordered Feynman graphs
contributing to the same amplitude. In the last three row we compare these numbers with the
analogous ones for the case of “¢* theory”.

where the sum is over all splittings of the ordered set {1,2,...,n} into m non-empty
ordered subsets {jx_1 + 1,jk—1 + 2,...,Jx}, (here jo = 0 and 4, = n),® V41 is the
flavor-stripped Feynman rule for vertices with m + 1 external legs and p; , = Zf:1 pj as
above.

Let us note that, because the Lagrangian of the nonlinear sigma model includes infinite
number of vertices with increasing number of fields, the above Berends-Giele relation for
J, have to contain vertices up to n+1 legs, i.e. much more terms than in the case of power-
counting renormalizable theories like QCD where the number of vertices is finite.” This
fact rather reduces the efficiency of these relation for the calculations of the amplitudes.
We illustrate this in the table 1, where the number of terms on the right hand side of
the Berends-Giele relation (4.7) written for Jo,41 (denoted as t(2n + 1)) and the total
number of terms necessary for the calculation of the same semi-on-shell amplitude using
the Berends-Giele recursion (denoted as b(2n + 1)) is compared with the total number
f(2n + 1) of the flavor ordered Feynman graphs contributing to Jo,+1 and with the same
numbers valid for the theory with only quadrilinear vertices (“¢* theory”) denoted with
subscript “4”. See appendix C for more details and for derivation of the explicit formulae
for these and other related cases.

On the other hand, as we will see in what follows, the Berends-Giele relations can be
used as a very suitable tool for the investigation of the general properties of the semi-on-

shell amplitudes. Let us mention e.g. the following simple relations valid for J(1,2,...,n)
J(1,2,...,2n) = 0 (4.8)
J(1,2,...,n) = Jn,n—1,...,2,1). (4.9)

These relation are valid independently on the field redefinition. However, as we shall see
in what follows, some properties of the semi-on-shell amplitudes are not valid universally
and are tightly related to a given parametrization.

8Explicitly
n—m+1 n—m+2 n—m+(m—1)
{ik} J1=1 je=j1+1 Jm—-1=Jm-2+1

9The number of terms on the right hand side of (4.7) grows exponentially with increasing n in contrast
to the polynomial growths typical for the renormalizable theories. See appendix C for details.
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4.2 Cayley parametrization

Unlike the on-shell amplitudes M % (py, pa, ..., py), which are physical observables and
do not depend on the choice of the field variables provided the different choices are re-
lated by means of admissible (generally nonlinear) transformations, the concrete form of

T (p1,pay - .., pr) as well as the flavor-stripped amplitudes J,,(p1, p2, . - ., pn) depends
on the parametrization of the U(V) nonlinear sigma model. In what follows we will almost

exclusively use the so called Cayley parameterizations

U= Hfiquuzi( i ¢>n (4.10)
\fF(b n=1 \/QF 7 .
where the Goldstone boson fields are arranged into the hermitian matrix ¢ = ¢%* with

t* being the U(N) generators. As described in appendix A, representation (4.10) is a
special member of a wide class of parameterizations suited for the construction of the
flavor-stripped Feynman rules. The interrelation between the field ¢ and analogous field
(b of the more usual exponential parametrization U = exp ( F(b) is through the following
admissible nonlinear field redefinition

¢ = 2F tan (%(E) =¢+0 (53) . (4.11)

As is shown in appendix A, the flavor-stripped Feynman rules for vertices read in the
Cayley parametrization

Vong1 =0 (4.12)
( 2n n 2n+2 (_1)n 1 2n n 2
Vanya = 2n+1 DD i piraj) o \ 7 > i)
7j=0 i=1 =0

where we have used the momentum conservation in the last row. For the first non-trivial
vertex Vy we get

1 1
V)= ——— 2)2 = — 2 4.13
f 5F? (p1+ p3) 52 (p2 + pa) (4.13)
and the first two non-trivial semi-on-shell amplitudes read in the Cayley parametrization
1
J(1,2,3) = —— 2 4.14
(123 = 3z (1 1) (414)
1 . 32 2 2
J(1,2,3,45) = (pL+p2 +p3 +p5)(p; +p3)” | (pLtps+patps) (1923 +ps)
4Fpg (p1 + p2 + p3) (p3 + pa+ps)
+ 15)2 (Do + pa)2
(pl p5) (p2 p4) o (pl + Ps +p5)2 (415)

(p2 + p3 +p4)?
Let us illustrate explicitly the dependence of the semi-on-shell amplitudes on the para-
metrization. Using the exponential one we obtain different amplitude J (1,2, 3), namely
L (p1+p2)* + (p2 +p3)* — 2(p1 + p3)*
672 p?l ’
However, both J(1,2,3) and J(1, 2, 3)exp give the same on-shell amplitude (2.33).
In the next subsection we will prove additional useful properties of the semi-on-shell

J(1,2,3)exp = — (4.16)

amplitudes.
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4.3 Scaling properties of semi-on-shell amplitudes

The Cayley parametrization is specific in the sense that the semi-on-shell amplitudes
Jn(p1,-..,pn) in this parametrization obey simple scaling properties when some subset
of the momenta p; are scaled p; — tp; and the scaling parameter ¢ is then send to zero.
Here we will study two important scaling limits, corresponding to the case when all odd or
all even on-shell momenta are scaled. As we shall see in the following section, these two
scaling limits are the key ingredients for the construction of the BCFW-like relations for
semi-on-shell amplitudes in the Cayley parametrization.
We will prove that forn > 1 and ¢t — 0

Jon1(tp1, P2, tP3, D4y - - -, D2rs tD2041, P2r42s - - - s P2y tP2nt1) = O(t%) (4.17)
and
. 1
lim Jont1(P1,tP2, 3, P4, - - - s 12, P2r 41, tD2r 42, - - -, tD20, P20t1) = Q) (4.18)

The general proof of (4.17) and (4.18) is by induction. Let us first verify the base cases.
While the second statement holds already for n =1
(p1-p3) 1

1
J3(p1,tp2, p3) = ot i I (4.19)

the first one is not valid unless n = 2. Indeed

_ 1 t(p1 - p3) B
J3(tp1, p2,tps) = 2% (pr pa) - (02 1) T 0 pa) Oo(t). (4.20)

On the other hand, using the explicit form of J; (cf. (4.15)) we get
Js(tp1, pa, tps, pa, tps) = O(t%); (4.21)

we can therefore proceed by induction starting at n = 2.

Let us first prove the scaling property (4.17). Suppose, that (4.17), (4.18) holds for all
n, where 1 < i < n and write for the left hand side of (4.17) the Berends-Giele relation (4.7)
expressing Jo, 1 in terms of Jon+1 with n < n. After the scaling pog11 — tpagy1, the t — 0
behavior of p3,, ., and V41 is O(t°) and O(t") where r > 0 respectively. The scaling of the
remaining semi-on-shell amplitudes on the right hand side of (4.7) can be deduced from the
induction hypothesis. Note that it depends on the number of the external on-shell legs of
J(ji—1+1,...,7;) as well as on the parity of j;_1 + 1, because the semi-on-shell amplitude
with scaled even or odd momenta scales differently. Namely, according to the induction
hypothesis, the scaling of these building blocks of the right hand side of (4.7) is as follows
(see figure 4)

JG) =1=0(%, J(2j—1,24,2j+1)=0(t), J(2j,...,2k)=0("),

J2j+1,...,2k+1)=0(t?) for k—j>1. (4.22)
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2j
2 +1
— OO0
4._0_.7 =0t . =0t
2k
2 —1 2j+1
2j +2
P — o(t) 2j+3 — ()(tz)
2j+1 k41

Figure 4. Scaling of the building blocks on the right hand hand of the Berends-Giele recursion
relation according to the induction hypothesis when the odd momenta are scaled.

1 2j, -1 1 -l
2y

2

2jk +1

/4/ 2 +2
o) 2c+3 = O(1?)

(12
. = 0(#2)
\—<\ 21— 1
2jk+1
2jk+2 .
2n+1 2jm—1 + 1 2n+1 2jm-1+1

Figure 5. The terms on the right hand hand of the Berends-Giele recursion relation which are
automatically O(¢?) using the induction hypothesis when the odd momenta are scaled.

This implies, that those terms of Berends-Giele relations which are depicted in figure 5, i.e.
those which contain at least one block J(2j +1,...,2k + 1) = O(t?) with k — j > 1 or at
least two building blocs J(2j — 1,24,24 + 1) are automatically O(t2). Therefore, the only
dangerous terms on the right hand side of (4.7) are those without the buildings block of
the type J(2j +1,...,2k + 1) = O(t?) with k — j > 1 and at the same time without (case
I) or with just one (case II) building block J(2j — 1,27,2j + 1) = O(¢) (see figure 6). To
these terms the induction hypothesis cannot be applied directly.

In the case I, the odd lines of the corresponding vertex Vs, 1o are attached to J (24 +
1) = 1 and such a vertex is then proportional to the squared sum of the odd momenta

tpgj]ﬂq, (Cf (413))
Vomt2(tP1, 02,251 th2j1 415 - - - s tP2n41) ~ (tp1 + thoji+1 + -+ + thont1)? (4.23)

which means that it scales as O(¢?). This is in fact the scaling of the complete contribution
of the terms in the case I, because all the remaining building blocs are of the order O(tY)
for t — 0.
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case [ case 11

2jm-1+1

2n +1 2n+1
Vamao ~ (tp1 + tpajar 4 .o+ tponi1)? = O(t%), Vamra ~ (tpajo1 + paj + thaji1 + Si tpaj1)? = O(tY)

Figure 6. Typical terms on the right hand hand of the Berends-Giele recursion relation to which
the induction hypothesis ( 4.17) cannot be applied directly. In both cases, to all (case I) or to all
but one (case II) odd lines of the vertex the blocks J; are attached. In the case II, one building
block J3 is attached to remaining odd line.

In the case II with exactly one building block J5(tpaj—1,p2j,tp2j+1) = O(t) (note
that, it has to be attached to the odd line of the vertex Va,,42), all the other odd lines
of Voo are attached to J(2jx + 1) = 1 and such a vertex is then proportional to the
squared sum of the momenta ¢py;, +1 and the momentum of the line which is attached to
Jg(tp2j71 y D255 tp2j+1), namely

2
Vomta ~ (tp2j1 + p2j + tpaj + Z tpmﬂ) =0(t). (4.24)
A

Therefore the complete contribution of the dangerous terms in the case I is in fact O(t?)
for ¢ — 0 because both Vapio and J3(tpaj—1, p2j, tp2j+1) scale as O(t) and again all the
remaining building blocks are of the order O(t°) for t — 0. All the other “non-dangerous”
terms on the right hand side of the Berends-Ciele relations scale at least as O(t?), which
finishes the proof of (4.17).

Let us now prove (4.18), i.e. the case when all even momenta are scaled. Suppose
validity of this relation for n < n and again write the Berends-Giele relation for the left
hand side of (4.18). Thanks to the just proven statement (4.17), the terms on the right
hand side of (4.7) with at least one building block J(ji + 1,...,jk+1) with odd ji and
Jk+1 — jr > 1 do not contribute in the limit ¢ — 0. Such a block can be attached only
to the even line of the vertex V,,4+1. Therefore, the only terms which can contribute in
the limit ¢ — 0 have the form depicted in figure 7, i.e. those with the building blocks Ji
attached to all even lines of the vertex.

,20,



Chapter 2. Original works 127

1 2 —1

2ji+1

Vami2

2y — 1

2jm

om 41 D + 1

Figure 7. Typical terms on the right hand hand of the Berends-Giele recursion relation which
contribute to ( 4.18). Here to all even lines of the vertex the blocks J; are attached.

According to the induction hypothesis and using the explicit form of Vi o this gives

fort =0
GV S U o 195
ok 2k 11_[1 (2F2)ji—iii=1 = gnf2n (4.25)
where we denote jo = 0 and jx11 = n + 1. Sum of all such contributions is
n n
(—1)k1 1 n _ 1
Z Z on [2n = on [2n Z k (_1)k t= on f2n’ (4'26)
k=11<j1<jo<...,jp<n k=1

which finishes the proof.

Another independent scaling properties of the semi-on-shell amplitudes .Ja,, 11 can be
proven using the same strategy. For instance, when all odd momenta and one additional
even momentum (say po,) are scaled, we get

%E)I(l) ']2n+1 (tplap27 tp3, P4, -« tP2r—1,tD2r, tP2r 41, - - -, P2N, tp2n+1) =0 (427)

for n > 1. We postpone the proof to the appendix D.

Let us note that due to the homogeneity of J(1,2,...,2n+ 1) we can rewrite the rela-
tions (4.17) and (4.18) as a statement on the asymptotic behavior of the scaled amplitudes
for t — oo, namely

. . _ _ 1
tlggo Jon1(tp1, D2, - - - s D2ns th2nt1) = tlgglo Jont1(P1,t P2yt pon, Pons1) = iR
(4.28)
and

Jont1 (P15 tD2s -+ s tD2ns P2nt1) = Jons1 (8 D1, D2y - o D2nyt pong1) = O(E2).  (4.29)
4.4 BCFW reconstruction

As we have mentioned in the previous subsection, the standard BCFW-like deformation of
the external momenta p; yields deformed amplitudes which behave as a non-negative power
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of z for z — oco. As a result, for the reconstruction of the amplitude from its pole structure
we need to use the general reconstruction formula (3.14) for which additional information
on the on-shell amplitude (its values at several points) is necessary. However, such an
information is not at our disposal. We solve this problems by the following trick: we relax
some demands placed on the usual BCFW-like deformation and allow more general ones for
which either the reconstruction formula without subtractions can be applied or additional
information on the deformed amplitudes is accessible. The momentum conservation cannot
be evidently avoided, what remains is the on-shell condition of all the external momenta. It
seems therefore to be natural to relax this constraint and instead of the on-shell amplitudes
Moy 2 to use the semi-on-shell amplitudes Jo,4+1, or the cut semi-on-shell amplitudes
Moy 11 defined as

Mopi1 (P1,-- - Pong1) = p%,2n+1J2n+1 (P1,- -, P2nt1) - (4.30)

Motivated by the results of the previous section let us assume the following deformation
of the semi-on-shell amplitude My, in the Cayley parametrization

MZn,Jrl(Z) = M2'n,+1 (pla ZP25 P35 ZP4y « + -y ZP2rs P2r+15 ZP2r 425+ - « s Zp2n7p2n+1) (431)

i.e. all even momenta are scaled by the complex parameter z and the odd momenta are not
deformed

Pak(2) = 22k, P2r+1(2) = P2kt (4.32)

Note that in contrast to the standard BCFW shift this deformation is possible for general
number of space-time dimensions d. The physical amplitude corresponds to z = 1. For

n =1 we get explicitly
1
Ms(2) = 75 (p1-p3) (4.33)

For general n let us denote the sums of all odd (even) momenta as

n n
p-= szmh P+ = szk . (4.34)
k=0 k=1

Then in general case the function My, 11(2) has the following important properties:
1. With generic fixed p; it is a meromorphic function of z with simple poles.

2. The asymptotics of My, +1(2) can be deduced form the known properties of Joy41,
namely for n > 1 we get as a consequence of (4.29)

M2n+1 (Z) = (P+Z +;U—)2J2n+1(201, ZP2y ey Zp2n7p2n+1) = O(ZO) (435)
3. For n > 1 we have according to known scaling property (4.18) of Ja, 41
1 2

21,136 Mani1(2) = WIL (4.36)
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The first two properties allows us to write for Ma,41(z) the reconstruction formula
with one subtraction, i.e. the relation (3.14) with k£ = 0. The third property is the key one
for the complete reconstruction and determines both the “subtraction point” a; = 0 and
the “subtraction constant” Ma,11(a1) = p% /(2F2)". The resulting formula reads'®

1 9 Res (Map+1,2p) 2

Moy, =——p° _— 4.
2n41(2) (2F2)"p + g Z—zp zp (4.37)

where the sum is over the poles zp of My, +1(2). The position of the poles is known and the
corresponding residues can be determined recursively as in usual BCFW relations, however,
there are some subtleties.

The poles zp of May,+1(z) correspond to the vanishing denominators of the deformed
propagators p%(z) = 0, where

pp(2) =pij(2)? =0, for 2<j—i<2n (4.38)

and where j — ¢ is even; in this formula p; ;(z) = zpjj + p;; with

p;,rj: Z D2ks  Pij = Z D2k+15 (4.39)

i<2k<j i<2k+1<j

ie. pii_]- is a sum of all even (odd) momenta from the ordered set pj,pit1,...,Pj—1,D;-
Explicitly for j —i > 2

_ _\2
_(P?,j ) E (_G(p;,rj’ pi,j))

+
Fig = 2 (4.40)
Pij
where G(a,b) = a?b? — (a - b)? is the Gram determinant, which is nonzero for generic
momenta p;,...,p;. Therefore in the generic case for j — i > 2 we deal with doublets of

single poles.

The case of three-particle poles corresponding to j —i = 2 has to be treated separately.
In this case either pjf =0 or p;f = 0 (this sets in for p;rj = pi+1 or for Di; = Pitl
respectively; let us remind that py are on-shell). In the first case we have only one pole

(p2j71 'p2j+1)

22j-12j4+1 = — (4.41)
T D2j - (D2j—1 + P2j41)
while in the second case we have apparently two poles
22+j,2j+2 =0 (4.42)
- _ p2j+1° (p2j + p2j+2)
Z9j0j42 = #2j2j+2 = — ! ! J (4.43)

(p2j : p2j+2)

107 et us note, that we could write analogous reconstruction formula directly for the currents Jon 1 as we
did in [49]. In such a case we do not need any subtraction. The price to pay is that we get two more poles,
the residues of which cannot be determined recursively from unitarity. Fortunately, the relation (4.29) and
the residue theorem can be used in order to obtain the unknown residues in terms of the remaining ones.
The resulting formula is fully equivalent to (4.37), however it is a little bit less elegant.
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2n+1 J+1

Figure 8. Graphical representation of the right hand side of the relation ( 4.45).

However Z;jzj 4o = 0 cannot be a pole according to (4.36) and the corresponding residue
has to be zero.

The residues of the function My, +1(2) are dictated by unitarity and at the poles they
factorize (see figure 8). Writing for j — ¢ > 2

(zpi + i) =07 (2 = 255 (2 = 2;) (4.44)
we get for j —i > 2

Mg’j) (zli])M}%’J) (Zi )

Res (M%H,zf) -+ : g (4.45)
’J p;,rjz(z;,rj - z”)
where we denoted
Mﬁ’”(ziﬂ) = Mopi1-Gi—iy(01(25), - Pic1(25), 2ig (25): pi1(25)s - - p2nsa (275))
(4.46)
Mg’])(#j) = Mj—i+1(17i(2’fj)7pi+1(zfj)w~~7Pj(2fj))- (4.47)

Note that, while the amplitude M é” ) remains semi-on-shell, the amplitude M S’j ) is fully
on-shell, because the deformed momentum p; ;(z) is on-shell for z = zli]

The formula (4.45) is valid also for the three-particle pole 225212 given by (4.43).
However the pole zg;_1,2j11 deserves a special remark because the corresponding residue

is determined by the formula different from (4.45), namely

2j—1,2j+1 2j—1,2j+1
M£] J+ )( M}(%J J+ )(

22j-1,2j+1)

29j-1,2j+1
Res (Man+1, 22j-1,2j+1) = j12i+1) (4.48)

+ —
2p2j—1,2j+1 "Poj12j+1

where M£?£71’2j+1)(22]‘71,2j+1) are given by (4.46) and (4.47) with z;t] replaced by
22j-1,2j+1-

To summarize, we have found a closed system of recursive BCFW-like relations for
the tree cut semi-on-shell amplitudes My, 11, which consists of the reconstruction for-
mula (4.37), the pole positions (4.40), (4.41) and (4.43) and the residue formulae (4.45)

and (4.48). Note that the initial condition for the recursion (4.33) can be understood as the

— 24 —



Chapter 2. Original works

131

special case of (4.37) for n = 1 because then there is no pole z; ; with 2 < j —i < 2 and the
sum of the residue contributions is empty. The physical amplitude May,11(p1,-- -, P2n+1)
corresponds to z = 1

1 Res (M2n+1, Zp) 1
Mapt1(p1,- - p2n+1) = W}ﬁ +Y° s T (4.49)

P
As a final result we get then using (4.45), (4.48), (4.41), (4.43) and (4.44)

1

R
Mopi1(pts- - - s P2ns1) = Wp% + ZMéP)(zP)p—?I:MEP)(ZP)- (4.50)
P

Note that there is an extra function Rp in contrast to the standard BCFW formula (3.9),
namely

-2
ZP for zZp = Z2j72j+2

—1 - . .

Rp=1{ %p . for zp = 29j-12j+1 (4.51)
1—2z".
1 , - =
For = for 2p =2
3V} 2V} 3V}

For further convenience, we rewrite (4.50) with help of (4.33) in the following more explicit
form
L9

Mopt1 (P1, - P2nt1) = WIL +

n—1
25,25 +2 1 poj-p2jt2
+ZM£J T (91042) 5 =

j=1 Pyjojra 7
- 2j—1,2j+1 1 Paj—12j41 " Prj—1.2j+1
,ZMé J—1,2j+ )(Z2j71’2j+1) . J—1,2j+ = j—1,2+
j=1 Paj-1,2j+1
- +
1 (i) (o y L i) oy L F ) -y L ) -y LT
+ > M(ML (ziJ)FMR (ei) - M (zw.)l?MR (i) —=2)-
2<j—i<2n “i5 " i 0. i, i 0.
(4.52)
The on-shell amplitude is then
Mon(1,2,...,2n —1;2n) = — , lim Mo, —1(1). (4.53)

Pi2n-1—0

4.5 Explicit example of application of BCFW relations: 6pt amplitude

As an illustration let us apply the BCFW-like recursive relations (4.37) to the amplitude
M5 (z) = Ms(p1, zp2, p3, 2pa, ps)- In this case we have three poles, all of them being three-
particle, namely

—1
51,3 524 53,5
g=1——222 o, =(1-—222 g5 =1— —22 (4.54)

3 ) R ) 3,5
523 1+ 534 53,4+ 545
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where the variables s; ; are given by (2.30).The residues are given by the relations (4.45)
for zo4 and (4.48) for z; 3 and z35. After simple algebra using the explicit form of the
poles (4.54) we get

Res (M5, 213 1 1
(Zl - ) _ it = 21)(s25 = s20 + s34 = 835) — g (515 — 814 = 845)
Res (M5, 235 1 1
% = m(l —235)(51,4 — 51,3 + 52,3 — 52.4) — m(&,s — 512 — 525)
5
Res (M5, 204 1
% = @ (8175 — 814+ S24 — 8275) . (4.55)
2,
Note that the potential unphysical poles z; j(pi) = 0 have canceled completely. We have
also
_ S1,2 + 82,3 _ $3,4 + 845 _ 523+ 834
(1721,3) L= —_ (17z3,5) L= _— (17z2,4) P22 0 %98 (4.56)
51,3 53,5 52,4

These factors are responsible for setting of the physical poles in the resulting amplitude.
After inserting this to the formula (4.49) we get for the individual contributions to the
semi-on-shell amplitude in the Cayley parametrization

Res (M3, 213) 1 [(s1,4+ 545 —s1,5) (s1,2 + 52.3) }
— = = T3 : : ’ ’ == + 825 — 824+ 534 — 835
z13(1 —2z13) 4F? | 51,3
Res (M5, 235) 1 [(s124 525 —51,5) (534 + 545) }
— Y~ = 7% . . . : =~ 4514 — 513+ 523 — 524
z35(1—z35)  4F? | 535
Res (M5, 224 1 [(s1a+s25—s15)(s23+834
M = ( , » ,o)( ) ; )+8175—8174+8274—8275—82,3—8374
204(1 — 204)  4F?% | 524
p? 1
AT;Q = 12 [s1,3 — 51,2 — 523+ 515 — 514+ 524 — 525 + 535 — 534 — 545) -
(4.57)
Finally we get
4F2M5(1) _ (s1,4+845—51,5) (S1,2+52,3) i (s1,2+82,5—51,5)(83,4+545)
51,3 535
. (s1,4+525—515) (52.3+534)
524
+2815 — 812 — 51,4 — 52,3 — 82,5 — $3.4 — S45. (4.58)

Taking this amplitude on-shell according to (4.53), i.e. setting s15 — 0 and changing the
overall sign, we reproduce the parametrization independent physical amplitude (2.34).

5 More properties of stripped semi-on-shell amplitudes

The BCFW recursive relations provides us with a Lagrangian-free formulation of the tree-
level nonlinear SU(NN) sigma model in the Cayley parametrization. We can use them
similarly as the Berends-Giele relations as a tool for the investigation of further interesting
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features of the stripped semi-on-shell amplitudes Mas, 1 and Jo,+1. As we have already
mentioned, these features are not universal because of the parametrization dependence
of My, 1 and Joy,41, however, their implications for the fully on-shell amplitudes hold
universally.t! In this section we will concentrate on the problem of single soft limits (Adler
zeroes) and double soft limit of the semi-on-shell amplitudes.

The presence of Adler zeroes for the on-shell Goldstone boson amplitudes
MO2n(py o poy), e, validity of the limit

lim M19292n(p) po ... pay) =0, (5.1)
p;—0
is a well known consequence of the nonlinearly realized chiral symmetry. More generally it
is an universal (non-perturbative) feature in the theories with spontaneous breakdown of
a global symmetry. In such theories the amplitudes with one extra Goldstone boson 7% in
the out (or in) state vanishes when the Goldstone boson becomes soft, e.g.
lim (f + 7n%(p), out|t,in) = 0, (5.2)
p—0
provided the 7% cannot be emitted from the external lines corresponding to the states
|i,in) or |f,out). In the SU(N) nonlinear sigma model the Adler zero is present also for
the stripped on-shell amplitudes Moy, (p1,p2, ..., p2n) due to the leading N orthogonality
relations (2.20) and corresponding uniqueness of the decomposition (2.11). However, this
property is not guaranteed automatically for the semi-on-shell amplitudes Ma,,+1 and the
soft Goldstone boson behavior can depend on the parametrization. For instance using the
Cayley parametrization, we find for the amplitude M3z = (p1 -p3)/F? the Adler zero for soft
p1 and ps3, however there is no zero for soft py in general when keeping py4 off-shell. For the
same amplitude in the exponential parametrization (cf. (4.16)) we have no Adler zero at
all. As we shall show in this section, for the semi-on-shell amplitudes My,,+1 in the Cayley
parametrization we can prove, using the BCFW-like relation, the Adler zero for half of the
momenta (namely for those p; with odd index j).
The double soft limit of the Goldstone boson on-shell amplitudes M®*1%2--32nt2(p,,
D2, ..., Pan+2) is more complicated and has been studied relatively recently in connection
with the regularized action of the broken generators on the n Goldstone boson states [50].
Motivated by direct inspection of the six Goldstone boson amplitude in the nonlinear chiral
SU(2) sigma model it was conjectured that provided the two soft momenta are sent to zero
with the same rate, the following limit holds
lim M2 (1, tq, py, pa, - - ., Pan)
t—0
1
C2F2

n
fabCfcaj,dp’i i (p — q)Mal...aq;,ldaHl...agn

pb1,P2,---,P2n), 5.3
pi-(p+q) ( ") (5:3)

i=1

where f%¢ are the structure constants. Analogous statement has been then rigorously
proven for the tree-level amplitudes in the N' = 8 supergravity using BCFW relations.

"Tet us remind that the on-shell amplitudes are parametrization independent.
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In fact, for the on-shell amplitudes, the formula (5.3) can be proven non-perturbatively
under some assumptions for the general enough case of the theory with global symmetry
breaking (including the case of chiral nonlinear sigma model with general chiral group G)
using the symmetry arguments only (cf. the PCAC soft-pions theorems [48]). We postpone
the details to the appendix E.

In terms of the stripped on-shell amplitudes the relation (5.3) can be rewritten as

}H}% M2n+2(p17 <o Pi-1, tpm s 7tpj7pj+17 .. -p2n+2) (54)
1 Piv2 - (Di—Dir1) Di1- (pi*pi-&-l))
= —=0;i 1( - Mon(p1, -+, Pi—1,Pit2, - - - P2nt2)-
AF2 N pio - (pi—pis1)  Pic1 - (Di—pit1) nl b m+2)

In this section we will prove this relation also for the tree-level semi-on-shell amplitudes
Jan+1 (and consequently for Moy, 1) of the SU(N) nonlinear sigma model in the Cayley
parametrization using suitable form of the generalized BCFW representation.

5.1 Adler zeroes

In this subsection we will use the BCFW-like relations (4.52) derived in the previous section
and prove the presence of an Adler zero at Mo, 1 when one of the odd momenta, say po;_1,

is soft, i.e. we will prove that for [ =1,2,...,n+1
%ij% Moni1(p1,p2, - - - P2i—2, tD21—1, P2141s - - - P2nt1) = 0. (5.5)

For the fundamental amplitude Mjz(p1,p2, p3) we have explicitly'?
1
Ms(tp1,p2,p3) = M3(p1,p2,tps) = ﬁt(m “p3) = 0. (5.6)
In the general case the proof of (5.5) is by induction. Let us assume validity of (5.5) for
m < n. This assumption also means that, taking the cut semi-on-shell amplitude Ma;,+1
on shell, i.e. for pi2n+1 — 0, the Adler zero is in fact present at Moy t1lon shent = —Mam+2
for all momenta, i.e.

}E}% M2m+1(p1,p27 ce 7tpj7 .- ~p2m+1)|on shell = 0 (57)

for all j =1,...,2m + 1 due to the cyclicity of Moy, 2.

Let us now substitute py 1 — tpg;—1 to the right hand side of (4.52). Note that, under
such substitution, the position of the poles z;2j42, 22j—1,2j+1 and zliﬂ become t—dependent.
The t— dependence of the right hand side of (4.52) is therefore both explicit (due to the ex-
plicit dependence on py;—1) and implicit (due to the implicit t—dependence of the poles zp).

We will now inspect the behavior of the individual terms under the limit ¢ — 0. The
first term gives finite limit

2 L o
(2F2)nt- - (2F2)np—|pzz_1H0-

2Note however that for ¢ — 0 according to (4.18).

(5.8)

1

2
M3 (p1,tpa, p3) — W(pl + p3)

and therefore the statement analogous to (5.5) for even momenta does not hold.
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225,2j+2P2 tpor1
P1 R
S D2
Dajjr2(22j2)42) X ﬁ1jp27~p2,-+2 — 0
= pyjajee
P2n+1 P2j+3
22j,2j+2D2j+4
A) jAI-1
O(t)p2
P1 :
P2j-1
O()p3; 9742 + tp2j1 X 1 P2jP2j+2 1 2|
e ).2)+ j 7 <p;772]_+2+tp2]1>2 (QFZ)anpgl_l—)O
L
Pant1 T D2j+3
O(t)paj+a
B)j=1-1

Figure 9. Graphical representation of the ¢ — 0 limit of the second term on the right hand side of
(4.52). The soft momentum is denoted by dashed line in the case A. In the case B, O(¢) indicates
the order of the t—dependent 22;2;2.

As far as the second term is concerned, the individual terms of the sum over j vanish in this
limit unless j = [ — 1. The reason is as follows. For j # [ — 1 (the case A in the figure 9),
the kinematical factor pa; ~p2j+2/p%j72j+2 as well as the position of the pole 292,42 are
2j+2) (

t—independent and because tpy;_1 is placed on the odd position in ij’ 29j2j4+2), We

can safely'® use the induction hypothesis to conclude that

. (25,25+2) o _
%g% My, (224,2j+2)|par_1—0 = 0.

For j =1 —1 (the case B in the figure 9), the kinematical factor po; ~p2j+2/p%j’2j+2 becomes
explicitly t—dependent and tends to 1/2 for ¢ — 0, while MéQj’2j+2)(22j,2j+2) has both
explicit (through pojojro = 22j2j4+2(p2j + pP2jy2) + tp2j+1) and implicit ¢—dependence.
In this case zp;j2j42 = O(t), as can be seen from (4.43). Therefore, all even momenta
in Mézj’zj“)(z%gj_;_z) are scaled by O(t) factor, in the same way as in (4.18). We can
therefore conclude with help of (4.18) that

. 2j,2j+2) 1 paj-p2jt2 9
lim M (22j,2j42) 5 =0j1-17=—5—D"|

L 25,2j+2) 3 2 11 N P—Ipai—1—0-
=0 242 L (2F2)™

(5.9)

The third term on the right hand side of (4.52) can be treated exactly in the same way
as the second (see figure 10). Also here the individual terms of the sum over j do not

"3Indeed, in general the momenta py,(225,2j+2) and paj2j42(22j,242) are t—independent and nonzero.
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22j-1,2j+1P2

tpa-1
P s

22j-1,2j+1P2j-2

4 _
1 P2j—12j41P2j-1,2j+1
=7

—0
£ P3j-12j+1

j 1.2;\1(22 1].2]41) X

22j-1,2j+1P2j+2

Pan+1

P2j+3

A) jALL—1

O(t)p2j—2

1oy 1+ OWpaj + poj1 3 L P2y (tp2j-14p2j41)

M B
Pt T O(t)p2j+2

P2j+3

B) j=1

1 2
- (2F2)"p* |P2_1—1—>[)

Figure 10. Graphical representation of the ¢ — 0 limit of the third term on the right hand side
of ( 4.52). The soft momentum is denoted by dashed line in the picture A. In the picture B, we
show only the j =1 case, the j =1 — 1 case is treated analogously. O(¢) indicates the order of the
tfdependent 225,2542-

contribute with the only exception of j =1 and 7 = [ — 1 by induction hypothesis applied
to M£2j71’2j+1)(z2j,172j+1) which has for j7 # [,1 — 1 only explicit t—dependence. In the
remaining two cases j =l and j = | — 1, the explicitly t—dependent kinematical factors
p;jfl’gjﬂ -p%71,2j+1/p§j_1’2j+1 tend again to 1/2 and within ng_lzjﬂ)(zgj_l,gjﬂ) the
even momenta are scaled by 22j_12j41 = O(t) (see (4.41)) and thus (4.18) can be used'*
to conclude that

+ =
2j—1,25+1 1 Poj_12j+1 P2j—1.2j+1
L 2j-1,2j+1) 5 2

2j—1,2j+1

lim
t—0

1
= (851 + 9j1-1) mpapmﬁw (5.10)
The fourth term on the right hand side of (4.52) vanish completely in the limit ¢ — 0. This
is easy to see for those terms of the sum over (4,5) for which'® lim; g zzi] # 0. In this case
either M é” >(ZZEJ) or M 1(31‘,3‘ )(ZZEJ) have explicit t—dependence through tpy; 1 (which is for

M[(,Z’]) (Z:l:

;;) on odd position) and thus the induction hypothesis in the form (5.5) or (5.7)

“Note that, the odd momenta are t—idependent with the only exception of p2j_19;41
(227*1121+1)|P2jx14’tp2j11 the limit of which is P2j+1.
1514 is easy to realize that lim; .o z:rj # lim¢—0 z; ; for generic pk.
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can be used.'® By direct inspection of (4.40) we find that the only case for which the above
argumentation does not apply is the case j — i = 4 with ¢ even and ¢ < 2]l — 1 < j. Here
lim; g Z; # 0 and so for the “minus” part of this (4,7) term we can use the induction
hypothesis as above. However, the “plus” part might be problematic because

7= D ) 'p2“1j2)t+ o(t?). (5.11)
’ (P21-142 - ;)

Using this formula and (4.15) we find after some algebra
My (25) = Ms(pi(2l5), . tpav, .. pi(25)) = O(82). (5.12)

which shows that also the “plus” part has vanishing ¢ — 0 limit.
Putting therefore the only nonzero contributions (5.8), (5.9) and (5.10) together we

get finally
%LH(I) Mont1(p1,p2, - - - D21—2, tD21—1, P2141s - - - P2nt1)
1 n—1 n
2
= wp—‘lhl—l_}o 1+ Z 0ji-1— Z (050 + 6j0-1) | =0,
j=1 J=1

which finishes the proof.

5.2 Double-soft limit

Let us now study the behavior of the semi-on-shell amplitude .Ja,,41 in the Cayley para-
metrization under the double soft limit, i.e. the case when two external momenta, say p;
and pj, are scaled according to p;; — tp;; and t is sent to zero. In this section we will
prove, that for 1 <i<j<2n+1

%LH(IJ Jont1(P1s - -+ P2nt1) Ipi—stps ps—stp; (5.13)
1 (i - piv2) (pi - pi-1)
:6--1—< - Jon—1(P1, -+ Pi—1,Dit2 - - D2ant1
PR \ piga - (Dis1+pi)  piet - i o)) " (1, Picts Pz Pona),

which has an identical form as (5.5).7 The key ingredient of the proof is the generalized
form of the BCFW representation mentioned in section 3.2 written for a suitable two-
parameter complex deformation of the amplitude Jo,4;. Such a representation allows
us to calculate the double soft limit with help of the known behavior of the poles and
corresponding residues in this limit. Useful information on this behavior can be inferred
from the statement (5.5) concerning the Adler zeroes proved in the previous subsection.

"Let us remind that M7 (z;) is fully on-shell.
Indeed,

(Pi-piv2) __ (pi-pi1) 1 <m+2 “(pi —piv1) _ pioa- (P —pm))
pit2 - (Piv1 +pi)  Pi-1- (Pt +pi) 2

2 \pis2 (i —pis1)  Dpi1- (pi — pis1)
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The above mentioned deformation of Ja,+1 can be defined as the following function of
two complex variables z and ¢

Sﬁj(zv t)=J(p1,--- 7p2n+1)|Pi—>tPtu_>ZP] ) (5.14)

therefore

S (1, 1) = Jant1(p1s - - - Pan+1) (5.15)

Various types of the double soft limit correspond then to various ways of taking the
limit (z,¢£) — (0,0) in the double complex plane (z,t); the limit (5.14) corresponds to
limy 0 S7;(t,t) = ST
For z — oo and ¢ > 0 fixed the following asymptotic behavior holds

Siti(z,1) = 0(2"), (5.16)

as can be easily proved e.g. by induction with help of the Berends-Giele recursive rela-
tions (4.7). We can therefore write the generalized BCFW relation with one subtraction
in the form (3.14)

Res (Sﬂj; zk,l(t)) z—a

z — Zk_’l(t) Zk’l(t) — a'

Spi(z,t) = SPi(a ) + >
k.l

(5.17)

where a # zj,(t) is a priory arbitrary, however, as we shall see in what follows, appropriate
choice of a can simplify the calculation.
The poles z,(t) for k < j < I correspond to the conditions p%’l|piﬁtphpjﬁzpj =0, or
explicitly
2
p | i—tpi,p;—0
aa(t) = —p PR (5.18)
2(pj - P pi—stp:

The residues at the poles zj,(t) factorize

1
Res (SZ’LJ7 Zk,l(t)) = W[JWL#J*(Z*M (ph <oy Pk—1, Pkl Pl41s - - - 7p2N+l)
XlekH(pky cee 7pl)‘piﬁtpz,pj%2p]}|z—>zk,l(t)» (5-19)

where M;_j1 is the cut amplitude (4.30). Namely the latter two formulae along with (5.5)
contain sufficient amount of information for the calculation of the double soft limit.

Let us first assume i < j where 7 is odd and j arbitrary. This choice is a technical one,
and as we shall see, the general case can be easily obtained using the symmetry properties
of the amplitude. In what follows we set @ = 1 in (5.17), the double soft limit then
simplifies to

Res (SZJ»; Zk,l(t)) t—1

n,0 . .
=] T(tt) =1 .2
i 550 Sia(t:t) fl—rg(l)%l: t— z(t) i (t) =17 (5:20)
where we have used the existence of the Adler zero for S{fj(l,t) = Jont1(p1y- ey tpiy .-

pon+1) and ¢ odd (cf. (5.5)).
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For generic p, there exist a finite limit
Zk’l(O) = lim Zkyl(t) 7é 1 (521)
t—=0

In fact the only nonzero contributions to the right hand side of (5.20) stem from the cases
for which 2z, ;(0) = 0. Indeed, for zj,;(0) # 0 we get for the corresponding contribution

1
lim Res (S5 2z (1)), 5.22
2,0(0)(21,1(0) — 1) 10 QEEAD) (5:22)

and, according to (5.5), on the right hand side of (5.19) we get either
W M1 (Phs - - P lpistpispy—2p; e 0t) = O (5.23)
fork<i<j<lor
7%1_)1110 Tont1——k) (P15 tPis - PR D) (), PRy 1y - - 5 P20g1) =0 (5.24)
for i < k < j <. In both cases the complementary factor has finite limit and therefore
lim Res (753 21.1()) = 0. (5.25)

Let us therefore discuss the contributions form the poles for which z;;(0) = 0. Note that,
for generic p, such a pole does not exist provided j > i+ 2. We can therefore immediately
conclude

S =0 for j>i+2. (5.26)

What remains are the following two alternatives for which the three-particle poles zj(t)
with [ = k + 2 can vanish in the limit ¢ — 0 (see figure 11)

1. j =4+ 1 and either k =7 or £ =4 — 1. In this case either

2 2
Pi—1,z‘+1‘p¢—>tpi,pj—>0 —pi1=0 (5.27)

or

2 2
Diitalpiotpipj—0 = Pipa =0 (5.28)
2. 7 =142 and k = 7, in this case
2. =p2,=0 5.29
pz,1+2|pi*>tpi71’j*>0 =Piy1 = U ( . )

In what follows we will discuss separately the cases j = i+ 1 and j = ¢ + 2. Let us
first study the double soft limit of two adjacent momenta, i.e. j = ¢ + 1 where 7 is odd.
We will investigate the contributions of individual poles zj;(t) on the right hand side
of (5.20) separately. In this case we get for ¢ > 1 only two potentially nonzero contributions
(i.e. (5.28) and (5.27)) to the right hand side of (5.20), namely

Res (SﬁiH; Zi—l,i+1(t)> -1 Res (ng:’+13 zi,i+2(t)) -1
+lim

t—0 t— Zi—1,i+1 (t) Zi—1,i+1 (t) —1 t=0 t— 242 (t) Zii42 (t)
(

5.30)
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pia+ fl)+7|“t)p:‘ ( ) W .
K. t e — — _ Di-Pi—1 S L
i-1i+1(t) “1-(pitpit1) M

1 ce e Ml e it2

i+2

2n+1 ¢ i+3

Pist +pi + Zigg2(O)pi

L -« —0

(pi-pi+2)
m+z (pitpis+1)

2n+1 * ¢ °

Figure 11. Graphical representation of the ¢ — 0 limit of the three cases ( 5.27), ( 5.28) and
(15.29) for which z,;(t) — 0. The soft momenta are denoted by dotted lines. The multiplicative
factors Ky (t) stays for (t —1)/(t — z1,1(¢)) (2 (t) — 1).

We get for the poles z—1;4+1(t) and z; j42(t)

pi k:+2|Pi_>tPi7Pj—>0 (pi : pr) 2
, — PP o), (5.31)

2k k2(l) = — =
* ( ) 2(13]' 'pk,k+2)‘pzzﬂtpi (pj 'pT)

where either r =i+ 2 (for k=1i) or r =i —1 (for k =i — 1), and as a consequence,

1 t—1 1 P
L wip) g4 o). (5.32)
t— zppra(t) zpsa(t) =1 tpr- (pj + pi)
We have further
Prk+2(t) = tpi + 2k k2(t)pj +pr = pr #0 (5.33)

and therefore in both cases

%g% Jon-1(1; -+ s k=1, Phekt2(L), Pht3, - - - s P20t 1)
= Jon1(p1,- - Pi—2,Di-1,Di42, - -, P2nr1).  (5.34)

For the remaining ingredients of the formula (5.19) we get

1
M3 (tpi, ziiv2(t)piv1, Piv2) = ﬁt(pi - Piy2) (5.35)
1 1
M3(pi—1,tpi, Zi—1,i+1(t)Dit1) = ﬁzifl,iJrl(t)(pifl “Pit1) = —tﬁ(pi “pi—1)(1+ O(1)).
(5.36)
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Inserting this into the formulae (5.19) and (5.30) get finally for i > 1

Sn,O

1,041
1 (pi - Piy2) (pi - pi—1) )
=— — Jon—1(P1y -+, Pim2, Die1,Pit2s -+ > P20t 1)-
2F? (pi+2 “(piy1tpi)  picr- (piatp)) " Y P it b Pans1)

(5.37)

In the same way, for i=1 only the first term on the right hand side of (5.37) contributes.
Let us proceed to the case 2. when j = ¢+ 2 and z; ;42(t) — 0 for £ — 0 is the only
pole which can give nonzero contribution to (5.20). In this case we have

Res (SZi_},_Q; Zi,i+2(t)) t—1

t—0 t— 242 (t) 25342 (t) -1
The formulae (5.31), (5.32), (5.33), (5.34) are still valid with » =i + 1, but now we have

(5.38)

1
M3 (tpi, pis1, Ziiv2(t)piy2) = ﬁtzi,i+2(t)(pi pis2) = O(%). (5.39)
which implies 5;232 = 0.

To summarize, we have for k > 0

%E;% J2n+1(p17 vee 7p2k7tp2k’+17 cee 7tpj7 s 7p2n+1) =

1
= 6j,2k+2ﬁ=]2n—1(p17 oo D2k D243 - - P20t 1)

< (Pokt1 - Powts)  (Paks1 - pow) ) (5.40)
Dok+3 - (P2k+2 + P2kt1) Dok - (P2rt2 + Dokt1) '
and for k =0

lim J2n+1(tp1, ceey tpj, N 7p2n+1) = (Sj’zi (pl . pS)

=0 2F2 (p2-p3) + (p1 - p3

As it is clear from the above discussion, the “asymmetry” of the latter result stems from

)JQn—l(p37 .. 7p2n+1)-

the fact that pa,2 is off-shell and therefore the three-particle pole corresponding to (ps +
pa+ ...+ pont1)? = (pant2 — p1 — p2)® = P30 # 0 does not contribute.

Because
J(1,2,....2n+1)=J(2n+1,2n,...,2,1), (5.41)
we get for j < 2k + 1
J2n+1(pla---atpj~”7p2k7tp2k+1a"'”p2n+l)

- J2n+1(p2n+l, cee 7tp2k+17p2k7 e 7tpj7 e 7p1)~ (542)
On the right hand side of this identity the momentum poy1 stays on the odd position
and thus

%E)% J2n+1(p17 ey tpj <oy D2k tp2k+17 ce ap2n+1)

1
= 6j,2kﬁJ2n—l(p1 ey D2k—1, P2kA2s - - - > P20t 1)
(_ (P2k - Pak—1) (P2k * Pak+2) )
Dok—1 - (P2k + D2rkt+1)  Por+2 - (P2k + Doks1)
Putting (5.40) and (5.43) together the final result (5.14) follows.

(5.43)
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6 Summary and conclusion

We have studied various aspects of the SU(N) chiral nonlinear sigma model which describes
the low-energy dynamics of the Goldstone bosons corresponding to the spontaneous chiral
symmetry breaking SU(N) x SU(N) — SU(N). As we have shown, the tree-level scattering
amplitudes of the Goldstone bosons can be constructed from the stripped amplitudes, which
are identical as those of the U(N) chiral nonlinear sigma model. It is therefore possible to
use this correspondence and to investigate both the SU(N) and U(N) cases on the same
footing. Especially we are allowed to choose any parametrization (field redefinition) of the
chiral unitary matrix U(z) entering the Lagrangian from the wide class of parametrizations
admissible for the extended U(N) case, because the fully on-shell stripped amplitudes do
not depend on the parametrization. For the direct calculation of the flavor ordered Feynman
graphs, the most convenient choice proved to be the minimal parametrization (2.31), which
we have chosen in order to calculate the on-shell amplitudes up to 10 Goldstone bosons.

The proliferation of the Feynman graphs with increasing number of the Goldstone
bosons call for alternative methods of calculation. The more efficient method is based
on the Berends-Giele recursive relations for the semi-on-shell amplitudes, but due to the
infinite number of the interaction vertices in the Lagrangian of the nonlinear sigma model,
the number of terms necessary to evaluate the n—point amplitude grows much faster (ex-
ponentially) with n than for the case of the power-counting renormalizable theories (where
the growth is polynomial).

The BCFW recursive relations could make the calculation of the on-shell stripped
amplitude as effective as for the renormalizable theories at least as far as the number of
terms (which is in both cases related to the number of factorization channels) is concerned.
However, the standard way of the BCFW reconstruction is not directly applicable for the
nonlinear sigma model because of the bad behavior of the BCFW deformed amplitudes at
infinity. We have therefore proposed an alternative deformation of the semi-on-shell ampli-
tudes based on the scaling of all odd or all even momenta, for which we were able to prove
exact results concerning the behavior of the semi-on-shell amplitudes when the scaling pa-
rameter tended to zero. Using the Berends-Giele recursive relations we were able to prove
this scaling properties for general n—point amplitude. An essential ingredient of the proof
was the fact that the semi-on-shell amplitudes (unlike the on-shell ones) are parametriza-
tion dependent and we could therefore make an appropriate choice of the parametrization
(the Cayley one). We have then used these exact scaling properties for a generalized BCFW
reconstruction formula (with one subtraction) which determines fully all the semi-on-shell
amplitudes in the Cayley parametrization including the basic four-point one. Putting then
the semi-on-shell amplitudes on-shell we reconstruct simply the parametrization indepen-
dent on-shell amplitudes. In contrast to the standard BCFW relations our procedure is
not restricted to d > 4 space-time dimensions.

The BCFW recursive relation are also a suitable tool for investigation of the properties
of the amplitudes. We have illustrated this in two cases, namely we have proved the
presence of the Adler zero and established the general form of the double soft limit for the
semi-on-shell amplitudes in the Cayley parametrization.
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The existence of BCFW recursion relations for power-counting non-renormalizable
effective theory as the SU(N) chiral nonlinear sigma model gives an evidence that the
on-shell methods can be used for much larger classes of theories than has been considered
so far. It also indicates that the SU(IN) chiral nonlinear sigma model is rather special and
deeper understanding of all its properties is desirable. For future directions, it would be
interesting to see whether the construction can be re-formulated purely in terms of on-shell
scattering amplitudes not using the semi-on-shell ones. Next possibility is to focus on loop
amplitudes. As was shown in [20] the loop integrand can be also in certain cases constructed
using BCFW recursion relations, it would be spectacular if the similar construction can be
applied for effective field theories.
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A General parametrization

In this appendix we will discuss a very general class of parameterizations of the U(V) sigma
model originally studied in [1], which is suited for a derivation of the stripped Feynman
rules. Within this class the field U(x) € U(V) is expressed in the form

U= iak <\/§;¢)k (A1)

where ¢ = t%¢® , ¢* are the Goldstone boson fields, t* are the U(NN) generators normalized
according to (t*t%) = 3% and ay, are real coefficients. These coefficients are not completely
arbitrary, because the unitarity condition U+tU = 1 implies the following constraint

n

> agan_k(=1)F = 6,p. (A.2)

k=0

For n = 0 we get a% = 1 and without lose of generality we can set ag = 1. In order to
preserve the correct normalization of the kinetic term and to keep the interpretation of F'
as the decay constant for the fields ¢ we have to fix also a; = 1.

For n odd the relations (A.2) are satisfied automatically while for n = 2k we can solve
them for as;, and get a recurrent formula for the even coefficients expressed in terms of the
odd ones

DF o Ny
2 ak — Z(—l) ajagk_j. (A3)

-

agk = —

<
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This gives up to k =3

1, 1
a2 = 501 =55
= lZiaas=-1 4
a4 = —50; Fmaz = —2+az,
1, 11 1,
L= g — = — — —ag+— . A4
ag = 503 + ajas — azaq 16 9% + 573 +as (A.4)

The explicit solution of the recurrent relations (A.3) to all orders can be easily found
by means of the following trick. Let us introduce the generating function f(x) of the above
coefficients ay,

o0
fla)=> apa. (A.5)
k=0
The relations of unitarity with the initial conditions ag = a; = 1 are then equivalent to
f=o)f(x) =1, f(0) =1, f(0)=1 (A.6)

which represents a functional equations for the generating functions f(z). Let us define
fx(x) to be the even and odd part of f(z), i.e. fr(x)= (f(z) £ f(—x)) /2. From (A.6) we
get then

fel@)? = f-()® =1 (A7)

fr(@) =1+ f(2)* (A.8)

The formal series expansion of both sides of the last equation at = 0 gives the solution

or finally

of the recurrent relations (A.3), i.e. the explicit expressions for ag in terms of an infinite
number of free parameters agg41. The general solution of the functional equation (A.6) is
then

f@) = f-(2) +V1+ f(2) (A.9)
where f_(z) is arbitrary odd real function analytic for x = 0 satisfying f/(0) = 1. The min-
imal parameter-free solution corresponds to the choice agy 1 = 0 for k > 0, i.e. fM"(z) = x

and
Jmin(®) =2+ V1 + 22 (A.10)
ie. for k>1
w_ (DM
ag}cm = 22]@71 Ck*h (All)
where
1 2n
= A.12
Cn n+1 ( n ) ( )

are the Catalan numbers.
Another frequently used choices are the exponential and Cayley parameterizations
corresponding to fexp(2) and foayley () respectively, where

fEXp(-T) =" (A13)

fCayley('r) = %7 (A14)
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or in terms of the coefficients ay

X 1
Cayley _ 1 1 A.16
U 1+ O 261 (A.16)

These two parameterizations can be understood as minimal parameter-free variants with
respect to other two possible forms of the general solutions of the functional equation (A.6),

namely
f(z) = expg(x) (A.17)
and hz)
x
= Al
@) = 3 (A18)
where g(x) and h(z) are arbitrary real functions analytic for 2 = 0 for which
g9(x) = —g(—x), (A.19)
9(0) =0, ¢'(0)=1 (A.20)
and 1
n'(0) = ih(o) £ 0. (A.21)

As was proved in [1], for N > 2 the only parametrization from the class (A.1) admissible
also for SU(NV) sigma model is the exponential one. The reason is that, under the general
axial SU(N) transformation

Ule) = gak (ﬁ;w)k _ UAg)ak (ﬁ;qﬁ)k Ua (A.22)

which defines corresponding nonlinear transformation of the matrix of the Goldstone boson
fields ¢ = Zé\[jf ! $94% the SU(N) condition for the trace (¢') = 0 is not preserved unless
ar, = 1/k!. Of course, in the case N > 2 we can use different admissible parameterizations
of SU(N) which, however, do not belong to the class (A.1) (see e.g. [47]).
Let us now find the stripped Feynman rules. Using the general parametrization (A.1)
we can write the Lagrangian of the nonlinear U(XV) sigma model in the expanded form
F? =
£ = (U )= D" vnm(060" - 0pd™). (A.23)

n,m=0
where we get for vy, ,, after some algebra (and using the unitarity condition (A.2))
(_i)n+m m

AFnTm Z ap@mni2—k(—1) (k=1 —m) (A.24)
k=0

Vnm = (1+ (*1)n+m)

Therefore only the terms with even number of fields survive, explicitly

oo

Lo =3"r,, (A.25)

n=0
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where
2n

L0 = vhan-r(066" - 0667 F). (A.26)
k=0

The usual Feynman rules for the vertices can be easily obtained as a sum over permutations

a1,...,a2n 1
Vonds "2 (01,02, -+, P2ns 15 Pang2) = —2"F Z (the@ . gloGnin)

TES2n+2
2n
XY Ok on—k (o) Po(t)rhi1) (A.27)
k=0
The stripped Feynman rule then follows in the form
2n 2n+2
Vant2(P1, 02, P2nt 1 Donta) = =27 0 " wpon k(pi - Pivai1) (A.28)
k=0 i=1

Inserting (A.15) into (A.24) we get after some algebra for the exponential parametrization

op _ (D" (-1 <2n> (4.29)

v =~
k2n=k = op (2n +2) \ k
while for the Cayley parametrization we have vgclfffy%f%fl =0 and
Cayley (_1)n 1

Vakon—2k — oF2n 92nt1" (A.30)

Similar calculations can be made also for the minimal parametrization, but the result is
much more lengthy and we will not need it explicitly. Instead we will rewrite the Feynman
rules for the vertex Va, 12 with 2n + 2 external legs in terms of the variables

Sij :p,z,j (A.31)
where 1 <i < j <2n+1 and
J
Pij = Zpk (A.32)
k=i
Here we identify
S2n+2,2n4+2+k = Sk4+1,2n+1 (A-33)
Si2nt2+k = Sk+1i-1- (A.34)

The scalar products (p; - pj) can be then expressed as

(pi - pi) = Sid (A.35)
1
(pi - pit1) = §(Si,i+1 — 8§ — Sip1,it1) (A.36)
and for k > 2
1
(Pz‘ 'pi+k) = §(Sz‘,i+k — Siitk—1 T Sitlitk—1 — 5z‘+1,z‘+k)- (A-37)
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Figure 12. Graphical representation of the 8-point amplitude ( B.1) with cycling tacitly assumed.

On-shell we get s;; = 0 and s1 2,41 = 0. The stripped Feynman rule in these variables can
be written in the form valid for n > 1

9 n n 2n+2
Vinsa(ois) = (" (7)) Dk 3 sisa (A39)
k=0 i=1
where
wo’n = (—1)”2F2n (21)072” — 1)1,2”,1) (A39)
W = (—1)"2F* (20 20—k — Vk—1204+1—k — Vk12n—1—k) for k<mn  (A.40)
Wn,n = (71)n2F2n(Un,n - 'Unfl.,nle)- (A41)

Within the general parametrization we get from (A.24) and (A.2) after some algebra

—1)k

= m&kﬁ,lagy”’,l,k. (A.42)

Wk n

For the above special cases this reads for N > 1

k
oxp (-1) 1 2n+2 Al

_ 43
Ykn T 1 5 @nr 2 \ ka1 (A.43)

K
Cayley _ (71) L A.44
Pk 1+ gy 227 (A-44)
wyy = Wy, =0 (A.45)

i 1 (="

Wyt = mwckcmkq- (A.46)

Note that, for the minimal parametrization the coefficients wg’ljl“ at s;; = pf vanish, there-
fore the stripped Feynman rules for vertices do not depend on the off-shellness of the
momenta in this case. This fact has been observed already in [11] without calculating the

explicit Feynman rules.

— 41 —



Chapter 2. Original works 148

B More examples of amplitudes
The eight-point amplitude is
8FOM(1,2,3,4,5,6,7,8) =

1 (s12+523)(s51,4 4+ 547)(556 + 56,7) . (s1,2+52,3)(s1,4 + 545)(s6,7 + 57.8)

2 51,355,7 51,356,
_ (s1,2 4 523)(s45 + 54,7 + 556 + s5.8 + S6,7 + 57,8)

51,3

1
+ 2812+ 581,4 + cycl (B.1)

and graphically in figure 12. Finally the ten-point amplitude is given by

16F8M(1,2,3,4,5,6,7,8,9,10) = 7%:“{
1
1 (81,4 + 84,0) (85,8 + 56,9) (86,7 + 57,8) n 1(s1,4 4 8455)(s1,8 + 56,9)(S6,7 + 57.8)
2 $5,956,8 2 51,5568
n 1(s1,8 4 849)(s45 + 85,8)(s6,7 + 57.8) N (81,4 + 8455)(s1,6 + 56,7) (51,8 + S8,9)
2 54,856,8 81,551,7
. (81,4 4 54,5)(51,6 + 56,9) (57,8 + 58,9) N (51,8 + 54,9) (547 + 858) (55,6 + 86,7)
51,5579 54,8557
. (51,6+54,9)(S4,5+55,6)(s78+589) 1 (s1,4+51,8+545+S19+558+569)(56,7157,3)
54,6579 2 56,8
(51,8 + 849) (54,5 + 54,7+ 856 + S5.8 + S6,7 + 57,8)
548
_ (s14+ 516+ 845+ 547+ 556+ 56,7)(S1,8 + 58,9)
517
_ (s14+ 516+ 845+ 540 + 556 + 56,9) (57,8 + 58,9)
579
B (s1,4+ sa5)(s1,6 + S1,8+ S6,7 + S6,9 + 7.8 + 58.9)
515
B (s1,4+ s4,9)(856 + S58+ S6,7 + S6,90 + 7.8 + 58,9)
55,9

+ 2514+ 816+ 2518 + 2545 + 54,7 + 2549 + 2856 + S58 + 2867 + S6,9 + 2578 + 288,9}

1(s1,2+ s1,4+ 523+ 525+ 534+ 545)(51,6 + 1,8+ 56,7 + 56,9 + 57,8 + 58,9)

2 S1,5
+ 95812+ 2814+ cycl (BQ)

with one-to-one correspondence with figure 13.

C Relative efficiency of Feynman diagrams and Berends-Giele relations

In this appendix we review the solution of several types of recursive relations which
count the number of ordered Feynman graphs needed for the semi-on-shell amplitude
J(1,2,...,n) in the nonlinear sigma model and related toy models.
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Figure 13. Graphical representation of the 10-point amplitude ( B.2) with cycling tacitly assumed.
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C.1 Number of the Feynman graphs

Let us start with the case of nonlinear sigma model, i.e. with the case with infinite number
of vertices in the interaction Lagrangian. The above recursive relations, which deter-
mine the number f(2n 4 1) of the (flavor ordered) Feynman graphs which contribute to
J(1,2,...,2n + 1), are tightly related to the Berends-Giele relations (4.7). Indeed, after
making the following substitution to (4.7)

i . .
S5 — 1, IVQk_H — O, 1V2k+2 = 1, (Cl)
DPon42

J(1,2,...,2n4+1) = f(2n + 1),

the individual terms on the right hand side just count the number of Feynman graphs
generated from these terms by the iterations of the recursive procedure. As a result we get
for f(2n + 1) the following recursive relation

2k+1

fFen+1)=>">"T] f@ni+1), (C.2)

k=1{n;} i=1

with the initial condition f(1) = 1. In the above formula the sum over {n;} is constrained
by the requirement

2e+1 2%+1
Z(2ni+1):2n+1<:>2m:nfk (C.3)
i=1 1=1

i.e. it corresponds to the sum over all possible decompositions of ordered set of 2n + 1
momenta to non-empty clusters with odd number of momenta in each cluster (cf. (4.8) and
figure 3), i.e. more explicitly

2k+1

fen+1)=>"" > ] f@u+1), fO)=1. (C.4)

k=1 Zz ni=n—k i=1
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Standard method for solution of this type of recursive relation is based on the generating
function defined as

A(z) = Z f(2n 4+ 1)z™. (C.5)
n=0
The recursive formula (C.4) implies the following equation for A(x)
o0 3
_ k pA2k+1 _ zA
k=1
or
B B
T = = (C.1)

(B+1)*(2B+1) 9(B)
where B = A — 1 and ¢(2) = (z + 1)?(22 + 1). In this form, the problem is prepared for
the application of the Lagrange-Biirmann inversion formula

> " dnfl o " dnfl )
Blz) =) et 9(2)" =0 = > e  CRRVRECER S ) (C.8)
n=0 " n=1

After straightforward algebra with help of Leibnitz rule we get for n > 1

gn—1 32} n 20\ ok onet 1
Fen+1) == > <k+1> ( L )2 =21k <1—n,—2n,2,§> . (C.9)

k=0

where o F) («, 3,7; z) is the hypergeometric function. In the same way one can solve the
recurrence relations for the number of ordered Feynman graphs for the semi-on-shell ampli-
tudes J(1,2,...,n) in the cases when only quadrilinear vertices (“¢* theory”), only trilinear
vertices (“¢® theory”) or both trilinear and quadrilinear vertices (“¢ + ¢* theory”) are
present in the Lagrangian. In the first case, similarly to the nonlinear sigma model, only
J(1,2,...,n) with n odd can be nonzero, while in the remaining two cases J(1,2,...,n)
both parities of n are generally allowed. Let us denote the number of the Feynman graphs
for J(1,2,...,n) as fi(n), fa(n) and f314(n) respectively. We get the following recurrence

relations
fa2n+1) = > Fa(2n1 + 1) f4(2n9 + 1) f2(2n3 + 1) (C.10)
ni+na+nz=n—1, n;>0
fam) = > fa(m)fs(no) (C.11)
ni+na=n, n;>1
fazan) = > fapa(n) fara(ng) (C.12)

nit+n2=n, n;>1

+ > fsra(n1) fsra(ne) fara(ns)

ni+nz2+ng=n, n;>1

with initial conditions f;(1) = 1, j = 3,4,3 4+ 4. The corresponding generating functions

Ag(z) = fa1@n+1)2",  Asgzia(z) = fazia(n)a” (C.13)
n=0 n=1
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n 20 3 5 6 7 8 9 10 11
fa(n) 1/ 2| 5| 14 42 132 429 1430 4 862 16 796
faya(n) 1| 3] 10| 38| 154 654 2871 12 925 59 345 276 835
fa(2n+1)[3]12| 55(273|1 428 | 7 752| 43 263| 246 675| 1430 715| 8414 640
f(2n+1) [4]21]126|818|5 59439 693|289 510 (2 157 150 |16 348 960|125 642 146

Table 2. Number of flavor ordered Feynman graphs for J(1,...,n) and J(1,...,2n + 1) in the
models of the type ¢, ¢> + ¢*, ¢* and nonlinear sigma model.

then satisfy
A4:1+£L'Ai, A3:$+A§, A3+4:$+A§+4+Ag+4. (014)

In the second case we get

1-V1—4z 1 [ 1/2 k
As(a) = —F5— =73 <1 -3 ( L > (—4x) (C.15)
n=0
and therefore
1({2n-1
fg(n) = — ( ( )> = Cn,1 (016)
n n—1
where C,, are the Catalan numbers. In the first case, writing
Ay —1 B
e="0 = ! (C.17)

Ai (Bs+ 1)3

and using the Lagrange-Biirmann inversion formula we get for n > 0

1 dmt : 1 3n
2 1) = —— 1 n| = . 1
fa(Zn+1) n! dz”_l(zJr )7le=o0 2n + 1 < n > (C.18)
In the third case, we get from
xTr = A3+4 (1 - A3+4 - A%) (019)

and using the Lagrange-Biirmann inversion formula

1 dnfl 1 n (_1)n dnfl 1 n 1 n
f3-~_4(n)7ad2ﬂl*1 (1—z—z2> lo=0= nl  dzn! <21—z) <22—z> =0
(C.20)

(where 21 = —¢, 23 = ¢ —1 and ¢ = (1 4+ 1/5)/2 is the CGolden ratio) the result

w1 O (n— 14k (200 —1) —k o \*
fa+a(n) = (=1) “nZ( k )( n—1 (ﬂ)

k=0

n—1
<f%) r (n — %) o Fy (1 —n,n,2—2n; T f ¢) . (C.21)

The first ten members of the above sequences are illustrated in the table 2.
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C.2 Efficiency of the Berends-Giele relations

We can compare this with the number of terms generated by Berends-Giele recursion. For
the nonlinear sigma model, the number of terms on the right hand side of (4.7) is just

t(2n + 1) ZZI_i(ZJr:)_F?”“l (C.22)

k=1{n;} k=1

where 1
Fp=—("— (6 —1)" C.23
"= (¢" —(¢—1)") (C.23)
are the Fibonacci numbers and ¢ = (1 4 v/5)/2 is the Golden ratio. Therefore, using
the known results for J(1,2,...,2m + 1) with m < n at each step, we need to evaluate
altogether

n

on _1)2n _
b2n+1) =Y t2m+1)= % <¢3‘22 — 11 — (¢ — 1)3%) —n  (C.24)

m=1

terms in order to calculate J(1,2,...,2n + 1) using the Berends-Giele recursion. We show
the sequences t(2n 4 1) and b(2n + 1) in the first and second row of table 1 respectively.

In the same way we can calculate analogous numbers t;(n) and bj(n) for j = 3,4,3+4,
i.e. for “¢? theory” , “¢% theory” or “¢3 + ¢* theory”. For instance, for t4(2n + 1) we have
(see table 1 for numerical values)

t4(2n+1)_<”;1>, 1(2n + 1) Zt42m+l 6(n+1)(n+2). (C.25)

Note the exponential growth of ¢(2n+ 1) and b(2n+ 1) with increasing n in contrast to the
only polynomial growth of ¢4(2n + 1) and by(2n + 1).

D Other example of scaling properties of the semi-on-shell amplitudes
In this appendix we prove the following scaling limit
%i_rg(l) Jon+1(tp1, P2, tP3, Pa, - - - tP2r—1, P2, tP2r 41, - - s PN, P20 41) = 0 (D.1)
which is valid for for n > 1. Let us note, however, that
J3(tp1, tpa, tps) = J3(p1, p2,p3) # 0. (D.2)
On the other hand, for N = 2 we get by direct calculation
lim J5(tp1, tpa, tp3, pa, tps) = i J5(tpy, p2, tps, tpa, tps) = 0 (D-3)

and we can therefore proceed by induction based on Berends-Giele relations almost exactly
as in the case of the proof of (4.17). The only modification here is that, along with
the “dangerous” contributions without blocks J(ji + 1,...,jk+1) where ji is even and
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Jk+1—Jr > 1 attached to the odd line of the vertex V,,41(provided at least one such a block
is present, the contribution vanish either by the induction hypothesis or by (4.17)) we have
to discuss separately new type of “dangerous” terms with building block J(pa,—1, par, P2r+1)
(this block does not vanish due to (D.2)). The “old” dangerous terms do not in fact
contribute as was already discussed within the proof of (4.17). The “new” dangerous
terms have the following general form form

i
p2 1‘/2k+2(p1 ) p2,2j1 ) p2j1+17 o 7p2jl+2,27‘—27 P2r—12r+1, p27'+2,2jl+1 ..
2N+2

oy D2j_1,2n D2n+1s —P1,2n41)
XJ(pl)J(Q, ey 2j1)J(p2j1+1) PN J(?jl + 2, ceay 2r — 2)
XJ(par—1, D2, D2r41)J (27 +2,. ., 2141) -+ I k=1, - - -, 2n) T (P2ns1).  (D.4)

Note that, po,—1,2-4+1 is attached to the odd line of the vertex Voo and scales as

D2r—12r41 — tP2r—1,2r41 (D.5)

i.e. in the same way as the remaining momenta attached to the odd lines of the vertex.
The vertex being proportional the squared sum of the odd line momenta scales therefore as
O(#?), and the contributions of the “new” dangerous terms vanish. This finishes the proof.

E Double soft limit of Goldstone boson amplitudes

In this appendix we will discuss the properties of the on-shell scattering amplitudes of the
Goldstone bosons, which are dictated by the symmetry, namely the limits of the amplitudes
for soft external momenta. Some of these properties have been obtained in the special case
of pions by PCAC methods in the late sixties (see e.g. [48]). Here we enlarge and reformulate
them in a more general form appropriate for our purposes with stress on the proof of the
double soft limit discussed recently for pions and A' = 8 supergravity in [50].

Let us assume a general theory with spontaneous symmetry breaking according to
the pattern G — H where the homogeneous space G/H is a symmetric space, i.e. the
vacuum little group H is the maximal subgroup invariant with respect to some involutive
automorphism of G (“parity”). This implies the following structure of the Lie algebra of G

(T, = T

[Ta7Xb] — ifg(bCXc

(X% X' = iFebere, (E.1)
Here T and X“ are the unbroken and broken generators respectively and f%bc, fgfbc and

Fob¢ are the structure constants. The chiral nonlinear sigma model is a special case for
which f%bc — f;z(bc — Fabc — fabc'
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The invariance of the theory with respect to the group G can be expressed in terms of
the Ward identities for the correlators in the general form

i (VE(p)O1(p1) .. On(pn)) = — > _i(O1(p1) ... 640i(p; + 1) ... On(pn))  (E.2)

-

i=1

ip" (A4 (p)O1(p1) .- On(pn)) = = Y 1(O1(p1) .- 0%O0s(pi +p) ... On(pn)).  (E.3)

3

(2

Here V!(z) and Af,(z) are the Noether currents corresponding to the generators 7 and X
respectively (in analogy with the chiral theories we will call them vector and azial currents
in what follows and to the Ward identities (E.2) and (E.3) we will refer to the vector and
azial WI) , O;(z) are (generally composite) local operators, 64.0;(x) and 6% O;(z) are their
infinitesimal transforms with respect to the generators 7% and X*. The tilde means the
Fourier transform

Os(p) = / d*2ePT0; (). (E.4)

According to the Goldstone theorem the spectrum of the theory contains as many
Goldstone bosons 7 as the broken generators X for which the currents Af,(z) play the
role of the interpolating fields, i.e.

(01A4%(0)|7"(p)) = ip, F5. (E.5)

where F' is the Goldstone boson decay constant. Let as denote M* % (py,...,p,) the on-
shell scattering amplitude of the Goldstone bosons 7% (p1),..., 7% (p,). In what follows
we will concentrate on the properties of M® % (py, ..., p,) dictated by the symmetry, i.e.
those which are encoded in the WI (E.2) and (E.3).

E.1 Vector WI and symmetry with respect to H

The invariance with respect to the unbroken subgroup H implies
n
Z f;z(aibMal...ai,lbai+1...an, (pl, . 7pn) =0. (E6)
i=1

This can be understood as the consequence of the vector WI of the form

n

—ip (Ve (p) A (p1) ... An (pp)) = = > (A% (p1) ... 04 A% (p+ pi) ... Al (pn)) . (E.T)
=1

Note that the infinitesimal transformations 6*V,? and §* AP of these currents with respect
to the generator T* of the unbroken subgroup H are as follows

SPAL = — oA (E-8)
§3VE = — fabeyre. (E.9)

Because there is no pole for p — 0 in the correlator on the left hand side of (E.7), we get
in this limit "

D7 et As (pr) .. A (pi) - Al (pn) = 0. (E.10)

i=1
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P1;, a1 Pi-1, @i-1

Pi, a;

DPn; Gn Div1. Qit1

Figure 14. Graphical representation of the singular contributions to the matrix element ( E.13).

Using the LSZ formula we get according to (E.5)

Ta Tan : i aj...an aj...
(A% (p1) ... A (pp)) = (H 2Zm) M= (py, .. pn) + RO (E.11)
=111
where Z,,, = iFp;,, and the remnant R} is regular on shell in the sense that
n
: 2 aj... _

pl,go < pi> Ry =0. (E.12)

z =1

which implies (E.6) for the on-shell amplitude M % (py, ..., py).

E.2 Soft vector current singularity

Let us assume now the following matrix element

(V) |n™ (p1) ... 7% (p;) . .. 7 (p)). (E.13)

In what follows we will discuss the behavior of this object in the limit p — 0. On the
level of the Feynman graphs, the only singularities in the soft limit p — 0 are those which
stem from the one-Goldstone-boson-reducible graphs for which the vector current 17;} (p) is
attached to the external Goldstone boson line. The potential singularities are therefore of
the form (see figure 14)

(V)™ (0) 7 (p1))1pAAS ™ ((p — pi)*) (¢ (0) |7 (p1) - .. 7% (pi) . 7 (pu) )11
(E.14)
where the subscript 1 PI means one-Goldstone-boson-irreducible block, the hat means omit-
ting of the corresponding particle, ¢®(z) is the Goldstone boson interpolating field normal-
ized as

(0¢™(0)|7"(p)) = 6 (E.15)
and A%% (¢?) is a Goldstone boson propagator. For ¢*> — 0 we have

6a]’ak

A% (%) = 2 (1+0(g?) - (E.16)

As a consequence of the Lorentz invariance, invariance with respect to H and LSZ formulae
we have

(V)0 Ol (i) 1pr = 115" Fy (%) (20 = )y + O((0 = 1)) (E17)
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where Fy/(p?) is the on-shell vector form-factor defined as'®
(% (p = p) Vi @)l (p2)) = 15" Fy (0°) (20 = D) (E-18)

We can fix the normalization of the vector currents V' in such a way that

Fy(p®) =1+ 0(p?). (E-19)

Analogously we have
(@™ (0) 7 (p1) ... 7 (py) ... 7" () )1pp = M-S 1kt (py o p) 4+ O((p = pi)?).-
(E.20)

Using (p — p) = —2(p - p;) + p? and putting all the ingredients together we get for p — 0

(V) |m™ (p1) ... 7% (p;) . .. 7 (p))

2 —
Z st EOE pi”M” csdaisian(py L p) +0(1). (B21)

E.3 Axial WI and Adler zero

To illustrate the method which we will use in the next subsection, let us briefly re-
capitulate the textbook example of the derivation of the Adler zero for the amplitude
M- (py, ... py) (see e.g. [51]). Let us start with the axial WI in the form

n
—ip"(AL(p) AL (p1) .. A (pn)) = = > _ 1AL (p1) .. 0% AL (p+pi) .. Al (pn)) (E.22)
i=1
where now
S} Al = —F°Vy
SV = — A (E.23)

Applying on both sides of (E.22) the LSZ reduction to all but one axial currents, we get
the conservation of the axial current in terms of the transversality of the matrix element
of Af, between the initial and final states |i) and (f]

— ip"(f| A5 (p)i) = 0. (E.24)
On the other hand from (E.11) we get the Goldstone boson pole dominance for p? — 0
. = . 1 N
—ip"(f|AL(p)]i) = EP“ZN + 7 (p)li) — "R} (E.25)
where Z,, = iFp, and the remnant RH i ls regular in this limit

li *RY 4 = 0. E.26
= IEO p wfi ( )

8The form of the right hand side is dictated by H-invariance, Bose and crossing symmetry.
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Putting (E.24) and (E.25) together we get for the amplitude with emition of the Goldstone
boson 7%*(p) in the final state

(f+m()i) = p R i (E.27)
Provided the following stronger regularity condition holds
;ii%p“RZﬂ =0, (E.28)
we get
(f +7(0)li) = 0, (E.29)

i.e. the Adler zero for p — 0.
An useful off-shell generalization of the formula (E.25) reads

— ip" (A% (p) A% (p1) ... A% (pn)) = iF (7 (p) A%} (p1) ... A% (pn)) — " RE% (E.30)

sl
where

2 pa,a o
lzlgop RS =0. (E.31)

and using the Ward identity (E.22) and (E.23) we get

F(x(p)| A (p1) - Afi (pn)

PURES -+ FO(AY (py) . VE(p+ pi) - AL (pn)). (E.32)
i=1

E.4 Double soft limit

Our starting point is the axial WI (E.22) rewritten in the form

=i (A5 () A (@) A5 (1) - A (o))
= SR+ )AL 1) A7 ) (E:33)

—Z (AU AT (1) - 0% A (0 +pi) - A (n)
Multiplying then both sides by —ig” and using the axial WI (E.22) once again we get

—p"q" (AL (p) AL (q) AL (p1) ... A% (pn))
= ¢"F™(VE(p+ q) A% (p1) ... A% (py,))

+ Z Faa]chaid<szll (p1) - 17’77 (pl ) Vc (p + pj) Avﬁz (pn)>

=1
n
Y FO AL (1) - A (o a i) - AR (o) (E.34)
=1
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The left hand side of (E.34) is symmetric with respect to the interchange of (p, a) < (g,b);
its right hand side can be therefore rewritten in the manifestly symmetric form

—p"q” (AL (p) AL (@) AL (p1) . .. A% (pn))
= L P+ ) A (1) - A ()

2
n
+ Z FaaaCFb‘“ A’“( 1) .. VLZ(pi+q)...ij(p+pj)...AZZ(p7L)>
i#£j5,5=1
1 - aa;c pbe a;c pac Aa A Aa
+§Z(F T4 Py d) (A8 (p1) ... AL (p+q+pi)... A (pn)). (E.35)
i=1

On the other hand, the LSZ formula gives for p?, ¢*> — 0

(AL () AV (DAL (1) - A (pn) = Z%(O\AZ\WC( )>%<0|Ab\7r (9)) (E.36)
c,d

< (m(p)m(q)| A% (p1) . .. A% (py)) + R

where the regular remnant satisfies

im p’q ZRZI,’;“' =0. (E.37)
p%,q2—0

Therefore, using (E.5) we get

— g (A% (D) AL ()AL (p1) . .. Al (pn))
= F2(n"(p)7"(q)| A% (p1) ... A7 (pn)) — p"q"Ri . (E.38)

On the other hand applying the LSZ reduction to (E.34), (E.35) (let us note that only the
first terms on the right hand side has the appropriate poles at p?, ¢> — 0) we get

“g (A ) A @l (1) - 7 i) 7 ()
= ' F (Vi (p+ @)ln®™ (p1) . 7 (pi) . 7" (p)
= pPPFRVi(p+ @) (p1) -7 (i) - 7 (pa))
= P TS+ )l (1) 7 ) 7 () (E.30)
and as a consequence of LSZ reduction of (E.38)
F2r%(p)ab(q) |7 (p1) . .. 7% (pi) . .. 7% (pn)) (E.40)

1 .
= =P — (Vi + @ln® (1) .7 (pi) -7 (0n)) + g Ry sz
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According to (E.21) we have for p,qg — 0

_%F“”c(p — )" (Vi + @) (p) .7 (pi) ... 7 (pn)

5 Z Febe e 2((?1(;)) g)_ ? (T (p1) ... 7% (pi) ... 7 (pn)) + O(p — q)
_ 1 abe pea;dPi (p B q) ai . A,
=-3 ;F befg dm(” (p1) -7 (ps) .- 7" (pn))
2 g
0 (p o+ q)) (E41)

For p? = ¢®> = 0 we finally get

F(n(p)m"(q )I?T’“(m) T (pi) - 7 (Pn)

_ 1 ZFabc feai dPi- (p q) (% (p1)... ﬂd(pi) o ()

i+ (p+4q)
+p“q”RZ’,’;“' \Lsz +0(p—q). (E.42)
Provided condition stronger than (E.37) holds, namely lim, 4o p”q”RZlf;”‘|LSZ =0

(cf. (E.28)), we get as a result

lim F3 (7 (tp)"(tq) [ (p1) .7 (pi) - .- 7" (pn))

LS e P2 o) i o)), (E.43)

24 pi-(p+4q)

For the chiral nonlinear sigma model corresponding to the symmetry breaking G x G — G,
we have Fab¢ = f}l(bc = f%bc and we get the formula (5.3) as a special case.
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